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In the paragraph before Proposition 2 of Henzi & Ziegel (2021) it is claimed that

eT = 1

h

h∑
k=1

∏
l∈Ik

Epl , ql ;λl (Yl+h), Ik = {k + hs : s = 0, . . . �(T − k)/h� − 1},

is a nonnegative supermartingale. This is generally not true for h > 1. As a consequence, Proposition 2 is
not correct for h > 1, and should be adapted as follows.

Proposition 2. Let τ ∈ N be a stopping time. Then under the assumptions of Proposition 1,

EQ(eτ+h−1) � 1, Q ∈ HS.

The quantity pt0 = min{1, inf s=1,...,t0 1/es} defined in the last paragraph of § 3 is an anytime-valid p-value
only for h = 1, but the stopping time τα,h guarantees that Q(τα,h < ∞) � α for h > 1, α ∈ (0, 1), and
Q ∈ HS, because τα,h < ∞ implies eτα,h+h−1 � 1/α. Hence all empirical results in the article remain valid.
An anytime-valid p-value for h > 1 is given by

pt0 = min
(

1, inf
s=1,...,t0

[
max

j=s−h+1,...,s−1
Epj ,qj ;λj {1(pj > qj)}−1/es

])
,

since pt � α for some t ∈ N if and only if τα,h < ∞.

Proof of Proposition 2. Recall that the process (Yt , pt , qt , λt)t∈N is adapted to F = (Ft)t∈N. Let h > 1.
For k = 1, . . . , h, define Ik(t) = {k + hs : s = 0, . . . �(t − k)/h� − 1},

M [k]
t =

∏
l∈Ik (t)

Epl ,ql ;λl (Yl+h), F[k] =
(
F� t−k

h �h+k

)
t∈N

,

with
∏

∅ := 1 and Fj := {�, ∅} for j � 0. Then et = ∑h
k=1 M [k]

t /h. For k = 1, . . . , h, the process (M [k]
t )t∈N

is a nonnegative supermartingale with respect to F[k] for any Q ∈ HS, and therefore satisfies EQ(M [k]
τ [k]) � 1

for any F[k]-stopping time τ [k]. So

EQ

(
1

h

h∑
�=1

M [k]
τ [k]

)
� 1.
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for F[k]-stopping times τ [k], k = 1, . . . , h. If τ is an F-stopping time, then(⌊
τ − k − 1

h

⌋
+ 1

)
h + k =: fk(τ ) ∈ {τ , . . . , τ + h − 1}

is an F[k]-stopping time. To see this, let t = k + hs + j for s ∈ N0, k ∈ {1, . . . , k}, j ∈ {0, . . . , h − 1}. Then
�(t − k)/h�h + k = k + hs, and fk(τ ) � t if and only if τ � k + hs, so

{fk(τ ) � t} = {τ � k + hs} ∈ Fk+hs = F� t−k
h �h+k .

This implies that for any F-stopping time τ , we obtain

EQ(Mτ+h−1) = EQ

(
1

h

h∑
k=1

M [k]
fk (τ )

)
� 1, Q ∈ HS,

using the fact that Mt+h−1 = ∑h
k=1 M [k]

fk (t)/h for t ∈ N. �

The following example demonstrates that the statement of Proposition 2 with τ instead of τ + h − 1 is
not true. Let h = 2, ε ∈ (0, 1), and δ ∈ (0, ε). Define p1 = ε − δ, q1 = ε + δ, and pt = qt = 0.5 for t > 1.
Let S(p, y) = (p − y)2. Then the one-period e-value for t = 1 equals

E
π1,1
p1,q1(y) = π

y
1,1(1 − π1,1)

1−y

εy(1 − ε)1−y
,

with π1,1 ∈ (ε, 1], and E
π1,t
pt ,qt (y) ≡ 1 for t > 1, which gives

et =
{

1, t = 1, 2,

0.5E
π1,1
p1,q1(Y3) + 0.5, t � 3.

The null hypothesis consists of all distributions Q generating the sequence (Yt)t∈N such that Q(Y3 = 1 |
Y1) � ε. Define Q as follows. Let Q(Y1 = 1) be arbitrary; Y2, Y3 independent of Y1 with Y2 = Y3 almost
surely and Q(Y2 = Y3 = 1) = p ∈ (0, ε]; and Yt for t > 3 with arbitrary distribution. Define the stopping
time τ = 3Y2 + 2(1 − Y2). Then,

eτ =
{

1, Y2 = 0,

0.5π1,1/ε + 0.5, Y2 = 1,

so that EQ(eτ ) > 1 for π1,1 > ε, since Q(Y2 = 1) = p > 0.
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