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A k-query locally decodable code (LDC) C allows one to encode any n-symbol message x as a
codeword C(x) of N symbols such that each symbol of x can be recovered by looking at k symbols
of C(x), even if a constant fraction of C(x) has been corrupted. Currently, the best known LDCs are
matching vector codes (MVCs). A modulus m = p{'p5* - - - p;” may result in an MVC with k < 2" and
N = exp(exp(O((logn)' =1/ (loglogn)!/))). The m is good if it is possible to have k < 2'. The good
numbers yield more efficient MVCs. Prior to this work, there are only finitely many good numbers.
All of them were obtained via computer search and have the form m = pp;. In this paper, we study
good numbers of the form m = p{'p52. We show that if m = p{'p5? is good, then any multiple of
m of the form pf lpgz must be good as well. Given a good number m = p‘i”p‘;z, we show an explicit
method of obtaining smaller good numbers that have the same prime divisors. Our approach yields

infinitely many new good numbers.
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INTRODUCTION

exp(exp(O((logn) l_1/’(log log n)Y/7))) under no assumptions,

Classical error-correcting codes allow one to encode any n-
bit message x as an N-bit codeword C(x) such that x can still
be recovered, even if a constant fraction of C(x) has been
corrupted. The disadvantage of such codes is that one has to
read all or most of the codeword to recover any information
about x. As a better solution for decoding particular bits of the
message, a (k, §, €)-locally decodable code (LDC) [1] encodes
any n-bit message x to an N-bit codeword, such that any
message bit x; can be recovered with probability > 1 — €, by a
randomized decoding procedure that makes at most k queries,
even if 8N bits of C(x) have been corrupted. Such codes have
interesting applications [2, 3] in cryptography and complexity
theory. For an efficient LDC, both the code length N and the
query complexity k should be as small as possible, as functions
of n.

Following [1, 4, 5], Gasarch [2] and Goldreich er al.
[4] conjectured that for any constant k, the length N of
a k-query LDC should be exp(n®*("). Yekhanin [6] dis-
proved this conjecture with a three-query LDC of length
exp(exp(O(logn/loglogn))), assuming that there are infinitely
many Mersenne primes. For any r > 2, Efremenko [7]
provided a construction of 2"-query LDCs of length N, =

and in particular a three-query LDC when r = 2. Such codes
have been reformulated and called matching vector codes
(MVCs) in [8].

The MVCs in [7] are based on two ingredients: S-matching
family and S-decoding polynomial. For r > 2, let M, be
the set of integers of the form m = p{'p3?---p;", where
P1:P2,-..,pr > 2 are distinct primes and o1, 00,...,0 >
0. The existence of both ingredients in MVCs depends on a
modulus m € M,. In particular, the query complexity k of the
MVC is equal to the number of monomials in the S-decoding
polynomial and is at most 2" for all m € M,. A number m €
M, has been called good if an S-decoding polynomial with
k < 2" monomials exists when m is used to construct MVC. For
example, the three-query LDC of [7] was constructed with the
good number m = 7 x 73. Itoh and Suzuki [9] showed that one
can reduce the query complexity of MVCs via a composition
theorem. In particular, by using the good numbers 511 and
2047, they were able to obtain 9 - 2"~*-query LDC of length N,
for all r > 5. Chee et al. [10] showed that if there exist primes
t,p1,p2 such that m = 2" — 1 = p1p,, then m must be good.
They determined 50 new good numbers of the above form and
then significantly reduced the query complexity of MVCs.
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Since [7, 9, 10], the work of finding good numbers has
become interesting. However, the study of [7, 9, 10] was limited
to good numbers of the form m = pipp € Mj>. When
max{a,az} > 1, it is not known how to decide a number of
the form m = p‘fl pgz € M, is good except using the very
expensive computer search. In this paper, we shall provide two
methods for obtaining new good numbers in M>:

o If m; = p}'py* € My is good and my = p’flpgz € My
is a multiple of m, then m; must be good as well.

e If my = p’lslpg2 € M; is good, and there is an
S-decoding polynomial of the form P(X) = X" 4aX"+b
for my such that ged(u, v,mz) = p{'p5?, then m; =
ma/(p{" p5?) must be good as well.

2. PRELIMINARIES

We denote by Z and Z™ the set of integers and positive integers,
respectively. For any n € ZT, we denote [n] = {1,2,...,n}.
For any m € Z*, we denote by Z,, the set of integers modulo
m and denote by Z, the multiplicative group of integers modulo
m. When m is odd, we have that 2 € Z}, and denote by ord,,(2)
the multiplicative order of 2 in Z,. For a prime power ¢, we
denote by [F, the finite field of g elements and denote by FZ
the multiplicative group of IF,. For any z € [}, we denote by
ord, (z) the multiplicative order of z. For any two vectors x =
X1y 5X0), ¥y = (15--.,Yn), we denote by dg(x,y) ={i:i €
[n],x; # y;} the Hamming distance between x and y. For any
x,y € Z!, we denote by (x,y),, = > i, xiy; mod m the dot
product of x and y. If the components of a vector y are labeled
by a set V, then for every v € V we denote by y[v] the vth
component of y.

DERINITION 2.1. (locally decodable code) Let k,n,N € 7%
and let 0 < §,¢ < 1. A code C : ]FZ — Fg is said to be
(k, 8, e)-locally decodable if there exist randomized decoding
algorithms D1, D3, . .., Dy such that:

e Foranyx € ]FZ, anyy € IE‘;V such that dg(C(x),y) < éN
and any i € [n], Pr[D;(y) = x;] > 1 — €.
e The algorithm D; makes at most k queries to y.

The numbers k and N are called the query complexity and
the length of C, respectively. They are usually considered as
functions of n, the message length, and measure the efficiency
of C. Ideally, we would like k and N to be as small as possible.

Efremenko [7] proposed a construction of LDCs, which is
based on two fundamental building blocks: S-matching family
and S-decoding polynomial.

DEFINITION 2.2. (S-matching family) Let m,h,n € 7% and
let S € Zm \ {0}. AsetU = {u}}_, < Zf,z is said to be an
S-matching family if

Encoding: This algorithm encodes any message ¢ =

(z1,...,2,) € FY, as a codeword C(z) € Fgﬁh such that:
e the m” components of C(x) are labeled by the m”

elements of Z” respectively; and
e for every v € ZI, the vth component is computed
as C(x)[v] = 7, x; -y {us b
Decoding: This algorithm takes a word y € ]Fgéh and
an integer ¢ € [n] as input. It recovers z; as follows:

e choose a vector v € Z" uniformly and at random.
o output v~ (g ylo] + Y42y ag - y[v + beus)).

FIGURE 1. Efremenko’s construction.

* (uj,uj)m = 0 for everyi € [n],
* {uj,uj)m € S foralli,j € [n] such that i # j.

DEFINITION 2.3. (S-decoding polynomial) Let m € 7T be
odd. Let t = ordy,(2) and let y € 5, be a primitive mth root of
unity. A polynomial P(X) € Fy[X] is said to be an S-decoding
polynomial if

* P(y®) =0 foreverys €S,
« P(yY) =1

Given an S-matching family U = {u;}?_, C Z!' and an S-
decoding polynomial P(X) = ap 4+ a1 X" + - - -+ a1 X1 €
F»:[X], Efremenko’s LDC can be described in Figure 1.

Efremenko’s construction gives a linear (k, §, k6)-LDC that
encodes messages of length n to codewords of length N = m”.
When N is fixed, the larger the n is, the more efficient the C
is. Efremenko [7] and several later works [9, 10] choose S as
the canonical set in Z,,. For any m = p{'p3* - - - p}" € M, the
canonical set in Z,, is defined as

S = {sg 10 €{0,1}\ {0}, s = o;(mod ~p§x"),‘v’i c [r]}.

For example, S;5 = {1, 6, 10}. Efremenko [7] observed that
Grolmusz’s set system [11] gives a direct construction of S,,-
matching families.

LemmA 2.1. ([7, 11]) For any m € M,(r > 2) and integer
h > 0, there is an Sy,-matching family U = {u;}7_; < Zf‘n of
size n > exp(c(logh)”/(loglogh)"™1), where ¢ is a constant
that only depends on m.

In particular, the n takes the form of £¢ for an integer £ > 0
and £ is determined by both m, £, and the weak representation
of the function ORy [11]. Efremenko [7] also observed that the
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polynomial P(X) = HseSm X—y*%)/(1—=y%) isan S,,-decoding
polynomial with k& < 2" monomials.

LEmMMmA 2.2. ([7]) For any m € M,.(r > 2), there is an Sp,-
decoding polynomial with at most 2" monomials.

Lemmas 2.1 and 2.2 yield LDCs of subexponential length.

THEOREM 2.1. ([7]) For every integer r > 2, there is a
(k,8,k8)-LDC of query complexity k < 2" and length N,.

For every integer » > 2, Theorem 2.1 gives an infinite family
of LDCs, each based on a number m € M,. Different m € M,
may give LDCs of different query complexity. For example,
m = 7 x 73 gives a code of query complexity 3 [7], while
m = 3 x 5 is only able to give a code of query complexity 4
[9]. A number of the form m = p;p; has been called good in
[9, 10] if it is able to result in an LDC of query complexity < 4.
By using the good numbers 511 and 2047, Itoh and Suzuki [9]
concluded that for any r > 5, the query complexity 2" of the
LDCs in Theorem 2.1 can be reduced to 9 - 2"~*. On the other
hand, for r = 2,3,4 and 5, the best decoding algorithms to
date for the LDCs in Theorem 2.1 have query complexity 3, 8,
9 and 24, respectively. Chee et al. [10] showed that Mersenne
numbers of the form pp; are good. With infinitely many such
good numbers, Chee et al. [10] can further reduce the query
complexity to 372,

3. GOOD NUMBERS OF THE FORM p{'p}>

Let m = p{'p5* € Ma. Lett = ord,(2) and let y € F}, be
a primitive mth root of unity. Lemma 2.2 shows that there is
an S,,-decoding polynomial P(X) with k < 4 monomials. In
this section, we will establish several sufficient and necessary
conditions for a number m to be good.

LEMMA 3.1. Let m = p{'p3> € My. Then any S,-decoding
polynomial has > 3 monomials.

Proof. If P(X) = aX" € Fx[X]isan S,,-decoding polynomial,
thena = P(1) = 1l and a = y “P(y) = 0, which give a
contradiction. If P(X) = aX"+bX" € Fy[X]is an S,,-decoding
polynomial with 2 monomials, then ab # 0 and

ay" +by™ = P(y") = 0, M
ay"™10 4 by"S10 = P(yS10) =0, 2)
a+b=P(1) =1 (3)

Equations (1) and (2) imply that b/a = y #5010 = »@=Vs10,
As ordy (y) = m, we must have that

(u—v)(so1 — s10) = 0 ~ (mod ~ m). 4)

Note that ged(so; — s10,m) = 1. Equation (4) implies u =
v ~ (mod ~ m). It follows that b/a = y“~%1 = 1 and thus
a + b = 0, which contradicts to (3). |

Let M, be the set of good numbers in M>. The following
lemmas characterize M.
LEMMA 3.2. Let m = p{'p3* € My. Then m € My if and only
if there is a polynomial Q(X) = X" + aX” 4+ b € Fy[X] that
satisfies the following properties

® ab #0,

@ H{(umod ~ m), (vmod ~ m),0}| = 3, and

® Q2(y) =0 =Q(y"°) =0, 0(1) #0.

Proof. 1f m € My, then by Lemma 3.1 there exists an S,-
decoding polynomial

PX) = 1 X + 2X% 4 ¢3XB € Fy[X] 6))

with exactly three monomials. In particular, we must have

® cree3 #0,

& H{(dmod ~ m),(dy ~ mod ~ m),(d3s ~ mod ~

m)}| = 3, and

® P(y™) =P(y") =Py)=0,P() =1.
While () and (o) are clear from the definition, we show that
() is also true. Assume for contradiction that d; = d(mod ~
m). Then (y*)¥ = (y*)% for all s € {so1, 510, 1} and thus

(c1 + )y + 3™ = Py =0, ©)
(€1 + )y + ey 0B =Py =0, (1)
cir+c+c3=P1) =1. ®)

Due to (6) and (7), we have that 501 (@341 — ys10(d=d1) gpq
thus d| = d3z(mod ~ m). Consequently, (6) implies that ¢; +
¢2 + ¢3 = 0, which contradicts to (8).

W.l.o.g., we suppose thatd| > dp > d3.Letu = dj—d3,v =
dy —dz,a=cy/c1 and b = c3/cy. Then

PX)

7 v .
0(X) := X" + aX +b_c1Xd3'

(€))

The properties (), @ and () trivially follow from (), &) and
(®, respectively.

Conversely, suppose that Q(X) = X" 4+ aX" + b is a
polynomial that satisfies the properties (), @ and ). Then
P(X) = 0(X)/0Q(1) will be an S,,-decoding polynomial with
exactly three monomials. Therefore, m € M. |

LEMMA 3.3. Letm = p{'p3* € My. Then m € My if and only
if there exist u,v € E := {e :p?‘1 1 e,p;l2 te,e € Z} such that
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u #= v(mod ~ m) and det(A) = 0, where

VSOI“ ySOIV 1
A= |y ysovo ). (10)
2 y' o1

Proof. If m € M)y, then there is a polynomial Q(X) = X" +
aX' 4+ b € Fy[X] such that the (), @) and ) in Lemma 3.2 are
true. Due to (), we have that u # v(mod ~ m). On the other
hand, (3 is equivalent to

1 0

Alal=1(0], (11)
b 0

l4+a+b#0. (12)

Equation (11) requires that det(A) = 0. It remains to show that
u,v € E. We show that p{" { u. The proofs for p5* { u,p}" v
and pgz 1 v will be similar and omitted. Note that

0 =det(A) = (" + y") ("1 + y")+
O + ) (I 4 ")
=7+ DT+ D
(y 0 DT+ D)y 13

pr71|u, then sjopu = 0 ~ (mod ~ m) and y 5104 + 1 = 0.
Equation (13) would imply y 50" +1 = 0 or y %10V 4 1 =
0. If y~*01“ + 1 = 0, then p5*|u and thus m|u, which would
contradicts to @. If y 7510V + 1 = 0, then p{"|v and thus 0 =
O(y*10) = 1 4+ a + b, which contradicts to (12).

Conversely, suppose that u, v € E are integers such that u #
v(mod ~ m) and det(A) = 0. To show that m € M, it suffices
to construct an S,,-decoding polynomial Q(X) = X* + aX* +
b € TFx[X] such that (O, @ and () are satisfied. First of all,
det(A) = 0 implies that rank(A) < 2. If rank(A) = 1, then we
must have that y*01* = y510% ]t follows that # = O(mod ~
m), which contradicts to u € E. As rank(A) = 2, the null space
of A will be one-dimensional and spanned by a nonzero vector
¢ = (c1,¢2,¢3)T. Below we shall see that ¢; # 0 for all i € [3].
If ¢; =0, then

yoor 0
ySov (Cz) —(o]. (14)
y' 1 - 0

Then cyc3 must be nonzero and thus y%01V = p 510V The latter
equality requires that v = O(mod ~ m), which contradicts to
the fact v € E. Hence, c; # 0. Similarly, we have ¢y # 0 and
c3 #0.LetR(X) = c1 X"+ c2X"+c3. Then R(y) = R(y*!) =
R(y*19) = 0. Furthermore, we must have R(1) # 0. Otherwise,

c3 =c1 + ¢z and

yslou +1 ySl()v +1

yS()lu_‘r_l y301V+1 (
y“+1 Y+l

. 0
1) =(0]. (15)
0
As cicy # 0, this is possible only if

yS()|M+1 . yS|()M_|_1 _ yu+1
VX()|V+1 - yS]()V_i_l - yv+1

(16)

Denote by A the value of the fractions in (16). Then

ySmM + yu
ySiov 4 v

),sl()v ),S()lv + 1 -
——— ———

A
T4yt
- ySIov 14 v 41
A A0+ D
Ly 4]
= A, 17

where the first equality is based on the fact that sg; + s10 =
1(mod ~ m) and the second equality is true because we are
working over a finite field of characteristic 2. It follows from
(17) that y%10®@=) — | Therefore, we must have that u =
v(mod ~ pi"). Similarly, we have that u = v(mod ~ p3?).
Based on the two congruences, we have that 1 = v(mod ~
m), which gives a contradiction. Hence, R(1) # 0 and Q(X) :=
R(X)/cy is a polynomial satisfying (), ), and (). ]

LEMMA 3.4. Let m = p{'p5> € My. Let t = ord,,(2) and let
y € I3, be a primitive mth root of unity. Let

21+ 22

T(z1,22) = ——.
2122 + 22

Thenm € M if and only if T is not injective on D = {(z1,22) €
(F5 \ {117 : ordy (21)|p]", ordy (22) P57}

Proof. If m € M), then by Lemma 3.3 there exist #, v € E such
that u # v(mod ~ m) and det(A) = 0, where A is defined by
(10). Note that det(A) = 0 requires that

7/Sl()V _"_ )/SOIV

yllou + J/S()lu
= yv_;’_ J/S()lv '

ylU 4 ysoru

Clearly, (y*104 1%14) and (y*107, y%01V) are two distinct ele-
ments of D and t(y510%, pyS01#) = g (y510v 1,%01V) Hence, T is
not injective on D.

Conversely, suppose that 7(z1,z2) = 7(z},2;) for two dis-
tinct elements (z1,22), (], 25) € D. To show that m € M, by

SECTION A: COMPUTER SCIENCE THEORY, METHODS AND TOOLS
THE COMPUTER JOURNAL, VOL. 65 No. 12, 2022

$202 IMdy 61 U0 1s8nb Aq Z¥6Z/.£9/1662/2L/G9/I01./|ulwoo/woo dno olwepeoe//:sdjy woly papeojumod



MobpuULUS IN MATCHING VECTOR CODES 2995

Lemma 3.3 it suffices to find u,v € E such that u # v(mod ~
m) and det(A) = 0. Suppose that

ordyi (z1) = p'!, ordy (z2) = pl,
Ol‘dzt (Z/l) = pilz, Ordzt (2/2) = p122

for i1,ip € [o1] and ji,jo» € [a2]. Then there exist integers
ui, up, vy, vy, where py 1 uy, vy and ps 1 uz, va, such that

s1p7 s01p22 7wy
71 = (0 )z =yt ),

o] =i 2 =J2
G = (ol g = Ry,

By Chinese remainder theorem, there exist u, v such that:

_ o—ip
u=p;
u= ng_Jl

In particular, u,v € E and u # v(mod ~ m) (o.w., we
will have (z1,22) = (2},25)). Furthermore, z; = y*10%, 75 =

ylort zi = y*1% and 2, = p*0". Since t(z1,22) = 7(2},25),
we must have that det(A) = 0 due to (13). |

p
up(mod ~ p3?), pyt "

uj(mod ~ pih), = ‘i‘lﬂ'zvl (mod ~ p{"),
vo(mod ~ pgz).

Let p(z1,22) = 1(z1,22) — 1= (1 +22_1)(1 +zl_1)_1. Then
Lemma 3.4 gives the following theorem.

THEOREM 3.1. Let m = p{'p5* € My. Let t = ordy,(2) and
let y € T3, be a primitive mth root of unity. Then m € M if
and only if p is not injective on D.

Theorem 3.1 gives a characterization of the good numbers in
M. We say that (u,v) € E? form a collision for m if
© p(y O,y ) = p(y oY, yRor), and
* u # v(mod ~ m).

The proof of Lemma 3.4 shows that m € M) if and only if there
is a collision (u, v) € E? for m.

4. IMPLICATIONS BETWEEN GOOD NUMBERS

In this section, we show the implications between good num-
bers in M3, which allows us to construct new good numbers
from old.

LEMMA 4.1. Let m; = p{'p5*,my —p’lgl B2 e M. Lett; =
ordm,(2) and let y; € 3, be a primitive m,th root of unity for

i = 1,2. If my|my, then there is an integer o € Z;‘m such that
amy/m

Y=V,

Proof. As my|my and m;|(2"2 — 1), we must have that 1;|z,.
Then Fy is a subfield of F,r, . Note that y; € Fyy C For, and

Yy 2/M1 ¢ F,i, are elements of the same finite field and have the

same multiplicative order (i.e. m;). Both (y1) and (y, m2/Miy are

subgroups of ]F2,2 of order my. As IF , has a unique subgroup

of order my, it must be the case that (yl) = (ymZ/ml). Hence,

omg/ml m

there is an integer o € Zy, such that y; =y,

mj

THEOREM 4.1. Let my = p{'p5*,my =

My and mi|my, then my € M.

p] pz € M. Ifmy €

Proof. Fori e {1,2}, let Sy, = {sb;,s}0, 1}, let t; = ord,, (2),
and let y; € I}, be of order mi. Let Ey = {e : p{" t e,p3> 1
e,ecZyand E; = {e: p J(ep te,ecZ}.
If m; € M, then there is a collision (i, v) € E? such that
u1 # vi(mod ~ mp) and
_3(1)1”1 _“(1)1"1
12 +1 " + 1

1
7310141 S10V1

" +1 141 +1

(18)
As per Lemma 4.1, let o € Z;, be an integer such that y; =
yy"™™ Then (18) is

1 .1
—So u1omy/my —Sgviomy/mj

Y2 tl_n (19)
_ =1 .
¥ Sjgi10omy/m) +1 V) Sjgviomz/m) 1
We claim that if there exist integers u>, v» such that
@ [smulomz/ml = g2 (u2(mod ~ my),
sloulomz/ml = slouz(mod ~ nmy),
(i) Hsmvlamz/ml = 52 (v2(mod ~ my),
slovlomz/ml = slovz(mod ~mp),
then up, vy € E», up # vo(mod ~ my) and
2 2
—Sg1 U2 —Sp1V2
Vs +1 " T 1 0)

swuz slovz

Vo +1 1) +1

i.e. (up,vp) form a collision for m; (and thus my; € Mpy).
Note that (20) is clear from (i), (ii) and (19). We need to
show that uy,v» € Ep and up # vo(mod ~ my). pr |us,
then we will have that m2|slou2. The second congruence of (i)
would imply that p'i” |ujo, which contradicts to u; € Ej and
o € Zy, . Similarly, we have p’s2 " uz,p’fl f va and pgz v
Hence, uz,vz € Er. If up = vy(mod ~ my), then the first
congruences of (i) and (ii) would imply that s(l)lo'(u] —y) =
O@mod ~ my), which requires that u; = vi(mod ~ pgz).
Similarly, the second congruences of (i) and (ii) would imply
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u; = vi(mod ~ p‘fl). It follows that u; = vi(mod ~ my),
which is a contradiction.

It remains to show the existence of integers u and v, that
satisfy (i) and (ii). We show that existence of u>. The existence
of vy is similar. Due to Chinese remainder theorem, the first
congruence of (i) is equivalent to

s(lnulamz/ml = s(z)lug(mod ~p/131), 21
s(lnulamz/ml = s(z)luz(mod ~ pgz),

Note that the first congruence of (21) is always true. On the

other hand, as sgl = 1(mod ~ p22) the first congruence of (i)
must be equivalent to

Uy = s(l)lulam2/m1(m0d ~ pgz). (22)
Similarly, the second congruence of (i) is equivalent to
Uy = sloulamz/ml(mod Npﬁl) (23)

Therefore, (i) is equivalent to the system formed by (22) and
(23). The existence of u; is an easy consequence of the Chinese
remainder theorem. |

THEOREM 4.2. Let mp = p'flpgz € M. Suppose that my €

My and (u,v) = (pillp2 o] ,p’l p]2 02) is a collision for my, where
01,02 € Z;z. Let w1 = min{iy,j1} and wy = min{iz,j2}. Then
my == my/(p{' p5?) belongs to M.

Proof. Fori=1,2,letSy, = {s, s}, 1},lett; = ord,,(2) and
let y; € 5, be of order m, LetE; = {e: pﬁ1 e, pgz_wz 1
e,e € Zyand E; = {e : p J(ep2 t e,e € Z}. To show that
my € M, it suffices to find two integers u1,v; € E; such that
u; # vi(mod ~ mp) and

1 1
—SOlul —SOIVI

12 +l_y] +l

i 24
~S10M1 =Sio"1

Y1 +1 12 +1

As per Lemma 4.1, there is an integer o € Zj‘nz such that y; =

] w0
ys' 727 Then (24) is

1o 0] 0 g 0] @)
—So141Py Py O So1ViPy Pym O

1%) +1_V27 +1

TN o (25)
S0Py Py 0 S1oV1Py P20

Vo +1 Vz_ +1
As (plllplzzal ,p/ilpézaz) € E% is a collision for m,, we have

2 01 i 2 J1.J2
—S01P1 Py 01 —S01P1 Py 02
y20112 +1_)/20112 +1

2 i1 i - 2 J1 2
—s3op\ PR o —s3op\ PR oa
¥ 10P1 P2 +1 Vs 0PI o2 4

(26)

We claim that if there exist integers u1, vi such that

i 501”1171 p2 ‘o —S01P1p2 ;o (mod ~ my),
sloulp1 p2 20 = slop] p2 251 (mod ~ my),

w (0}
(ii) 301V1P11p22°' = 30117[1
Slovll’l 'py’o _31017[1

! lzoz(mod ~ my),

! lzoz(mod ~ my),

then u1,vy € Ey, u; # vi(mod ~ mj) and (25) holds. Note
that (25) is clear from (i), (ii) and (26). If pf 7%y, then

the second congruence of (i) Would 1mply that pll |pl1 pl2201,

which contradicts to the fact that p1 p2 o1 € E>. Similarly,
Wecanshowthatp @2 J(u,p1 “ vy andp’82 24y
Therefore, uy,vi € Ey. If uy = vi(mod ~ my), then the first

congruences of (i) and (ii) would imply that sm(p1 p2 oy —
i1 i

p/1 p/2 0y) = O(rnod ~ my), which requires that p| pyo; =

1 p2 Zop(mod ~ p2 2). Similarly, the second congruences of
(i) and (ii) require that p]' p’fal p’ll lzaz(mod ~ pﬂ .
It follows that p p2o; = p’1 p’2 or(mod ~ my), which is a
contradiction.

It remains to show the existence of u; and v that satisfy (i)
and (ii). We show the existence of u;. The existence of vy is
similar and omitted. As w; < i; < 81 and wy < ip < B, the
first congruence in (i) is equivalent to

So1H10 E501117111 wlPlzz “?01(mod ’“lﬂﬁl h, 7
1 = l1—w1 =W d ~ /32 w2 @7
So U100 smp1 Py cop(mo )2 ).

Note that the first congruence of (27) is always true. On the

other hand, as py { sma there is an integer t(l)l such that

Ba—

spyoty, = 1(mod ~ p5?~“?). Therefore, the first congruence

of (i) will be equivalent to

i|—w) ir—w

= s, 1,p) 5 Por(mod ~ i) (28)
Similarly, we can show that the second congruence of (i) is
equivalent to

i|—w) i—w)

= shotlp)! "' pE o1 (mod ~ pf' T, (29)

where t10 is an integer such that SlOUtIO = I(mod ~ pﬂ] —en,

The existence of u; is an easy consequence of the Chinese
remainder theorem on (28) and (29). |

ExampLE 1. Let my = 7% x 151. Then Sy, {so1 =
1813,s10 = 5587,s11 = 1}. Let p = ord,,(2) and let
V2 € IF'2,2 be a primitive myth root of unity. Then (238, 455)
is a collision for mjy. Clearly, w; = 1 and wp; = 0. Then
my = my/7 = 1057 must be a good number, which is < m;.
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5. CONCLUSION

In this paper, we characterized the good numbers in M> and
showed two implications between good numbers in M. In par-
ticular, the second implication requires an additional condition.
It is an interesting problem to remove the condition.
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