The Self-Thinning Surface

Huiquan Bi

ABSTRACT. This article introduces a generalized expression of the self-thinning rule, B = KSYNB,
where B is stand biomass per unit area, N is stand density, S is relative site index, and K, a and 3
are parameters. On log scales, this equation becomes a self-thinning surface that defines a density-
dependent upper frontier of stand biomass over a gradient of site productivity for a given species. This
equation is formulated for parameter estimation as a stochastic frontier function with two error
components that have different distributional properties. As an example, maximum likelihood
estimates of the self-thinning surface and its confidence envelope were shown for Pinus radiata (D.
Don). Furthermore, site occupancy was estimated through one of the error components of the
stochastic frontier function. The conditional response of mortality at any given site occupancy was
revealed by using regression quantiles. Light mortality was associated with increases in site
occupancy, while heavy mortality caused a reduction in site occupancy. Changes in the estimated site
occupancy had alinear relationship with changes in log stand density. The dynamic interplay between
site occupancy and mortality, together with the random external effects on the self-thinning frontier,
was suggested to drive the growth trajectories of individual stands during stand growth and self-
thinning. Consequently, individual stands seldom travel along their self-thinning frontiers but are more
likely to converge toward them during the self-thinning phase of stand development. For. Sci.
47(3):361-370.
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quantile, stand dynamics, Pinus radiata.

HE SELF-THINNING RULE defines a density-dependent up-
per frontier of stand biomass for even-aged pure plant
standsin a given environment with a power function:

B= KNP (1)

where B is the total stand biomass per unit area, N is stand
density, K is a species-specific and environment-specific
constant, and 3 = —0.5 is the hypothesized self-thinning
exponent (Yodaet al. 1963, White and Harper 1970, White
1980, 1981, 1985, Westoby and Howell 1981, Westoby
1984, Whittington 1984). On log scales, Equation (1) be-
comesalinewith aslope of —0.5. A vast amount of literature
has appeared on self-thinning since the pioneer work of Y oda
etal. (1963). However, there has not been general agreement
intheliteratureontheinvariability of 3 among speciesand on
the variability of K across environmental gradients within
one species as reviewed recently by Jack and Long (1996)

and Bi et a. (2000). The lack of a consensus calls for a
generalized expression of Equation (1):

B=KSNP 2

where S represents a measure of site productivity that indi-
catesthelevel of resource supply inagiven environment, and
o isacoefficient. K in this generalized expression becomes
a species-specific constant. On log scales, Equation (2)
becomesaself-thinning surfacethat definesadensity-depen-
dent upper frontier of stand biomass over a gradient of site
productivity for any given species. Under thissurface, aself-
thinning frontier can be determined for any individual stand
within the range of site productivity represented by S.
Despite the vast amount of literature on self-thinning, no
attempt has been made to define the sel f-thinning surfacefor
any species. Studies so far have mostly focused on the
estimation of asingle self-thinning line[i.e., Equation (1) in
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the log transformed form] that lies over a group of growth
trajectories of a number of even-aged stands growing on
different sites. Site productivity has not been formally incor-
porated in the equation. If the intercept increases with pro-
ductivity, the self-thinning line thus estimated may be ad-
equate for the most productive stand in the group, but for
many other standsit is certainly an overestimation. The self-
thinning rule haswell-demonstrated applicationsin devel op-
ing stand density management regimes and yield modelsfor
even-aged forest stands (Tadaki 1964, Ando 1968, Yinet al.
1978, Drew and Flewelling 1977, 1979, Long 1985, Hibbs
1987, Zhaoetal. 1993, Tangetal. 1994, Tangetal. 1995, Jack
and Long 1996, Newton 1997). However, these applications
have largely remained atool for making strategic decisions
concerning silvicultural regimes rather than for detailed
growth and yield analysis (Jack and Long 1996). Likely this
is because the self-thinning frontier has not been accurately
estimated on a site-specific basis. The potential of the appli-
cation of the self-thinning rule in the management of even-
aged forest standsis much restricted unlessthe self-thinning
frontier can be accurately estimated for individual stands.

Recently, Bi et al. (2000) introduced stochastic frontier
functionsfor estimating the self-thinning frontier in the case
of Equation (1) and proposed a measure of site occupancy
relative to the self-thinning frontier for stands undergoing
self-thinning. However, aswith most studies, they estimated
asingle self-thinning line for a number of even-aged Pinus
radiata (D. Don) stands growing on different sites. Here |
present the stati stical model specification of Equation (2) and
its log-likelihood function by using relative site index as an
indicator of site productivity. As an example, the estimated
self-thinning surface and its confidence envel ope are shown
for P. radiata. In addition, | demonstrate how estimating the
self-thinning surface rather than estimating a single self-
thinning line can reveal greater insight into the dynamics of
self-thinning stands.

Data

Thedatafor thiswork are from experimentsin P. radiata
tree farms established in the 1950s and owned by A.P.M.
Forests Pty Ltd. (now Amcor Pty Ltd.) in the Gippsland
region of Victoria, Australia. Thisregionisranked medium
in terms of site productivity among the main P. radiata
regions of the Southern Hemisphere (Lewis and Ferguson
1993). The experiments were designed to test the effect of
different thinning regimes on stand growth across the tree
farms. The datais an expanded data set from that used by Bi
et al. (2000). More recent measurements of some of the 12
plotsused by Bi et al. (2000) and datafrom 6 other plotswere
recently provided by Amcor Pty Ltd. These 18 control plots
underwent self-thinning and provided a total of 153 plot
measurementsfor analysisinthisarticle. Theinitial planting
densities of these plotswere unknown. When plotswerefirst
measured at the age of 10 to 12 yr, stand density ranged
generally from 1,220 to 2,112 trees/ha (Table 1). Plot area
varied from 0.0512 to 0.0973 ha. These plotswere generally
measured every 2 yr or less, and the last measurement was
taken between age 22 and 38 yr. At each measurement,
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diameter at breast height and height of individual treeswere
obtained. Thedeath or removal of treeswasrecordedinthree
categories. (1) unidentified natural mortality, (2) removed
becauseof Srexnoctilioattack, and (3) removed for unknown
reasons. Natural mortality varied from 24.1%t0 50.5% of the
number of live trees at first measurement, and removal
because of Srex attack varied between 0.6% and 22.6%
among the 18 plots (Table 1). Trees removed for unknown
reasons were generally less than 5%, except for one plot
where 7% of thetreeswasremoved after thefirst measurement.
The age of imminent mortality (i.e., the age of the plot
measurement just before natural mortality occurred) ranged
from 10to 14 yr (Table 1). The biomass equations devel oped
by Baker et a. (1984) for P. radiata in the study area were
used to cal culatetree and total stand biomass as described by
Bi et al. (2000).

A relative index of site productivity was derived using
the mean height of 50 largest diameter trees per hectare at
age 20, similar to the approach of Bi and Jurskis (1996).
Since no measurementsweretaken exactly at age20for all
stands, stand height at age 20 was estimated using local
regression, loess (Cleveland 1993). Assuming identically
distributed Gaussian errors, a local linear fitting with a
smoothing parameter of 0.3 was used after some iterative
fitting and visual examination of the smoothed height-age
curves and data. The maximum observed stand height at
age 20 from all empirical data available in the study area
wasnearly 35 m. No singlestand in theinventory database
of P. radiata plantations in the region exceeded this
maximum stand height at age 20, although asmall number
of standsat a particular site could reach up to 40m at older
ages. Theratio of stand height at age 20 to this maximum
stand height was taken as the site productivity index for
each stand. Thisindex is different from the conventional
siteindex, i.e., stand height at an index age (Clutter et al.
1983). It provides a relative measure of site productivity.
Stand height at age 20 varied from 19.3 to 32.3 m, and so
therelativeindex varied from 0.552t00.921 among the 18
stands (Figure 1). Estimation of site quality from empiri-
cal stand height datahas along history inforestry (Clutter
etal. 1983), whilethetheoretical basisfor such anindirect
approach came only recently through the work of Tilman
(1988), who showed that the allocation to height growth
increaseswith theavailabilitiesof soil resourcesand light.

The Self-Thinning Surface: Specification,
Estimation and Confidence Envelope

Equation (2) can be formulated as a stochastic frontier
function by extending thework of Bi et a. (2000) asfollows:

B=KS*NPe'e™ (3

whereB, K, and N are as previously defined, Sisrelative site
index, a and 3 are parameters. The variablesv and u aretwo
random variables. Thefirst random variablev isassumed to
have a normal distribution with a zero mean and constant
variance 0\2,. Thesecond random variable 0 < u < oo takesthe
absolute values of a normally distributed variable with zero
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Table 1. A data summary of the 18 plots used for the estimation of the self-thinning surface. Age, stand density, average diameter at
breast height overbark (dbhob), stand height and stand biomass were shown for the first and last measurements only.

Age of
Stand Stand No. of Stand  imminent Removed
density ~ Mean Stand biomass measure- heightat mortality Natural Removed reasonnot Total
Plot noAge (yr (trees/ha) lbhob (cm) height (m) (tons’ha) ments age 20 (m)  (yr) mortality for Sirex  known  mortality
............................... (%) wrerrerermermmnererireenenane

1 12 1,507 154 13.0 104 13 19.3 14 42.6 0 3.5 46.1
35 813 26.4 29.0 268

2 11 1,336 16.6 154 116 10 21.1 11 49.2 0 7.0 56.2
31 585 31.2 26.0 263

3 11 1,880 15.1 15.1 133 11 22.1 11 36.4 0 1.1 37.5
33 1,026 26.4 27.5 323

4 12 1,220 159 14.7 103 14 23.8 12 33.0 8.5 4.7 46.2
37 667 31.1 334 346

5 11 1,476 14.6 15.3 96 7 23.9 13 24.1 0 0 24.1
22 1,120 20.4 25.5 197

6 12 1,979 144 17.6 139 13 24.9 14 39.2 0.6 24 422
38 1,132 25.9 35.1 397

7 11 2,112 14.1 17.2 135 11 25.0 11 339 0 0 33.9
30 1,254 23.2 29.4 328

8 11 1,788 15.1 17.1 134 7 253 11 25.6 0 0 25.6
22 1,344 20.3 27.6 254

9 11 1,429 16.2 15.7 123 7 26.1 13 25.6 0 0 25.6
22 1,063 23.0 27.8 253

10 11 1,505 15.7 16.4 120 7 26.4 11 27.0 0 0 27.0
22 1,099 21.9 28.5 244

11 11 1,480 14.9 14.9 105 7 27.1 11 43.1 0 0 43.1
22 843 22.4 29.6 204

12 11 1,576 13.6 15.7 93 7 27.2 13 344 0 0 344
22 1,021 21.3 29.1 225

13 10 2,038 13.8 14.6 126 9 27.7 10 34.9 22.6 1.9 59.4
26 827 28.7 34.8 378

14 10 1,239 16.5 16.2 115 9 29.4 10 47.0 24 0 49.4
26 627 329 33.6 361

15 10 1,973 13.7 16.4 129 9 30.2 10 50.5 13.9 1 65.4
26 684 29.4 35.6 327

16 10 803 14.1 15.2 120 9 30.8 10 47.8 0 3.5 51.3
26 878 28.1 323 374

17 10 1,583 15.6 16.5 125 9 30.9 10 33.0 18.2 0 51.2
26 773 29.8 35.2 377

18 10 1,327 17.2 15.9 132 9 322 10 36.0 8.1 3.5 47.6
26 694 33.5 39.2 432

mean and constant variance g2 and is assumed to be half
normal. AsinBi et al. (2000), theterm 0< e U< 1 represents
site occupancy, i.e., the extent to which plant stands have
occupiedthegrowing spaceand utilized theavail ableresources
on agiven sitefor growth. At full site occupancy whene™ =
1, stands have accumul ated the maximum attai nabl e biomass
at agiven stand density on that site. Any further growth will
incur mortality. The maximum attainable biomass at any
stand density represents the biomass frontier for that site,
which is not directly observable from empirical data (Zeide
1991). Therandom effects of external factors on the biomass
frontier such asclimatic variations, insect attacks, diseasesor
other changes in the environment specific to each site are
represented by v.

Theinterpretation of eYin Equation (3) assiteoccupancy,
amuch-usedtermin plantationsilviculture, can beunderstood
by observing the ratio of the actual stand biomass to the
corresponding maximum attainable biomass at the frontier:

—u_ B
T KSYNPeY “)

Clearly this is a measure relative to the self-thinning
frontier. Conceptual ly equival ent measuresof siteoccupancy
are the yield index of Ando (1968) and the relative stand
density indices of Tadaki (1964) and Drew and Flewelling
(1979). All these indices are constructed using a line of
maximum attainable mean tree volume and stand density
with afixed self-thinning slope and an intercept determined
by visual placement, largely because of the lack of a proper
method of statistical estimation. The relative stand density
index (Pr) proposed by Drew and Flewelling's (1979) isthe
ratio of observed stand density to the maximum stand density
attainable in a stand with the same mean tree volume. This
index has become widely used particularly in north America
in the construction of stand density management diagrams
(Jack and Long 1996, Newton 1997).

On logarithmic scales, Equation (3) becomes a stochastic
frontier functionwith the samespecification asthat of Aigner
etal. (1977) for theanalysisof maximum potential production
and production efficiency in econometrics:

INnB=k+alnS+BInN +¢ (5)
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Figure 1. Principle of the site productivity index: growth trajectories
of stand heightforthe 18 plots plotted together with the maximum
stand height of 35 m at age 20 for the study area. The site
productivity index is the intercept of a trajectory where the
maximum stand height is taken as unit measure.

where In represents natural logarithm, k = InK, and the error
term € is a compound random variable, € = v — u. The
distributional properties of € and u are well presented in the
econometric literature (see Greene 1993, p. 310-311, 1997).
Theparametersinthemodel canbeestimated by themaximum
likelihood methodswith thelog-likelihood function given by
Aigner et al. (1977). The normal equationsderived fromthis
loglikelihood function haveto besolved numerically through
iteration. For easier computation, thelog likelihood function
given by Aigner et al. (1977) can be reparameterized as
shown by Battese and Corra (1977):

InL(B) = nlnﬁ -nino

N

oS nd-o [V ImE] @
258 Bovi-yH 2000
where 6 =(k, a,B,02,y) denotes the column vector of
parameters of the model, n is the number of data points,
0 = {02 + o2 , ®isthestandard normal distributionfunction,
€ =V, — B, is the difference between the observed and
fitted values of stand biomass for the ith data point, and

Y= ~=Z 7. (7)

Thefirst-order partial derivatives of thislog likelihood
functionwithrespect toall five parameterscan be obtai ned
by following Battese and Corra (1977). The maximum-
likelihood estimator denoted by éN has the property of
consistency and asymptotic normality. The proof of this
property is presented by Amemiya (1973) and Battese and
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Corra (1977) under some regularity conditions. The
varianceand covariance matrix of themaximum-likelihood
estimator can be estimated by

- 0 6%InL@,) 0"
Cov(By) =) =———*

®V=2 T 08 = ®)
as shown by Battese and Corra (1977). The practical
implicationof theaboveresultsisthat 6 followsmultivariate
normal distribution N|8,, | withlarge samples, aproperty
useful for making statistical inferences about the parameter
estimates.

Oncethenormal equationsare solved by nonlinear search
algorithm, theunobservabl e self-thinning frontier isgiven by

INB=K +aInS+BInN 9)

Site occupancy for theith observation is estimated asthe
expectation of ¢4, E(e™ |¢;), whichisgiven by Battese
and Coelli (1988, 1992):

E[e"“ |si] =
H Dui* _ 0 Dui* ml 1,
é‘b% O« (D%%Exp( Ui + E Ox )

where ui* =-gy and g2 = VO'ZV-

Following the comments of areviewer of thisarticle, the
self-thinning surface was estimated using data after careful
screening and some minor editing. Some stands had trees
removed for Srex attack and also for unknown reasons. In
addition, five plot measurements occurred before the age of
imminent mortality. By definition these plot measurements
did not fully represent the self-thinning process. So atotal of
29 such measurements were excluded from the analysis,
including 21 measurements taken immediately following
tree removal, 5 measurements taken before the age of immi-
nent mortality, and 3 datapointsfollowing theremoval of 7%
of thetreesin plot 2. Since 11 of 18 plotshad varying degrees
of treeremoval (Table 1), excludingtheseplotsfromanalysis
as suggested by the reviewer would result in a great |oss of
data. All parameter estimates and the variance and covari-
ance matrix of parameter estimates were obtained using
FRONTIER 4.1 of Coelli (1996). To be consistent with the
previous work of Bi et al. (2000) and much of the literature
on self-thinning, the common logarithm of stand biomass,
siteproductivity index and stand density (i.e., logB, logS, and
logN) was used in parameter estimation.

The maximum likelihood estimates of the stochastic self-
thinning frontier are

logB=7.076 +0.35710og S—-0.50910g N (1)

(10)

The estimated values for 62 and y are 0.029 and 0.816,
respectively. Since g?=02+02 and y = g2/ o?, the
estimates of 05 and g2 are 0.023 and 0.005, respectively.
The estimated variance and covariance matrix of the five
parametersis
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[]0.06127 0.00281 —0.02007 -0.00025 -0.00582[]
(J0.00281 0.03203 0.00020 -0.00021 -0.004460
y = 8—0.02007 0.00020 0.00668 0.00013 0.00274 B
0.00025 -0.00021 0.00013 0.00005 0.00085
0.00582 -0.00446 0.00274 0.00085 0.01807
(12)

Equation (11) and the estimated variance and covariance
matrix in Equation (12) defined the self-thinning surfaceand
itsconfidence envel ope (Figure 2). The standard errorsof the
estimates of k, a, and 3 were 0.248, 0.179, and 0.082,
respectively. Since the t-statistic for the difference between
the estimated 3 and —0.5 was only 0.112, the estimated self-
thinning slope was not significantly different from the stated
slope of the self-thinning rule at the 95% confidence level.
With at-statistic of 1.99, the estimated a was significantly
different from zero at the 95% confidencelevel . Asexpected,
the intercept and slope were negatively correlated, with a
covariance of —0.02007 as shown in the estimated variance
and covariance matrix.

To obtain the confidencelimitsof log B, random variates
were generated 5,00Q times from the multivariate normal
distribution N(8, Z) using the algorithm for statistical
computing given by Tong (1990):

63 =TZ +8, (13)

where éﬁ (5=1,2,...,5,000) representsavector of random
variates sampled from the multivariate normal distribution
N{By,Z), TT' = X is the Cholesky decomposition of the
varianceand covariancematrix =, Z ~ N(0,Is) and | isa5
x 5 identity matrix. Each sample of random variates éﬁ
provided a set of values for k, a, and 3, which was used to
obtain the predicted values of log B over the data space on a
49 x 71 grid of log Sand log N. The samples provided 5,000

o
LR
SRS

Log stand biomass (kg/ha)
5200 5330 5460 5590 5720

Figure 2. The estimated self-thinning surface (darker surface in
the middle) and its upper and lower 95% confidence envelope.

sets of predicted values of log B over the 49 x 71 grid, with
a total of more than 17 million data points. For each
combination of log S and log N on the grid, the 2.5th and
97.5th percentiles of the 5,000 predictions of log B were
calculated and taken as the 0.95 confidence limits at that
point. The confidence limits for all points on the grid
collectively formed a confidence envelope for the estimated
self-thinning surface.

Taking a slice from the self-thinning surface and its
confidenceenvel ope(Figure?2) at aparticul ar siteproductivity,
theestimated sel f-thinning frontier anditsconfidenceenvel ope
could be obtained for each stand (Figure 3). Theintercept of
the estimated self-thinning frontier increased with site
productivity, reaching a maximum value of 7.076 when site
productivity index S=1. Amongthe 18 stands, siteproductivity
index varied from 0.552 to 0.921, and the corresponding
intercept of the self-thinning frontier increased from 6.984 to
7.063.

Site Occupancy and Mortality
During Self-thinning

The estimated site occupancy ranged from 0.705t0 0.973
with an average of 0.888 among the 124 data points. About
half of the estimates were greater than 0.90, 90% of the
estimates were greater than 0.80, and 97.5% were greater
than 0.75. Apart from one stand, plot 2 in Figure 3, which
suffered heavy reductions in stand density because of the
removal of trees due to unknown reasons, all other stands
reached at least site occupancy 0.9 during self-thinning.

To gain further insight into the dynamics of the self-
thinning stands, annual mortality rate between successive
measurements that were used in the estimation of the self-
thinning surface was calculated for each stand. The
scatterplot of mortality rate against the estimated site
occupancy showed the variation of annual mortality rate
increased with site occupancy and the conditional distri-
bution of mortality rate at a given site occupancy seemed
to depart markedly from the normal distribution. To high-
light such aconditional variationin mortality, the follow-
ing regression quantile function was chosen for modeling
the conditional variation of mortality rate:

M_ =a, +b U (14)

where M _ representsthe mortality regression p-quantile, i.e.,
the approximate conditional annual mortality rate at agiven
probability P[0, 1], U istheestimatedf siteoccupancy, and

, b, and C, are parameters of the regression quantile
function. Threevaluesof p, 0.5, 0.75, and 0.95, wereused in
theanalysis. For p=0.5and p=0.75, a, wasrestricted to be
0 to avoid the two estimated quantile curves crossing each
other within the data range. Parameter estimates were ob-
tained using the estimator of Basset and Koenker (1982).
Regression quantiles introduced by Koenker and Basset
(1978) and Basset and Koenker (1982) provide a general
technique for estimating conditional quantile functions for
linear modelswith independently and identically distributed
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Figure 3. Multipanel display of the self-thinning frontier over the gradient of site productivity. Each panel shows
how the observed self-thinning trajectory of a stand approached the estimated self-thinning frontier. The value of
the site productivity index is indicated in the strip above each panel. Filled circles show data points not included
in the analysis because of tree removal (see text).

(iid) errors. Their estimator of regression quantiles uses the
simplest M-function, the absolute value function. The ex-
panded flexibility of this approach has been further devel-
oped and widely adopted as a comprehensive approach to
statistical analysis of both linear and nonlinear response
models (Breckling and Chambers 1988, Efron 1991,
Buchinsky 1994, Koenker and Park 1996, Yu and Jones
1998, Cade et al. 1999).

Theestimated regressi on quantilefunctionscorresponding
to the three values of p in Equation (14) were

Mg g5 = 2.62+ 30.33j 64

351,041
Mo.75=3:51Q

Mg 5= 2.06j %13

(15)
(16)

(17)

Asexpected, mortality rateslying abovetheregression quantile
at p=0.95 accounted for about 5% of the observations and data
pointslying below theregression quantileat p=0.50 accounted
for about haf of the observations (Figure 4). The regression
quantileat p=0.95represented thenear extremerateof mortdity
that could take place at any given site occupancy. Mortdity rate
between the regression quantiles at p = 0.95 and p = 0.75 were
relatively highand accounted for about 20% of theobservations.
Light mortality could take place well before standsreached full
siteoccupancy (Figure4). For siteoccupancy lessthan 0.85, the
annual mortality was mostly less than 5%. As site occupancy
increased, much heavier mortality could take place as depicted
by theregressionquantileat p=0.95. Asstandsapproachfull site
occupancy, anannua mortality rategreater than30%ispossible,
although with asmall likelihood.

The three regression quantile functions provided a
more comprehensive description of the dependence of
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mortality on site occupancy during self-thinning, but they
did not reveal the impact of mortality on site occupancy.
Bi et al. (2000) found that site occupancy generally in-
creased following light mortality and decreased following
heavier mortality in P. radiata stands undergoing self-
thinning. To explore this qualitative observation, the an-
nual changeinthe estimated site occupancy and theannual
decreaseinlog stand density between successive measure-
ments used in the estimation of the self-thinning surface
were calculated for the stands. The relationship between

)
40 B

30

Mortality (%)

— 9,
;8°%%>

5 Bo
Lo 80
RBo

%

D® o

o3
o o® 0 )
o
0 o o® 009,

T T T T T T T

0.80 0.85 0.90 0.95 1.00
Site occupancy

Figure 4. Conditional variation of annual mortality rate upon site
occupancy for the 18 stands during self-thinning. The curves are
regression quantiles at p = 0.95, p = 0.75 and p = 0.50 from top
down.
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changesin siteoccupancy and changesin log stand density
was examined using least squares regression.

Mortality had adirect impact on site occupancy. Changes
intheestimated siteoccupancy hadthefollowing relationship
with changesin log stand density (Figure 5):

R’ =057 (18)

where U, and U,,, aresite occupancy inyear tandt + 1, N,
and N, arestand density intrees’hain corresponding years.
This relationship shows that on average a mortality rate
greater than 3.1% per year resulted in a reduction in site
occupancy, while a lighter mortality was associated with
increases in site occupany.

Individual stands approached their self-thinning
frontiers along quite different trajectories, and rarely
travel ed along the self-thinning frontiers (Figure 3). With
light mortality taking place during stand growth, site
occupancy would not decrease between successive
measurements. Stands would gradually approach and
convergetotheself-thinning frontier. With heavy mortality
and reduced site occupancy, stands would fall away from
the self-thinning frontier and depart markedly from it.
Suchmovementscan beseen clearly from stand trajectories
showninFigure 3. When mixed light and heavy mortalities
occurred intermittently during stand growth, large
variationsin growthtrajectorieswere observed (Figure 3).

Uyyy = U, =0.020 +0.624109(N,,; / N,)

Discussion

The results represented an attempt to apply the recently
introduced approach of stochastic biomassfrontier functions
to estimating the self-thinning surface and its confidence
envelope. There was little difference in the estimated self-
thinning slope 3 between the results of this work and that
estimated previously by Bi et al. (2000). Both estimateswere
not significantly different from the slope of —0.5 as stated by
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Figure 5. Relationship between the annual change of site
occupancy and that of log stand density.

the self-thinning rule. However, this study showed how the
intercept of the self-thinning frontier would change over a
gradient of site productivity for P. radiata in the Gippsland
region. The complete range of site productivity index for P.
radiata in the region varied between 0.523 to 1 based on all
available stand height data in the inventory database of
plantations around age 20. Over this range, the estimated
intercept of the self-thinning frontier increased from 6.976 to
amaximum value of 7.076. By comparison, the intercept of
the self-thinning frontier for stemwood determined visually
by Drew and Flewelling (1977) for 54 P. radiata stands in
New Zealand is 6.99. This was derived by converting their
relationship between mean tree volume and stand density to
one that is comparable using the average basic density of
stemwood of P. radiatain New Zealand (Cown et al. 1991).
For a wide range of tree species, the intercept of the self-
thinning frontier using the units of kg/ha and treesha falls
between 6.5 and 7.4, i.e., within one order of magnitude of
difference (White 1985). For P. radiata in this study, the
magnitude of variation in the estimated intercept over the
gradient of site productivity isabout 11% of themagnitude of
variation among the range of tree species given by White
(1985).

At afinal stocking of 200 trees/habefore harvesting, asis
often the case with the density management of P. radiata
(Lewisand Ferguson 1993), thismagnitudeof variationinthe
estimated intercept representsarange of stand biomassfrom
637 to 803 tong/ha at full site occupancy over the range of
productivity gradient for the Gippsland region. This magni-
tude of variation highlights the need for a careful and more
rigorous testing of the assumption in much of the earlier
literature that the self-thinning boundary line is species-
specific and site-independent (see Westoby 1984). Although
not formally tested, this assumed invariability of the self-
thinning intercept has been label ed asthe Suckatschew effect
in influential texts of plant population biology and forest
stand dynamics(Harper 1977, p. 176183, Oliver and Larson
1996, p. 342). Growing evidence, however, suggests the
contrary (e.g., Furnas 1981, Hozumi 1983, Givnish 1986,
Morris and Myerscough 1985, 1991, DeBell et a 1989,
Harmset al. 2000). A recent review by Jack and L ong (1996)
indicatesthat the concept of asingle constant intercept of the
self-thinning boundary line for a given species is not fully
supported by the literature. Asthey pointed out, the assumed
invaribility may be due to the lack of rigorous testing rather
than to evidence showing site-independence. Through the
model specification in Equation (3), one can incorporate site
productivity in the stochastic frontier function through a
relativeindex. Other site, stand, and tree characteristics that
affect site productivity (e.g., Harmset a. 1994, 2000) can be
incorporated in asimilar manner. Moreimportantly, one can
test site-dependence of the self-thinning line for a given
Species.

Another advantage of incorporating site productivity in
Equation (3) isthat siteoccupancy canbestatistically estimated
on a site-specific basis. As a much-used term in plantation
silviculture, site occupancy is conceptualy defined as a
relative measure. It indicates the degree to which astand has
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occupiedthegrowing spaceand utilized theavail ableresources
for growthwithinthegiven environment (Bi et al. 2000). The
same degree of site occupancy can be achieved by a small
number of big trees or alarge number of small trees (Baker
1950). Early measures of site occupancy, either in the name
of yield index or relative stand density index (e.g., Ando
1968, Tadaki 1964, Drew and Flewelling 1979), are all
relative to a single self-thinning line determined largely by
visual placement for a given species. Consequently, these
measures are neither statistically based nor site-specific.
The relative stand density index (Pr) proposed by Drew
and Flewelling (1979) isthe ratio of observed stand density
to the maximum stand density attainable in a stand with the
same mean tree volume. Assuming a single deterministic
self-thinning line for a given species by assigning S= 1 and
v = 0in Equation (4), one can show that the measure of site
occupancy (U) proposed hereismathematically relatedto Pr:

-B
=NE1axN‘B:Dg—NN E -y %

where B is the observed biomass of a stand with density N,
B ax @nd N, are the corresponding values of biomass and
stand density on the self-thinning line (Figure 6). For  =—0.5,
U = Pr05, and Pr = U2, Drew and Flewelling (1977) defined
the zone of imminent competition-mortality for P. radiatain
New Zealand with 0.55 < Pr < 1. Thelower limit of the zone
with Pr = 0.55 was assumed to be correct for all sites (Drew
and Flewelling 1979) and subsequently was used in the
construction of stand density management diagrams for a
range of speciesin North America(Newton 1997). Although
seemingly not unreasonable, the zone represents arelatively
wide band, and the lower limit may be more precisely
estimated if the self-thinning line is estimated on a site-
specific basis for any species.

Since site occupancy was estimated relative to a site-
specific self-thinning frontier through Equation (9), the
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Figure 6. Diagram illustrating the derivation of the proposed
measure of site occupancy relative to the self-thinning line in
relationto therelative stand density index of Drew and Flewelling
(1979) (see text).
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estimates of site occupancy were more accurate than that
of Bi etal. (2000). Theimproved estimatesof siteoccupancy
made it possible to explore quantitatively the relationship
between site occupancy and mortality during self-thinning.
The three regression quantile functions [Equations (15),
(16), and (17)] and therel ationship between annual change
of site occupancy and that of log stand density [Equation
(18)] provided greater insightsinto the dynamic interplay
between site occupany and mortality during self-thinning.
When site occupany is low, stands suffer only light
mortality, probably not all competition-induced. As site
occupancy increases, light and heavy mortality take place
intermittently. Much heavier mortality could also be
expected with a small likelihood. Light mortality is
associated with increases in site occupancy. Heavy
mortality causesreductionin siteoccupancy andthegrowth
trajectory of a stand falling back from its self-thinning
frontier (Figure 3).

This dynamic interplay between site occupancy and
mortality makeit unlikely that a stand will grow in a state
of full site occupancy throughout the course of self-
thinning. Sincestandstravel alongtheself-thinning frontier
only when site occupancy is one (Bi et al. 2000), plant
populations probably seldom travel along their self-
thinning frontiersbut morelikely converge towards them.
Thegrowthtrajectory of astand could befurther influenced
by therandom external effectsontheself-thinning frontier
represented by v. Asdiscussed by Bi et al. (2000), when a
stand was approaching full site occupancy (i.e.,u - 0and
el - 1), and the random effects of external factors
represented by v had a positive impact on the biomass
frontier such as favorable climatic conditions or
fertilization, apositiveresidual g; could beexpected. The
growth trajectory of the stand could rise and lie above the
estimated self-thinning frontier as long as the positive
impact lasted.

Previous studies have indicated that the growth and
mortality of individual saresi ze-dependent during competition
in plant stands (West and Borough 1983, Cannell et al. 1984,
Hara1985, Schmittetal. 1987, Bi and Turvey 1996). However,
little is known about the extent of variation in mortality rate
as stands approach the self-thinning frontier with increasing
site occupancy, and even less is known about the impact of
mortality on site occupancy in the self-thinning process. The
dynamic interplay between site occupancy and mortality in
thisstudy isan aspect of the dynamics of self-thinning stands
which requires attention. Mortality changes the size
distribution and al so affectsthelocal variation of growth and
mortality of even-aged plant populations (Westoby 1982,
Weiner and Thomas 1986, Kenkel 1988, Kenkel et al. 1989,
Bi and Turvey 1996, Kenkel et al. 1997). Understanding the
dependence of mortality on the size of individual plants as
well as the site occupancy of the population will help to
explain the dynamics of self-thinning. The practical
implication foundinthisstudy isthat both the site occupancy
of astand and the size of individual s that compose it need to
be considered for accurate predictions of the growth and
mortality of treesin even-aged pure stands.
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Since the data for estimating the self-thinning surface
came from multiple measurements of the 18 plots, some
degree of autocorrelation may exit among data from the
same plot. Asdiscussed by Bi et al. (2000), the parameter
estimates of the frontier function would be little affected
by suchacorrelation, although the estimate of thevariance
and covariance matrix may not be exact. A relevant
statistical analysis by Schmidt and Lovell (1980) in a
similar context in econometrics showed that there was
only a slight increase in the estimated standard errors of
parameter estimates when positive correlated productive
and allocative efficiencies were permitted in a stochastic
frontier model. However, there was no appreciable effect
on the inferences concerning the shape and placement of
that frontier (Schmidt and Lovell 1980).
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