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S U M M A R Y
Until now, the polar motion resonance (PMR) complex frequency has been determined in
the seasonal and retrograde diurnal band of the polar motion. In this study, this resonance
is studied in the prograde diurnal band, where polar motion is mainly composed of periodic
terms caused by the diurnal oceanic tide. The resonance parameters (period and quality factor)
are encompassed in the frequency transfer function between generating tidal potential and
polar motion, and can be estimated accordingly. To this aim, we gather three published sets
of prograde diurnal terms determined from Global Navigation Satellite System (GNSS) and
Very Long Baseline Interferometry (VLBI), to which we append our own estimates based
upon a processing of the VLBI delays over the period 1990–2020. Then, by fitting the PMR
parameters so that the prograde diurnal terms match the corresponding components of the tide
generating potential, we obtained a resonance period of about 401 d and an equivalent quality
factor of −22, differing from those reigning in the seasonal band (PPMR ≈ 431 d; QPMR ≈
56–255) and in the retrograde diurnal band (PPMR ≈ 380 d; QPMR ≈ −10). Our estimates
confirm strikingly the theoretical prediction derived from the tidal ocean angular momentum
derived from the FES 2014 ocean tide model.
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1 I N T RO D U C T I O N

As soon as the displacement of the Earth’s rotation pole with re-
spect to the Earth crust—the polar motion—has been discovered,
it arouses a great interest for studying the Earth rheology. First,
its main component, named Chandler wobble, is a normal mode,
of which the period is fixed by the Earth properties. Such a mode
had been foreseen by L. Euler in the middle of the 18th century
as a consequence of the Earth dynamical flattening e, namely the
relative difference between axial and equatorial moments of inertia
of the Earth, (C − A)/A = 3.2845479(1) × 10−3 (Mathews et al.
2002): the rotation axis IR freely rotates around the main inertia
axis IC in the body frame at the Euler angular frequency σ e = (C
− A)/A�, where � = 7.2921150 × 10−5 rad s−1 is the Earth’s an-
gular velocity of reference. However, with a period of about 304 d,
the Euler prediction was seemingly in contradiction with the 430-d
period detected by Chandler in 1891 from latitude observations.

This issue was solved in the following years, in particular by
Newcomb, who advocated the Earth’s non-rigidity as the factor
lengthening the Euler period from 304 to 430 d. His argumenta-
tion is the following. As the rotation axis moves with respect to
the terrestrial reference system, the centrifugal force varies accord-
ingly. This variation can be represented by the gradient of a tesseral
potential depending on pole displacement and called pole tide po-
tential by analogy to the lunisolar potential. The non-rigid Earth

tends to readjust its equatorial bulge around the instantaneous ro-
tation axis, and the whole Earth undergoes a variable deformation,
accompanying the pole displacement. The less rigid is the Earth,
the larger is this pole tide deformation. In the body reference system
Gxyz, aligned with the mean principal axes (Gx = IĀ, Gz = IC̄),
the instantaneous main inertia axis IC will shift towards the instan-
taneous rotation axis IR, so that the instantaneous moment of inertia
around Gz = IC̄ decreases accordingly; so seen from the terres-
trial system we have an apparent compensation of the dynamical
ellipticity, the apparent Euler frequency decreases and the corre-
sponding period increases up to the observed value of 433 ± 1 d
(according to contemporaneous observations). As the pole tide de-
formation is accompanied by dissipation, the Chandler wobble is
damped, with a quality factor in the interval (56, 255) (Nastula &
Gross 2015).

In the common band of the polar motion, stretching from some
days to subsecular timescale, it is commonly assumed that the Earth
rheology is the same. An Earth composed of a quasi-elastic man-
tle, a passive core and hydrostatic oceans allows to account for the
aforementioned resonance parameters. However, below 10 d, the
ocean behaves dynamically, and the ocean pole tide is modified
accordingly. This issue was addressed recently by Bizouard et al.
(2020) for the retrograde diurnal band of the polar motion, equiv-
alently the nutation band in the celestial system, where the polar
motion resonance (PMR) appears at the period of about 380 d with
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respect to the terrestrial reference system and apparent damping co-
efficient becomes negative according to nutation analysis. In light
of an ocean tide model, the authors showed that this striking change
of the resonance parameters is caused by the dynamical response
of the oceans. Besides, they present some observational evidence
that the resonance period is also affected by the free core nutation
resonance in the retrograde diurnal band.

In order to get a more comprehensive picture, this kind of analysis
has to be extended to other frequency bands. In this paper, we
investigate the Earth response in the prograde diurnal band of the
polar motion, which had not been done until now to our knowledge.
In contrast to the retrograde diurnal band, the prograde polar motion
of the Celestial Intermediate Pole is mainly caused by the ocean
tides, but the generating potential is still tesseral.

After having reminded the lineaments of the polar motion theory
and how polar motion is forced by ocean and body tides (Section 2),
we derive a theoretical prediction of PMR parameters from the
FES 2014 ocean tide model (Section 3). In Section 4, we expose
our own estimation of the prograde diurnal terms through VLBI
observation processing. Then, in Section 5, our estimates of the
prograde diurnal terms as well as published estimates are used along
with the corresponding components of the lunisolar tidal potential to
determine the PMR parameters, and to test the theoretical prediction
done in Section 3.

2 P O L A R M O T I O N R E S O NA N C E
PA R A M E T E R S

The PMR parameters depend on the Earth response to the tesseral
rotational potential generated by the polar motion itself in the ter-
restrial system, and therefore are determined by the Earth rheology.
For a tesseral potential of degree 2 and order 1, it reads (Dehant &
Mathews 2015)

W2 = −�2 R2
e

3
� [

�̃(t)Y −1
2 (θ, λ)

]
, (1)

with

�̃(t) = 3gN 1
2

�2 R2
e

∑
σ≥0

ξσ ei(θσ (t)−π/2), (2)

where Re is the mean equatorial radius, Y −1
2 = P1

2 (cos θ )e−iλ (with
θ the colatitude and λ the longitude), g is the mean Earth equatorial
gravity, ξσ is the equilibrium tidal height, (N 1

2 )2 = 5/24π and θσ

is the tidal argument of the corresponding frequency.
For the solid Earth, the degree 2 Stokes coefficients C21 and S21

of the geopotential undergo variations 	C21 and 	S21 such that

G M

Re
� [

(	C21 + i	S21)Y −1
2

] = k2W2, (3)

where k2 is the Love number relevant to the frequency band. By
putting expression (1) of W2 in (3), we obtain

	C21 + i	S21 = −k2
�2 R3

e

3G M
�̃(t). (4)

Equivalently, in the terrestrial reference system, the off-diagonal
Earth moments of inertia I13 = −M R2

e C21 and I23 = −M R2
e S21

vary by

	I13 + i	I23 = k2
�2 R5

e

3G
�̃(t) = k2

ks
(C − A)�̃(t), (5)

where ks = 3G(C − A)/(�2 R5
e ) ≈ 0.938 is the secular Love num-

ber. At timescales of the common polar motion stretching from

some days to some years, the quasi-elastic regime applies, yielding
k̃2 = 0.307 − i0.0035. The tilde indicates that the quantity contains
an imaginary part, here associated with dissipation.

The response of the oceans is formulated in an analogue way
through the ocean Love number k̃o. For periods much larger than
1 day, the ocean masses redistribute hydrostatically, leading to k̃o ∼
0.047. However, below 10 d the behaviour of the ocean becomes
dynamical, and in turn k̃o is strongly modified. The estimation of k̃o

in the diurnal band can be performed for specific tidal lines in light
of an ocean tide model. Such an approach had been initiated for the
retrograde diurnal band in Bizouard et al. (2020).

Combining the ocean and solid Earth responses to the tesseral
potential, we have the rotational excitation function

χ r = 	I13 + i	I23

C − A
= k̃

ks
�̃(t), (6)

where k̃ = k̃2 + k̃o. Actually, at diurnal and subdiurnal timescales,
the ocean response is dynamical, and current are generated by the
tidal potential. In turn, to the mass term (6) we have to append an
equatorial relative angular momentum h. Therefore, a full charac-
terization of the rotational response is given through the rotational
excitation

χ r = 	I13 + i	I23

(C − A)
+ h

(C − A)�
= k̃

ks
�̃(t), (7)

where k̃ now accounts for the dynamical oceanic response.
From the expression (1) it is clear that W2 has exactly the same

form than the pole tide potential 	U (r ) = −�2 R2
e

3 � [
m(t)Y −1

2 (θ, λ)
]
.

Hence, the coefficient �̃(t) is formally equivalent to the instanta-
neous rotation pole m(t) in pole tide potential. Let p = x − iy be
the complex pole coordinate of the Celestial Intermediate Pole, as
observed through astrogeodetic techniques, and linked to m by the
relation m = p − i ṗ/�, let χ eff be the effective angular momentum
function accounted for mass redistribution. Accounting for pole tide
by putting �̃(t) = m(t) in eq. (7), and accounting for the fluid core
in Liouville equations leads to

p + i

σ̃PMR
ṗ = χ eff . (8)

with

σ̃PMR = e�
A

Am

(
1 − k̃2 + k̃o

ks

)
, (9)

where Am is the mean equatorial moment of inertia of the mantle.
Here, σ̃PMR = 2π/PPMR(1 + i/2QPMR) is the complex angular

frequency of the PMR, encompassing the resonance parameters,
namely the period PPMR and the quality factor QPMR. The σ̃PMR has
to be distinguished from the observed Chandler wobble resonance.
Indeed, as a resonant process, the Chandler wobble does not result
from a single harmonic excitation at the resonance frequency, but
from a broad-band process surrounding the resonance frequency. If
the spectral content of the excitation dominates at a slightly different
frequency, this one will determine the observed Chandler wobble
frequency. In contrast, the PMR frequency σ̃PMR is fixed by the
properties of the Earth and does not depend on the forcing. The
PMR frequency is the resonance frequency describing the response
(the polar motion) to excitations with a frequency that may be far
from the Chandler wobble frequency. In the frequency band of the
common polar motion, stretching from a few days to some years,
the PMR parameters can be confused with the period and quality
factor of the Chandler wobble. However, for other timescales, such a
confusion is no more possible, for the global rheological parameters
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determining σ̃PMR, namely k̃2 and k̃o, deviate significantly from their
values prevailing in the Chandler frequency band. So, as a rule of
thumbs, the PMR complex frequency differs from the complex
frequency of the Chandler wobble (see e.g. Mathews et al. 2002;
Bizouard 2020).

Several authors have estimated the PMR parameters for the com-
mon polar motion, and found a period of about 430–433 d with the
quality factor in the range of [34, 255] (see e.g. Furuya & Chao
1996; Kuehne et al. 1996; Nastula & Gross 2015; Vondrák et al.
2017). Meanwhile, from nutation analysis, many studies (see e.g.
Mathews et al. 2002; Rosat et al. 2016; Nurul Huda et al. 2020;
Ziegler et al. 2020) evidenced that, in the retrograde diurnal band,
the PMR has a period shorter than in the seasonal band (∼380 d)
and that the complex part becomes negative (corresponding to an
equivalent quality factor of −10). As shown in Bizouard et al.
(2020), the shortening of the PMR in the retrograde diurnal band is
mainly caused by the dynamical response of the oceans to the pole
tide potential, and the associated negative quality factor reflects the
strong phase-shift of this response with respect to the pole tide.

3 T H E O R E T I C A L P R E D I C T I O N O F T H E
P O L A R M O T I O N R E S O NA N C E I N T H E
P RO G R A D E D I U R NA L B A N D

As for the retrograde diurnal band, the oceanic Love number can
be determined from the knowledge of an ocean tidal model, and its
subsequent effect on the ocean angular momentum. In this study
we adopted one of the most recent models, namely the FES 2014
hydrodynamic model (Carrere et al. 2015) and considered the five
main diurnal constituents J1, K1, P1, O1 and Q1. The corresponding
amplitude and phase of the equatorial ocean angular momentum,
as calculated from the model outputs by one of us (D. Allain), are
provided in Table 1. From those quantities the prograde matter term
H+ and motion term h+ are derived according to

H+ = H1 cos �1 + H2 sin �2

2
+ i

−H1 sin �1 + H2 cos �2

2
,

h+ = h1 cos φ1 + h2 sin φ2

2
+ i

−h1 sin φ1 + h2 cos φ2

2
, (10)

where the coefficients H1, H2, �1 and �2 correspond to the matter
term whereas the coefficients h1, h2, φ1 and φ2 correspond to the
motion term of the ocean angular momentum.

The matter term is related to the moments of inertia change of
the ocean H+ = �(	I13 + i	I23). Accounting for the deformation
produced by the ocean loading the effective matter term is (1 +
k ′

2)H+ where k ′
2 = −0.3075 is the loading Love number.

The oceanic Love number k̃o can be derived accordingly for the
five tidal components. From (7) limited to the ocean response, the
k̃o in prograde diurnal band is given by

k̃o(σ ) = ks
H+(σ )(1 + k ′

2) + h+(σ )

(C − A)��̃(σ )
. (11)

As shown in the last column of Table 1, the amplitude of the
oceanic love number k̃o in the prograde diurnal band is smaller
compared to the oceanic Love number value ko = 0.047 in the
seasonal band. The imaginary part of k̃o is related to the delay of the
ocean tide to the lunisolar force. The small frequency dependence
of the values of k̃o in Table 1 can be described by a degree two
polynomial of the frequency f in cpd as follows:

k̃o( f ) = (−0.5575 + i0.8714) f 2 + (1.0866 − i1.7092) f

+(−0.5207 + i0.8505). (12)

Then, the theoretical value of PMR in the prograde diurnal band
is derived by taking in eq. (9) the k̃o expression (12). We obtain
the theoretical prediction of PMR parameters displayed in Fig. 1. It
turns out that, in the band [+0.89, +1.04] cpd (corresponding to the
available tidal lines), the PMR period sweeps the interval [398.1,
400.3] days (with an average value of 399.5, dispersion of 0.8 d),
whereas the equivalent quality factor lies in the interval [−29, −18].

On the other hand, these PMR values can be estimated by con-
fronting the observed polar motion in the prograde diurnal, which
results mostly from oceanic tides, to the lunisolar potential, accord-
ing to the polar motion theory that has been sketched in Section 2.

4 E S T I M AT I O N O F P RO G R A D E
D I U R NA L T E R M S F RO M V L B I

The subdiurnal tidal variations in polar motion have been deter-
mined since the beginning of the 1990s from VLBI observation
(see e.g. Sovers et al. 1993; Herring & Dong 1994; Gipson 1996)
and from SLR (see e.g. Watkins & Eanes 1994). More recently,
from the processing of 20 yr of GNSS observations, Sibois et al.
(2017) determined pole coordinates at 15 min time resolution and
fitted complex semi-diurnal and diurnal amplitudes to the obtained
time-series. For VLBI, estimations of tidal terms were carried out
by using different approaches. Some studies have estimated the tidal
terms directly from VLBI time delays (see e.g. Sovers et al. 1993;
Herring & Dong 1994; Gipson 1996) while other (Böhm et al.
2012) estimated the terms indirectly from VLBI Earth orientation
parameters time-series with a subdaily resolution. An intermediate
approach was considered by Artz et al. (2011) who first determined
session-wise Earth orientation parameters and then transformed
them to tidal terms at the level of normal equations. The direct ap-
proach is the most precise one since it allows a rigorous propagation
of the delay errors into the estimated parameters and the use of all
available covariance information. We adopted this approach.

The tidally driven polar motion can be represented by the sum of
circular uniform motions as follows:

	x − i	y =
∑

j

(
A+

j ei θ j (t) + A−
j e−i θ j (t)

)
, (13)

where A+ = A+
(IP; j) + i A+

(OP; j) and A− = A−
(IP; j) + i A−

(OP; j) are the
complex amplitudes of the prograde and retrograde terms, respec-
tively. The IERS conventions (Petit & Luzum 2010) recommend the
subdiurnal polar motion series from a modified version of Ray et al.
(1994) which is based on the global numerical ocean tide model.
Our corrections are fit with respect to this model, hereafter called
IERS model. So the complex amplitudes A+

j are decomposed into

A+
j = A+

(IERS; j) + 	A+
j , (14)

where A+
(IERS; j) = A+

(OT; j) + A+
(LIB; j) are the complex amplitudes of

the IERS convention model; they can be separated into the ocean
tidal terms A+

(OT; j) and the libration terms A+
(LIB; j). Here 	A+

j are
the offsets that are estimated from the VLBI observation. The a
priori A+

(OT; j) and A+
(LIB; j) are computed according to the sine and

cosine coefficients given in Tables 8.2a and 5.1a of the IERS 2010
conventions (Petit & Luzum 2010).

The pole coordinates (x, y) can be represented by

x = xC04 + 	x ; y = yC04 + 	y, (15)

where (xC04, yC04) are the pole coordinates from C04 series (Bi-
zouard et al. 2018) and (	x, 	y) are the variation of pole coordinate
in the subdiurnal band. The global adjustment of A+

j requires the

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/226/1/610/6188388 by guest on 19 April 2024



PMR in the prograde diurnal band 613

Table 1. The main terms of the ocean’s angular momentum and their corresponding oceanic Love number (k̃o). The angular momentum
is generated by tesseral diurnal gravitational tides based on the FES 2014 model. The amplitudes H1, H2, h1 and h2 are in the unit of
1025 kg m2 s−1.

Period H1 �1 H2 �2 h1 φ1 h2 φ2 k̃o

(d) (◦) (◦) (◦) (◦)

Q1 1.1195148 0.110 340.1 0.269 214.9 0.063 301.6 0.069 209.7 0.005 + i 0.019
O1 1.0758059 0.449 327.4 1.192 222.8 0.313 301.9 0.449 201.0 0.008 + i 0.016
P1 1.0027454 0.159 309.3 0.445 226.7 0.174 293.2 0.255 193.8 0.008 + i 0.012
K1 0.9972695 0.481 307.3 1.325 227.2 0.545 293.7 0.805 193.3 0.008 + i 0.012
J1 0.9624365 0.029 301.9 0.076 227.0 0.018 297.1 0.044 179.6 0.007 + i 0.016

Figure 1. The period and the equivalent quality factor of PMR in diurnal
prograde band calculated from the FES 2014 ocean model. The red points
correspond to the five discrete tidal lines for which PMR parameters are
deduced, as reported in Table 1.

partial derivatives of the time delay with respect to A+
j , namely

∂τ

∂ A+
j

= c−1 · k · Q(X, Y ) · R(−θ ) · ∂W (x, y)

∂ A+
j

· b, (16)

where c is the speed of light, k is the unit vector pointing in the
source direction expressed in the ICRF, b is the baseline unit vec-
tor expressed in the ITRF, θ is the Earth rotation angle between
the celestial and terrestrial intermediate origin, and X and Y are
the full Cartesian coordinates of the celestial pole in the Inter-
national Celestial Reference System. We implement those par-
tial derivatives in the geodetic analysis software Calc/Solve (Ma
et al. 1986) to find the corrections for 72 terms contained in the
IERS model.

The data, taken from the IVS data centre, are made up of 5452
VLBI sessions from 1990 to 2020. We estimated station coordinate
differences with respect to ITRF2014 (Altamimi et al. 2016) as
global parameters with no-net rotation and no-net translation con-
ditions applied to the positions and velocities of a group of 38 sta-
tions. Apriori station positions were corrected from tridimensional
displacements due to oceanic and atmospheric tidal loading using
FES2004 (Lyard et al. 2006) and the output from the inverted-
barometer version of the Atmospheric Pressure Loading Service
(APLO; Petrov & Boy 2004) as well as antenna thermal deforma-
tions (Nothnagel 2009). A no-net rotation condition was applied
to the 303 ICRF3 defining sources (Charlot et al. 2020). Apriori
dry zenith delays were estimated from local pressure values and
then mapped to the elevation using the Vienna Mapping Function
(Böhm et al. 2006). The modelling of intraday variations of the tro-
posphere wet delay, clocks and troposphere gradients was realized

through continuous piecewise linear functions whose coefficients
are estimated every 10 min, 30 min, and 6 hr, respectively. Apriori
Earth orientation parameters were taken from the C04 (Bizouard
et al. 2018) and the IAU 2000A/IAU 2006 nutation and precession
models (Mathews et al. 2002; Capitaine et al. 2003).

The inversion returned a post-fit rms of 25.83 picoseconds and a
χ 2 per degree of freedom equal to 1.06. The results of our estimation
for 19 major diurnal tidal components are displayed in Table 2 and
compared with independent studies of the last decade, including
the IERS model. We found no significant correlation between the
estimated tidal terms. The published estimates of the tidally induced
polar motion are commonly given as sine and cosine coefficients of
the pole coordinates at a given frequency:

x = Cx cos θ (t) + Sx sin θ (t),

y = Cy cos θ (t) + Cy sin θ (t). (17)

The corresponding prograde polar motion A+ = αei� is given
through

α = 1

2

√
(Cx − Sy)2 + (Sx + Cy)2,

� = arctan

(
− (Sx + Cy)

(Cx − Sy)

)
. (18)

Our estimates are consistent with Artz et al. (2011) within 3σ level
for all main diurnal terms (Q1, O1, P1, K1 and J1). However, we
have discrepancies for the other terms. Such disagreements also
occur with the estimates of Böhm et al. (2012). The different time
intervals between ours (1990–2020), Artz et al. (2011) (1980–2010)
and Böhm et al. (2012) (1984–2010.5) as well as the different
VLBI analysis strategies are the sources of these discrepancies.
The difference with Sibois et al. (2017) results may be caused by
systematic errors from GNSS or VLBI. On the other hand, our least-
squares formal errors may be underestimated. As mentioned by
Herring et al. (2002), these values can be underestimated by a factor
between 1.5 and 2. Meanwhile, for some terms each empirical model
differs significantly from the IERS values. These disagreements
have provoked the need to both refine the theoretical modelling or
to improve the quality of the observation itself.

5 P O L A R M O T I O N R E S O NA N C E
E S T I M AT I O N

In the frequency domain, the dynamical relation (8) reads

p(σ ) = − σ̃PMR

σ − σ̃PMR
χ eff (σ ). (19)

The effective angular momentum function χ eff(σ ) takes the form

χ eff (σ ) = 1

1 − k̃2+k̃o(σ )
ks

[(
1 + k

′
2

)
χma(σ ) + χmo(σ )

]
, (20)
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Table 2. Diurnal prograde terms estimated from VLBI observation over the period 1990–2020, the terms derived from IERS ocean tides model and the terms
estimated from Sibois et al. (2017, SD17), Böhm et al. (2012, B12) and Artz et al. (2011, AB11). The diurnal terms that are used for the resonance estimation
are highlighted in bold. Here the unit of components are μas and the formal error corresponds to their 3σ .

This work IERS SD17 B12 AB11
Tide Period (d) A+

IP ± A+
OP ± A+

IP A+
OP A+

IP A+
OP A+

IP A+
OP A+

IP A+
OP

Q1 1.166926 6.47 2.81 − 4.64 2.82 3.4 − 0.3 3.6 1.9 4.0 0.2 10.9 − 0.1
σ1 1.160349 3.44 2.8 − 2.84 2.79 4.15 − 0.5 4.9 − 0.9 5.4 − 1.4 6.7 − 5.5
Q1 1.119515 30.43 2.92 − 8.1 2.91 27.6 − 3.9 31.7 − 8.4 24.8 − 7.2 28.1 − 8.5
RO1 1.113461 3.4 2.72 − 1.73 2.72 5.3 − 0.9 5.8 − 2.6 1.5 − 0.2 6.2 − 2.1
O1 1.075806 138.29 2.81 − 46.8 2.81 139.4 − 37.4 133.8 − 54.9 125.0 − 59.2 138.9 − 45.5
TO1 1.069505 1.13 2.67 − 0.49 2.68 1.7 − 0.7 0.8 − 2.0 0.5 0.6 3.3 − 2.2
M1 1.034719 8.67 2.57 − 3.85 2.56 10.1 − 3.7 8.9 − 4.4 6.9 − 3.2 5.6 − 6.5
χ1 1.029545 0.65 2.44 0.08 2.43 1.8 − 0.9 1.9 − 0.3 3.2 − 0.2 1.8 − 0.9
π1 1.005506 − 0.5 2.39 − 5.3 2.39 3.0 − 1.5 5.2 − 4.0 2.2 − 1.4 5.1 − 4.3
P1 1.002745 51.07 2.57 − 26.63 2.58 53.9 − 21.3 48.3 − 27.4 44.2 − 27.6 52.4 − 26.3
S1 1.000000 0.29 2.5 − 8.51 2.43 1.2 − 0.6 5.3 − 0.9 10.6 11.2 8.8 10.4
K1 0.997270 165.1 2.7 − 88.62 2.68 159.9 − 63.2 148.3 − 99.6 158.3 − 101.6 165.5 − 90.5
φ1 0.994554 1.56 2.45 − 2.17 2.44 1.2 − 0.6 1.6 3.5 2.1 − 0.1 2.3 − 3.0
ϕ1 0.991853 − 0.59 2.35 − 4.42 2.35 2.1 − 1.1 0.9 − 0.1 1.9 5.2 3.5 1.2
TT1 0.966956 2.98 2.25 0.35 2.25 1.4 − 0.7 1.9 − 0.1 1.2 − 1.1 1.4 − 0.7
J1 0.962437 10.15 2.34 − 2.54 2.34 7.7 − 2.7 6.7 − 6.9 9.2 − 5.7 8.2 − 1.4
So1 0.934174 0.53 2.16 1.18 2.18 1.1 − 0.4 0.2 1.0 1.3 − 2.2 1.2 4.4
Oo1 0.929420 4.85 2.24 − 5.19 2.24 3.4 − 1.1 4.1 − 4.8 1.9 − 8.9 4.5 − 7.9
ν1 0.899093 1.1 2.2 2.15 2.2 0.6 0.0 0.1 − 1.9 3.7 − 0.8 4.3 1.7

where k
′
2 is loading Love number, χma and χmo are the mass and mo-

tion terms of the effective angular momentum function respectively.
By considering eqs (9) and (20), eq. (19) is rewritten as follows:

p(σ ) = eA�

Am

[
− 1

σ − σ̃PMR

(
(1 + k ′

2)χma(σ ) + χmo(σ )
)]

. (21)

Considering the five main tidal frequencies (Q1, O1, P1, K1 and
J1), the PMR parameters are overdetermined by a set of five com-
plex eqs (21) relating corresponding terms of the polar motion and
of the tidal angular momentum function. However, this system is
ill-conditioned for a least-squares inversion, since in eq. (21) the
influence of σ̃PMR ∼ �/400 is totally mitigated by σ ∼ �. So, this
system will be formed with a more appropriate relation. By defining
χo(σ ) = (1 + k ′

2)χma(σ ) + χmo(σ ), eq. (21) becomes

p(σ ) = eA�

Am

(
− χo(σ )

σ − σ̃PMR

)
. (22)

As χo = k̃o/ks �̃, we obtain

p(σ ) = eA�

Am

(
− k̃o

ks

�̃(σ )

σ − σ̃PMR

)
. (23)

By considering eq. (9), the ocean love number is rewritten in terms
of σ̃PMR:

k̃o = −k̃2 + ks

(
1 − Am

e�A
σ̃PMR

)
. (24)

Substituting k̃o in eq. (23) with eq. (24) leads to

p(σ ) =
[
− 1

σ − σ̃PMR

(
eA�

Am

(
1 − k̃2

ks

)
− σ̃PMR

)]
�̃(σ ). (25)

The PMR parameters are estimated from eq. (25) by fitting the
five dominant prograde diurnal terms in Table 2, as determined from
VLBI or GNSS observation, to the corresponding tidal potential
�̃(σ ). As the prograde diurnal terms are assumed to reflect only
the influence of the ocean tides, the ‘libration’ effect, caused by the
coupling between lunisolar diurnal tides and triaxiality, has to be
eliminated before performing the inversion. We adopt the libration

Table 3. Estimates of the PMR parameters (period and equivalent quality
factor) in the prograde diurnal band. The confidence interval corresponds to
their 1σ . Note that these parameters are relative to the terrestrial reference
system.

Period (d) QPMR

Sibois et al. (2017) 401.24 (400.32, 402.17) −23 (−25, −22)
Artz et al. (2011) 400.81 (400.16, 401.45) −22 (−24, −21)
Böhm et al. (2012) 401.04 (400.39, 401.69) −24 (−25, −23)
This study 400.84 (400.13, 401.55) −22 (−24, −21)

model recommended in IERS conventions (Table 5.1a of IERS
Conventions 2010).

The PMR parameters are estimated for each of the four sets of
observed prograde diurnal components (limited to the five dominant
terms reported in boldface in Table 2). In the estimation, the error
of each prograde diurnal term is chosen as the maximum difference
between the four considered values. Results are given in Table 3.
Accounting for error bars, all estimated values can be represented
by PPMR = 401 ± 1 d and to an equivalent quality factor QPMR in the
interval (−24, −21). In regard to our study, the closest estimates of
the main prograde diurnal terms are those of Artz et al. (2011), and it
is not surprising to found this closeness in the corresponding PMR
parameters. The estimates match strikingly the theoretical values
that are more loosely determined: PPMR = [398, 400] days and QPMR

= [−29, −18] according to Fig. 1. Considering more diurnal terms,
we found that the estimate parameters are not affected significantly.

We also test the sensitivity of the PMR parameters to each pro-
grade diurnal term by reducing the observation matrix of the fit to
four prograde terms. The results, reported in Table 4, show that the
estimate of the period is mostly sensitive to the removal of the term
O1. By neglecting this term, the period decreases by about 1 d, be-
coming 400 d. Meanwhile, the equivalent quality factor is slightly
changed to (−23, −20) if we ignore P1 term in the estimation.
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Table 4. The PMR parameters (period and equivalent quality factor) esti-
mated from Q1, O1, P1, K1 and J1 terms by excluding one of them. Note
that these parameters are relative to the terrestrial reference system.

Ignored term Period (d) QPMR

Q1 400.05 (399.24, 400.86) −22 (−24, −21)
O1 399.91 (399.04, 400.78) −22 (−24, −21)
P1 400.43 (399.45, 401.42) −21 (−23, −20)
K1 400.72 (399.75, 401.68) −22 (−24, −21)
J1 400.86 (400.05, 401.68) −22 (−24, −21)
None 400.84 (400.13, 401.55) −22 (−24, −21)

6 C O N C LU S I O N S

This study aimed at determining the PMR parameters in the pro-
grade diurnal band [0.8, 1.2] cpd. This is a logical extension of
Bizouard et al. (2020) focused on the retrograde diurnal band of the
polar motion, namely the nutation band of the Celestial Intermediate
Pole.

First, a theoretical prediction was built according to the body Love
number of an anelastic Earth, recommended in IERS conventions
2010, and the updated oceanic tidal model FES 2014: it led to the
conclusion that the PMR parameters slightly depend on frequency
throughout the prograde diurnal band, with a period ranging from
390 to 400 d, and an equivalent quality factor lying in the interval
[−30, −8]. This period is located between the Chandler wobble
period of 433 d and the value obtained in the retrograde diurnal
band (380 d). The negative equivalent quality factor reflects the
dynamical response to the diurnal components of lunisolar tide
potential, which contain a strong out-of-phase part.

Second, the PMR parameters are determined by confronting the
observed prograde diurnal terms, directly adjusted from VLBI delay
or GNSS observations, to the lunisolar diurnal tesseral potential,
which is the dominant cause of those terms. We complete three
recent published sets with our own VLBI estimates obtained over
the period 1990–2020 through a direct approach.

We conclude that, in the band [0.89, 1.04] cpd, the PMR has a
period PPMR = 400.8 ± 0.7 d and an equivalent quality factor QPMR

in the interval (−24, −21). This fits the corresponding theoretical
prediction of the period (399.5 ± 0.8 d) and of the equivalent
quality factor (−29 ≤ QPMR ≤ −18). Furthermore, we have tested
the sensitivity of our results with respect to each prograde term
and show that the estimates are mostly sensitive to O1 term for the
period and P1 for the equivalent quality factor.

The increasing accuracy of Earth rotation changes and modelling
of their excitation allow to determine the frequency-dependent Earth
rheology from diurnal timescale to some decades. Until the 2000s,
this approach was limited to length-of-day changes caused by the
zonal tides; now it pertains also to the polar motion components
excited by diurnal tesseral tides. In this case, the global rheolog-
ical parameters given by the Love numbers are manifested by the
values of the PMR complex frequency, which is itself frequency-
dependent. The accurate knowledge of this frequency dependence
not only constraints the Earth rheology, but also leads to a better
model the PMR changes from reconstructed forcing. It remains
to investigate semi-diurnal and rapid bands (between 2 and 20 d),
where the dynamical effects of the oceans are also determining.
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Böhm, J., Werl, B. & Schuh, H., 2006. Troposphere mapping functions for
GPS and very long baseline interferometry from European Centre for
Medium-Range Weather Forecasts operational analysis data, J. geophys.
Res., 111(B2), doi:10.1029/2005JB003629.
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