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The Reeb space of a continuous function is the space of connected components of the
level sets. In this paper, we first prove that the Reeb space of a smooth function on
a closed manifold with finitely many critical values has the structure of a finite graph
without loops. We also show that an arbitrary finite graph without loops can be realized
as the Reeb space of a certain smooth function on a closed manifold with finitely many
critical values, where the corresponding level sets can also be preassigned. Finally, we
show that a continuous map of a smooth closed connected manifold to a finite connected
graph without loops that induces an epimorphism between the fundamental groups is
identified with the natural quotient map to the Reeb space of a certain smooth function

with finitely many critical values, up to homotopy.

Dedicated to Professor Toshizumi Fukui on the occasion of his 60th birthday.

1 Introduction

In this article, we prove three theorems on Reeb spaces of smooth functions on compact
manifolds of dimension m > 2 that have finitely many critical values. Here, the Reeb
space is the space of connected components of the level sets, endowed with the quotient
topology (for a precise definition, see Section 2).

The 1st theorem (Theorem 3.1) states that the Reeb space of such a function

always has the structure of a finite (multi-)graph without loops. Many of the results in

Received July 4, 2020; Revised July 4, 2020; Accepted September 30, 2020

© The Author(s) 2021. Published by Oxford University Press.

20z udy Gg uo 3senb Aq 818821 9/07.8/ 1/220Z/3101./ulwl/Wwod dno-olwapese//:sdiy Wolj papeojumoq


https://doi.org/10.1093/imrn/rnaa301

Reeb Spaces of Smooth Functions on Manifolds 8741

the literature concern Morse functions or smooth functions with finitely many critical
points [7-11, 26, 29], and our theorem generalizes them. Note that the graph structure of
the Reeb space of such a smooth function with finitely many critical values satisfies
that the vertices correspond exactly to the connected components of level sets that
contain critical points. In the literature, a Reeb space is often called a Reeb graph
and our theorem justifies the terminology. We note that the same result also holds for
every smooth function on an arbitrary compact manifold of dimension m > 2 possibly
with boundary provided that the function and its restriction to the boundary both have
finitely many critical values.

The 2nd result of this paper is a realization theorem (Theorem 5.3). We show
that, for each m > 2, an arbitrary finite (multi)-graph without loops can be real-
ized as the Reeb space of a smooth function on a closed m-dimensional manifold
with finitely many critical values. Our result is even stronger: we can preassign
the diffeomorphism types of the components of level sets for points in the graph.
More precisely, to each edge, we assign a closed connected (m — 1)-dimensional
manifold, and to each vertex, a compact connected m-dimensional manifold so that
certain consistency conditions are satisfied; then, a graph with such a preassign-
ment, called an m-decorated graph, can always be realized as the Reeb space of a
smooth function with finitely many critical values on a closed m-dimensional manifold
in such a way that a point on an edge corresponds to the preassigned (m — 1)-
dimensional manifold and a vertex corresponds to the preassigned m-dimensional
manifold.

The 3rd result of this paper also concerns the realization of a graph as the Reeb
space (Theorem 6.1). In our 2nd result, the source manifold on which the function is
constructed is not preassigned. On the other hand, in our 3rd theorem, we fix the source
closed connected manifold M of dimension m > 2 and first consider a continuous map
of M into a connected (multi-)graph without loops that induces an epimorphism between
the fundamental groups. Then, we show that such a map is homotopic to the quotient
map to the Reeb space of a smooth function on M with finitely many critical values,
where the Reeb space is identified with the given graph. Note that the condition on
the fundamental group is known to be necessary. A similar result has been obtained by
Michalak [22, 23] (see also Gelbukh [4] and Marzantowicz and Michalak [17]): for m > 3,
one can realize a given graph as the Reeb space of a Morse function on a closed m-
dimensional manifold up to homeomorphism. Our theorem is slightly different from
such results in that we not only realize the topological structure of a given graph

but we also realize the given graph structure. We construct smooth functions with
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finitely many critical values such that the images by the quotient map of the level set
components containing critical points exactly coincide with the vertices of the given
graph.

The paper is organized as follows. In Section 2, we review the definition and
certain properties of Reeb spaces and present the problems addressed in this paper.
In Section 3, we prove that the Reeb space of a smooth function on a closed manifold
with finitely many critical values is a graph. The key to the proof is Lemma 3.8, which
guarantees that the number of connected components of a level set corresponding to
an isolated critical value is always finite. We use some general topology techniques
to prove this lemma. In Section 4, we introduce the notion of a path Reeb space,
which is the space of all path-components of level sets. We show that for the path
Reeb space, our 1st theorem does not hold in general; in fact, even for a smooth
function on a closed manifold with finitely many critical values, the path Reeb space
may not be a T,-space and hence may not have the structure of a graph. However,
we also show that the path Reeb space and the usual Reeb space coincide with
each other for an arbitrary smooth function on a closed manifold with finitely many
critical points. In Section 5, we prove the 2nd theorem. In order to construct a desired
function on a manifold, we first construct non-singular functions corresponding to
edges and constant functions corresponding to the vertices. Then, we glue them
together “smoothly” using our consistency condition. In Section 6, we prove the 3rd
theorem. By using the assumption on the fundamental groups, we first find (m — 1)-
dimensional submanifolds in the source manifold M that correspond to the edges using
surgery techniques. Then, we use the techniques employed in the proof of the 2nd
theorem.

Some of the results in this paper have been announced in [27].

Throughout the paper, all manifolds and maps between them are smooth of
class C* unless otherwise specified. The symbol “=" denotes a diffeomorphism between

smooth manifolds.

2 Reeb Space

Letf : X — Y be a continuous map between topological spaces. For two points x,, x; € X,
we write x, ~ x; if f(xy) = f(x;) and x,,x; lie on the same connected component
of f71(f(x)) = f1(f(x))). Let Wy = X/ ~ be the quotient space with respect to this
equivalence relation, that is, Wy is a topological space endowed with the quotient

topology. Let gr : X — W, denote the quotient map. Then, there exists a unique map
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Fig. 1. Example of a Reeb space and a Stein factorization

f: W; — Y that is continuous and makes the following diagram commutative:

The space Wy is called the Reeb space of f and the map f : W; — Y is called the Reeb
map of f. The decomposition of f as f ogy as in the above commutative diagram is called
the Stein factorization of f [16]. For a schematic example, see Figure 1.

In this article, a smooth real-valued function on a manifold is called a Morse
function if its critical points are all non-degenerate. Such a Morse function is simple if
its restriction to the set of critical points is injective.

Furthermore, in the following, a graph means a finite “multi-graph” that may
contain multi-edges and/or loops. When considered as a topological space, it is a
compact one-dimensional CW complex. A manifold is closed if it is compact and has

no boundary.
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It is known that the Reeb space of a Morse function on a smooth closed manifold
has the structure of a graph, which is often called a Reeb graph [26] or is sometimes
called a Kronrod-Reeb graph [29]. This fact has been first stated in [26] without
proof. A proof for simple Morse functions can be found in [9, Teorema 2.1] (see also
[7]-11]).

If we use several known results, this fact for Morse functions can also be proved
as follows, for example. First, Morse functions on closed manifolds are triangulable
(e.g., by a result of Shiota [29]). Then, by [6], its Stein factorization is triangulable
and consequently the quotient space, that is, the Reeb space, is a one-dimensional
polyhedron. Therefore, it has the structure of a graph.

Furthermore, the following properties are known for Morse functions:

1. the vertices of a Reeb graph correspond to the components of level sets that
contain critical points;
2. the restriction of the Reeb map on each edge is an embedding into R. In

particular, no edge is a loop.

Then, the following natural problems arise.

Problem 2.1. Given a smooth function on a closed manifold, does the Reeb space

always have the structure of a graph?

Problem 2.2. Given a graph, is it realized as the Reeb space of a certain smooth

function?

In this article, we consider these problems and give some answers.

3 Reeb Graph Theorem

Let M be a smooth closed manifold of dimension m > 2 and f : M — R a smooth

function. Then, we have the following.

Theorem 3.1. If f has at most finitely many critical values, then the Reeb space
W, has the structure of a graph. Furthermore, f: Wy — R is an embedding on each
edge.

Remark 3.2. The above theorem has been known for smooth functions with finitely

many critical points. A proof can be found in [29].
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Remark 3.3. (1) If f has infinitely many critical values, then the above theorem does
not hold in general. Some examples will be presented later.

(2) The same result also holds for smooth functions f : M — R on compact
manifolds of dimension m > 2 with dM # ¢, provided that both f and f|,;, have at most
finitely many critical values. This can be proved by the same argument as in the proof

of Theorem 3.1 given below.

Remark 3.4. It is known that if f : M - N with m = dimM > dimN =n > lis a
smooth map between manifolds with M being compact, and if f is triangulable, then
its Reeb space W has the structure of an n-dimensional finite simplicial complex (or
a compact polyhedron) in such a way that f is an embedding on each simplex [6]. In
particular, if f is C%—stable, then the Reeb space W, is an n-dimensional polyhedron.
Therefore, if a smooth function f : M — R on a compact manifold is triangulable (e.g.,
if f is a Morse function), then it follows that W is a graph.

As we will see later, there exist smooth functions with finitely many critical

values that are not triangulable.

For the proof of Theorem 3.1, we need the following. In the following, for a

subset S of a manifold, S denotes the closure in the ambient manifold.

Lemma 3.5. Letf: M — R be a smooth function on a closed manifold. Suppose ¢ € R
is a critical value such that [c, c+ 2¢) does not contain any critical value other than ¢ for

some ¢ > 0. Then, the number of connected components of
fec+eD\fH((c.c+eD

does not exceed that of f~!(c + ¢), which has finitely many connected components.

Proof. Let us first consider the case where f~!(c+ ¢) is non-empty and connected. For

eachn > 1, as

f! ((c,c+ %]) ~flc+e) x (c,c+ %]

is connected, its closure,

()
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is also connected. Note that X; > X, D X3 D ---. We see easily that

N X, =f1(c.c+eD\f (e, c+el.

n=1

Note that this is compact.

o0

Suppose that N3° ; X, is not connected. Then, it is decomposed into the disjoint

union A U B of non-empty closed sets A and B. As A and B are compact and M is
Hausdorff, there exist disjoint open sets U and V of M such that A ¢ U and B C V.
Note that then, we have ﬂ%":an cUuUvV.

Suppose for all n, we have X,, ¢ UU V. Set X = X, \ (UU V), which is non-
empty and compact. As F,, = X, \ (UU V), n > 1, is a family of closed sets of X, which
has a finite intersection property, we have N3° | F,, # ¥, which contradicts the fact that
NG2,X, C UU V. This shows that we have X, C UUV for some n, > 1.

Then, we have X, NU D A # ¢ and X, NV D B # ¥, which contradicts the
connectedness of X, . Consequently, N7, X,, is connected.

If f~1(c + ¢) is empty, then the consequence of the lemma trivially holds. Let us
now consider the general case where f~!(c + ¢) # ¢ may not be connected. In this case,
f~1((c, ¢ + €)) has finitely many connected components, say K;,K,,...,K;. By the same
argument as above, we can show that IZ \ K; is connected for each 1 < i < k. Therefore,
the number of connected components of
k

fH e, c+eD\f (e c+el) =&\ Ky
i=1
is at most k. This completes the proof of Lemma 3.5. |
Remark 3.6. Note that in Lemma 3.5, we can similarly show that if (¢ — 2¢,c] does

not have any critical value other than c for some ¢ > 0, then the number of connected

components of

flle—e,0)\fc—e0)
does not exceed that of f~!(c — ¢), which has finitely many connected components.

Remark 3.7. In Lemma 3.6, the number of connected components of

flc,c+el\f e c+el

can be strictly smaller than that of f~1(c + ¢). For an example, see Figure 2.
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Fig. 2. Number of components of f~1(c) can be strictly smaller than that of f~1(c + ¢).

Lemma 3.8. Let f : M — R be a smooth function on a closed manifold. Suppose
c € R is an isolated critical value of f. Then, f~!(c) has at most finitely many connected

components.

Proof. LetA,, » € A, be the connected components of f~!(c). Note that A, are closed

in M. Then, for a sufficiently small ¢ > 0, the cardinality of A such that A, intersects

f~Yc —¢&,¢) Uf~1((c,c+ €l) is at most finite by virtue of Lemma 3.5 and Remark 3.6.

On the other hand, suppose A, does not intersect f~1([c —¢,¢)) U f~1((c,c + ¢])

for some A € A. Then, we have

A, Cf o\ (Fl(c—¢,0) Uf1((c c+el).

For every x € A,, there exists a small open disk neighborhood U, of M such that U, N
(f~Y(lc—e, c)Uf~((c, c+¢l)) = ¥. This implies that U is completely contained in £~ (c) by
the continuity of f. Then, we have U, C A,. This shows that 4, is an open codimension
zero submanifold of M. As it is also closed and connected, 4, is a component of M. Thus,
the cardinality of such As is at most finite.

This completes the proof of Lemma 3.8. |

Proof of Theorem 3.1. Let Cy C R be the set of critical values of f, which is finite by
our assumption. Let Gy be the graph constructed as follows. The vertices correspond
bijectively to the connected components of f _I(Cf) that contain critical points. By our
assumption and Lemma 3.8, the number of vertices is finite. Let Ly C f‘l(Cf) denote
the union of such connected components. Then, the edges correspond bijectively to

the connected components of M \ Ls. Note that each such connected component is
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M
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Fig. 3. A commutative diagram.

diffeomorphic to the product of a closed connected (m—1)-dimensional manifold and an
open interval. For each vertex v (or edge e), let us denote by V,, (resp. E,) the component
of Ly (resp. M \ Ly) corresponding to v (resp. e). Then, an edge e is incident to a vertex
v if and only if the closure of E, intersects V,,. More precisely, each edge e is oriented
and its initial vertex (or the terminal vertex) is given by v if and only if x > f(V,) (resp.
x < f(V)) for all x € f(E,) and the closure of E, intersects V.. Note that by the proof of
Lemma 3.5, this is well defined and we get a finite graph Gy.

In the following, the terminology edge often refers to the corresponding open 1-
cell of the graph. For each edge e, f(E,) is an open interval, say (a,, b,) for a, < b,. Then,
we have a canonical orientation preserving embedding h, : e — (a,, b,) C R. These
functions for all e can naturally be extended to a continuous function A : Gf — R, where
h(v) = f(V,) for each vertex v. (The reader is referred to the commutative diagram in
Figure 3 for various spaces and maps defined here and in the following.)

Let p, : E, — e be the composition of f|_: E, — (a,,b,) and h;'. Then, these
maps p, for all the edges e can naturally be extended to a map Q : M — Gy in such a
way that Qp(Vy) =v for all vertices v of Gy. By our definition of Gy, this is well defined
and continuous.

Let us define the map p : Wy — Gy as follows. For a point y € Wy, qJZI(y) is
contained in a unique E, or V. Then, p(y) is defined to be the point in e corresponding
to pe(qJZ1 (y)) in the former case and is defined to be v in the latter case. Since Qr = pogy

is continuous, we see that p is continuous. Furthermore, we see easily that p is bijective.
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Since Wf is compact and Gf is Hausdorff, we conclude that p is a homeomorphism. Thus,
W has the structure of a graph.

Finally, we see easily that f = hop : Wy — R. As h is an embedding on each edge,
so is f. This completes the proof. |

Remark 3.9. By the above proof, for the graph structure of We, the set of vertices of
W, corresponds bijectively to the set of connected components of level sets containing

critical points.

Let us give an example of a smooth function with infinitely many critical values

for which the consequence of Theorem 3.1 does not hold.

Example 3.10. Let M be an arbitrary smooth closed manifold of dimension m > 2.
Then, by [30], there always exists a smooth function f : M — [0,c0) such that £~1(0)
is a Cantor set embedded in M. In particular, f~1(0) has uncountably many connected
components. Thus, the consequence of Theorem 3.1 does not hold for such an f. In this
example, we can show that f has infinitely many critical values.

Let us give a more explicit example. Let ¢, : R? — [0, 1] be a smooth function as

follows (Figure 4).

(1) The level set <p1_1 (0) coincides with the complement of the open unit disk.

(2) The level set (pl_l (1) coincides with the disjoint union of two disks centered at
a; = (—1/2,0) and a, = (1/2,0) with radius (1/4) — ¢ for a sufficiently small
e > 0.

(3) On cpfl((O, 1)), it has a unique critical point at the origin, which is non-
degenerate of index 1 and whose ¢;-value is equal to 1/2.

(4) The level set <p1_1(t) is homeomorphic to a circle, which is connected, for
all t € (0,1/2), and is homeomorphic to the union of two circles for all
t € (1/2,1). In particular, for t sufficiently close to 0 or 1, the components
of the level sets are circles whose centers are the origin and the points a,

and a,, respectively.

Then, we define the smooth function ¢, : RZ > R by

0o (%) = ¢, (4(x — ay)) + ¢, (4(x — a,)), x € RZ,
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N|—=

Y1 =

p1=1

\J

Fig. 4. Level sets of the smooth function ¢;.

Note that <p2_1(1) consists of disjoint four disks of radius slightly smaller than 1/16. Let
b,,b,, by, and b, be the centers of the disks. Then, we define ¢; : RZ > R by

4
¢3(x) =D ¢ (16(x — b)), x € R%.
i=1
Repeating this procedure inductively, we can construct a sequence of smooth
functions ¢,, n > 1. Then, consider the series ¥ = > >, ¢, ¢, for a rapidly decreasing
sequence {c,};°; of positive real numbers. We can show that this series converges
uniformly and that v defines a smooth function on R2. Furthermore, we see that it

has the following properties:

(1) the level set ¥ ~1(0) coincides with the complement of the open unit disk;

(2) the level set ¥ ~1(c) is a Cantor set, where ¢ = Z;l'ozl Cpi

(3) the critical value set of { consists of countably many real numbers {ry}7? ,
with0=ry <r; <r, <--- converging to c together with r_, = c itself, where
=3k ¢, fork>1;

(4) fort e (ry, ri,1), the level set 1 (t) is homeomorphic to the disjoint union of

2k circles for each k > 0.
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Cantor set

Fig. 5. Reeb space of .

Then, we see that the Reeb space of ¢ is as depicted in Figure 5. It consists of countably
many “edges” and uncountably many “vertices”. However, this is not a cell complex, as
every point of ¥ ~1(c) is an accumulation point. (In fact, one can show that the Reeb
space W, can be embedded in R? as in Figure 5.)

Note that, for an arbitrary closed connected surface M, by embedding R?
into M and by extending the function ¢ by the zero function on the complement,
we can construct a smooth function f : M — R whose Reeb space has the same

properties.

Let us give another example of a smooth function whose Reeb space does not

have the structure of a graph.

Example 3.11. Let us consider the smooth function f : R> — R as follows. For n > 1,
let D,, be the closed disk in R? centered at the point (1/n,0) with radius 1/2n(n + 1).
Note that the disks {D,,}° ; are disjoint. Let g : D? — [0, 1] be a smooth function on the

unit disk in R? with the following properties:

(1) the function g restricted to a small collar neighborhood C(3D?) of dD? is
constantly zero;

(2) the restriction g|p2 ¢(sp2) has the unique critical point at the origin, which is
the maximum point and takes the value 1;

(3) each level set g~!(t) is a circle centered at the origin for t € (0, 1).
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Fig. 6. Reeb space of f.

Note that the Reeb space of g can be identified with [0, 1]. Let f;, be the smooth function

on D,, defined by
1

Then, we define f : R? - R by f(x) = ¢, fnx) if x € D, and f(x) = O otherwise for a

]

rapidly decreasing sequence {c,}7° ;

of positive real numbers.

We can show that f is a smooth function. Furthermore, we can also show that
the Reeb space Wy of f is homeomorphic to the union of line segments I,, in R%, n >1,
where

I

= {t(cos%,sin%) € R? |0 < tgcn}.

So, Wy is a union of infinitely many intervals where exactly one end point of each
interval is glued to a fixed point, say p (Figure 6). In this sense, it seems to have the
structure of a cell complex. However, its possible vertex set ¥V does not have the discrete
topology. In fact, p is in the closure of V \ {p}. Therefore, Wy does not have the topology
of a graph.

Note that, in this example, the critical value set is equal to the infinite set

{¢,In=1,2,3,...U{0).
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Note also that by embedding R? into an arbitrary closed surface M and by
extending the function by the zero map in the complement, one can construct a
smooth function M — R with Reeb space having the same property. Note also that
for this example, an arbitrary level set has at most finitely many connected compo-
nents; however, the number of connected components is not uniformly bounded from

above.

Let us give an example of a non-triangulable smooth function with finitely many

critical values.

Example 3.12. Given an arbitrary smooth closed manifold M of dimension m >
2, there always exists a smooth function f : M — R with finitely many criti-
cal values that is not triangulable. Nevertheless, even in such a situation, Wf is
a graph.

In fact, we can construct such a function so that for a critical value c, the closed
set f~1(c) cannot be triangulated as follows. First, take any smooth function g : M —
R with finitely many critical values and a regular value c. Then, modify M along the
submanifold L = g~!(c) as follows. Since the set of critical values is closed in R, the
closed interval I = [c — ¢, ¢ + ¢] contains no critical values for some ¢ > 0. Note that then
g 1(I) = L x I. In the following, we fix such a diffeomorphism and identify g~ (I) with
Lx1.

On the other hand, we consider smooth functions h; : L — I, i = 1, 2, such that

(1) hy(x) <hy(x)forallx € L and
(2) the set

L={(x,t)eLxI|xeLh (%) <t<h,x)

is not triangulable.

(For example, construct such functions in such a way that the interior of L in the compact
set L x I has infinitely many connected components.)

Then, we consider the compact manifold M\g~!((c—¢, c+¢)) and glue L along the
boundary in such a way that (x, h, (x)) (resp. (x, h,(x))) in L is identified with (x,c — ¢)
(resp. (x,c+¢)) in g '(c —¢) = L x {c — ¢} (resp. g"'(c + &) = L x {c + ¢}). Then, the
resulting space M is easily seen to be a smooth manifold naturally diffeomorphic to M.
Furthermore, we can modify g slightly on a neighborhood of g~!(I) by using bump

functions to get a smooth function f : M — R such that f~!(¢) = L and c is the unique
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Fig. 7. Non-triangulable function with finitely many critical values.

critical value of f in I. Then, the smooth function f has the desired properties. See

Figure 7.

4 Path Reeb Spaces

In the definition of a Reeb space, we usually use connected components of level
sets. If we use path-components instead, then the resulting space is called the path

Reeb space.

Definition 4.1. (1) Let X be a topological space. A continuous map A : [0,1] - X
is called a path connecting A(0) and A(1) € X. We say that two points x3,x; € X
are connected by a path if there exists a path connecting x, and x;. This defines an
equivalence relation on X and each equivalence class is called a path-component of X.
A topological space X is said to be path-connected if it consists of a unique path-
component.

(2) Let f : X — Y be a continuous map between topological spaces. For two

points xy,x; € X, we define x, ~, x; if f(xy) = f(x;) and x,, x; lie on the same

p

20z udy Gg uo 3senb Aq 818821 9/07.8/ 1/220Z/3101./ulwl/Wwod dno-olwapese//:sdiy Wolj papeojumoq



Reeb Spaces of Smooth Functions on Manifolds 8755

path-component of f~1(f(xy)) = f~1(f(x7)). Let W}) = X/~ be the quotient space with
respect to this equivalence relation, that is, W}) is a topological space endowed with the
quotient topology. Let q}) X — W}) denote the quotient map. Then, there exists a unique

map fP : WJ? — Y that is continuous and makes the following diagram commutative:

The space Wfp is called the path Reeb space of f and the map fP : W}) —-Y
is called the path Reeb map of f. The decomposition of f as fP o qu as in the above

commutative diagram is called the path Stein factorization of f.

The path Reeb space and the usual Reeb space are not homeomorphic to each

other in general. To see this, let us first observe the following.

Lemma 4.2. Letf:X — Y be a continuous map between topological spaces. If Y is a

T,-space, then so is the Reeb space W.

Proof. Take a point ¢ € We. Then, qj?l(c) is a connected component of a level set
f‘l(f(c)). Since Y is a T;-space and f is continuous,f‘l(f(c)) is closed in X. Therefore,
each of its connected components is closed in X, and in particular, qj?l (c) is closed in X.

Hence, {c} is closed in We. [ |

For example, for an arbitrary smooth closed manifold M of dimension m > 2, we
can easily construct a compact set K in M, which is connected but is not path-connected.
There exists a smooth function f : M — [0, 1] such that f~1(0) = K. Then, the Reeb space
W, and the path Reeb space W}) are not the same. Furthermore, we can find a compact
connected set K as above containing a path-component that is not compact. Then, the
path Reeb space of the resulting smooth function f is not a T,-space, since the point
in the path Reeb space W}) corresponding to that path-component is not closed. So, the
Reeb space Wy and the path Reeb space W}) are not homeomorphic to each other.

Let us give an example of a smooth function on a closed manifold with finitely

many critical values whose path Reeb space is not a T;-space.
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Fig. 8. Zero level set of f : 2 — R.

Example 4.3. Let A; and A, be closed 2-disks disjointly embedded in the 2-sphere
S?. Let C be a curve homeomorphic to the real line R embedded in the annular region
52\ (A; U A,) whose ends wind around dA; and dA, as in Figure 8. Note that C is not
closed in S? and the closure C coincides with CUJA; UdA,. Note also that K = CUA; UA,
is a compact connected set, which is not path-connected.

We see easily that S? \ K is diffeomorphic to an open 2-disk. Let us fix a
diffeomorphism ¢ : Int D*> — S?\ K, where Int D? is the open unit disk in R?. Forn > 1,

let g,, : Int D? — [0, 1] be a smooth function with the following properties:

(1) the zero level set g;1(0) coincides with the complement of the open disk D,,

of radius 1 — (n + 1)~! centered at the origin;

(2) 9nlp,\(0) is a smooth function of r = \/m € (0,1—-(n+1)71), say In(x,¥) =

h, (r), with A} (r) < 0;
(3) g,lp, has a unique critical point at the origin, which is the maximum point
of g, with g, (0) = 1.
Let f,, : S — R be the function defined by f,,(z) = g,, 0 ¢! (2) for z € S\ K, and f,,(z) = 0
otherwise. We see easily that f,, defines a smooth function. Then, we set f = >°7° ; ¢,.f,,
for a rapidly decreasing sequence {c,}7> ; of positive real numbers, so that f* defines a
smooth function f : S? — R.

By construction, we see that f~!(0) = K. Since f takes the minimum value 0 on K,
all the points in K are critical points. Furthermore, f has a unique critical point, ¢(0),
on S? \ K, which is the maximum point of f. Hence, the critical value set consists of two
values: 0 and f(p(0)) = > 77, C,,.
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Fig. 9. The Reeb space and the path Reeb space of f.

The Reeb space Wy is easily seen to be homeomorphic to a closed interval, which
has the structure of a graph (Figure 9). On the other hand, the path Reeb space W}) is
not a T,-space. More precisely, it consists of a half open interval together with three
points v, v,, and v, that correspond to A;, A,, and C, respectively: {v;} and {v,} are
closed, while {v,} is not closed and its closure coincides with {v., v;, v,}. Furthermore,
the closure of the half open interval contains these three points (Figure 9).

This example shows that our Theorem 3.1 does not hold in general for path Reeb
spaces. In fact, Lemma 3.5 does not hold for the numbers of path-components for this

example.

However, for smooth functions with finitely many critical points, we have the

following.

Proposition 4.4. Letf: M — R be a smooth function on a closed manifold with finitely

many critical points. Then, we have Wy = We.

Proof. Take y € R. If y is a regular value of f, then f~!(y) is a smooth manifold
and its connected components and path-components coincide. If y is a critical value,
then take a sufficiently small positive real number ¢ such that y is the unique critical
value of f in [y — ¢,y + ¢]. Then, by an argument using integral curves of a gradient
vector field of f together with our assumption that f has only finitely many critical
points, we can show that f~!(y) is a deformation retract of V. = f~1(ly — ¢,y + €l).

As V is a compact manifold with boundary and is locally path-connected, we see that
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the connected components and the path-components coincide with each other and the
numbers are finite. As f~1(y) is homotopy equivalent to V, the number of connected
components (or the number of path-components) coincides with that of V. This implies
that the number of connected components and that of path-components also coincide
with each other for f~!(y). As the numbers are finite, we see that the connected com-
ponents and the path-components coincide with each other for f~!(y). This completes
the proof. |

The above example shows that this proposition is no longer true for smooth

functions with finitely many critical values in general.

5 Realization I

Let G be a graph without loops. In this section, we prove that G is always real-
ized as the Reeb space of a certain smooth function on a closed manifold with
finitely many critical values. In fact, our theorem is stronger: (fat) level sets can also

be preassigned.

Definition 5.1. For m > 2, consider maps

® : {edges of G} — {diffeomorphism types of closed connected
(m — 1)-dimensional manifolds},
[ : {vertices of G} — {diffeomorphism types of compact connected

m~dimensional manifolds},

such that for each vertex v of G, we have

AT (V) = U, D(e), (5.1)

that is, the boundary of I'(v) is diffeomorphic to the disjoint union of the finitely many
manifolds ®(e), where e runs over all edges incident to v. The triple (G, ®,T) is called

an m-decorated graph.

Definition 5.2. We say that an m-decorated graph (G, ®,T") is Reeb realizable if there
exists a smooth function f : M — R on a closed m-dimensional manifold M with finitely

many critical values such that
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A

Fig. 10. Realizing an m-decorated graph (G, ®,I'), where dimM = m.

(1) G isidentified with the Reeb space Wy,
(2) for each edge e of G = We, we have qJZl(X) = d(e), Vx € Inte;
(3) for each vertex v of G = Wg, we have qJZI(N(v)) = I'(v), where N(v) is a small

regular neighborhood of v in G.

See Figure 10.

Then, we have the following realization theorem.

Theorem 5.3. For m > 2, every m-decorated graph (G, ®,I') is Reeb realizable.

Let us first construct a continuous function 2 : G — R such that it is an

embedding on each edge. Such a function can easily be constructed by first defining
h on the set of vertices so that it is injective, and then, by extending it on the closure of

each edge “linearly”.

By h, we can identify each edge of G with an open interval of R.
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Now, for each vertex v, define f,, : I'(v) — R as a constant function by f,(I'(v)) =
h(v). For each edge e, identified with a bounded open interval (a, b), consider a smooth

function ¢, : e - e such that

(1) ¢, is a monotone increasing diffeomorphism,
(2) ¢, can be extended to a smooth homeomorphism [a, b] — [a, b] such that the

r-th derivatives of f at a and b all vanish for all r > 1.

Such a smooth function can be constructed, for example, by integrating a bump
function. Then, for each vertex e, define the smooth function f, : ®(e) x e — R by
hog,op, wherep,: ®(e) x e — e is the projection to the 2nd factor.

Then, by condition (5.1), we can glue the m-dimensional manifolds I'(v) and

®(e) x e over all vertices v and all edges e of G in such a way that d(I'(v)) and u,_.,P(e) are

vee
identified by diffeomorphisms. Let us denote by M the resulting closed m-dimensional
manifold. Then, we can also glue the smooth functions f,, and f, over all vertices v and
all edges e of G in order to obtain a continuous function f : M — R. This function f is
smooth by construction.

Then, by construction and by our assumption that I'(v) and ®(e) are connected,
the Reeb space Wy of f can be identified with G. Furthermore, we see easily that for each
edgeeof G = Wf, we have qul(X) = ®(e), Vx € Int e, and for each vertex v of G = Wf, we
have qf_l(N(v)) = I'(v) for a small regular neighborhood N(v) of v in G. This completes

the proof. |

Remark 5.4. We have a similar theorem for functions on compact manifolds with
boundary as well. In this case, ® associates to each edge of G a compact connected
(m — 1)-dimensional manifold possibly with boundary and I' associates to each vertex
of G a compact connected m-dimensional manifold with corners. Condition (5.1) should

appropriately be modified.

Corollary 5.5. For all m > 2, every graph without loops is the Reeb space of
a smooth function on a closed m-dimensional manifold with finitely many critical

values.

Remark 5.6. In the above corollary, we can even construct such a smooth function in

such a way that

(1) every regular level set is a finite disjoint union of standard (m — 1)-spheres

and
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(2) the source manifold is diffeomorphic to S™ or a connected sum of a finite

number of copies of S! x S™~1,

This can be achieved by associating S™~! to each edge, S™ \ (l_lg:1 Int D*) to each vertex
with degree d, and by choosing the attaching diffeomorphisms appropriately, where D},

k=1,2,...,d, are disjoint m-dimensional disks embedded in S™.

Remark 5.7. Some results similar to Theorem 5.3 and Remark 5.6 are presented in
[13, 14].

6 Realization II

Let f : M — R be a smooth function on a closed manifold of dimension m > 2 with
finitely many critical values. Then, it is easy to show that the homomorphism (gy), :
(M) — 7y (Wy) induced by the quotient map is surjective. See [26, Théoreme 6] for a
related statement. (In fact, this is true for an arbitrary continuous function f as long as

W is semilocally simply connected. See [1].)

We have the following theorem, which corresponds to the converse of this fact.

Theorem 6.1. Let M be a smooth closed connected manifold of dimension m > 2, G
a connected graph without loops, and Q : M — G a continuous map such that Q, :
7, (M) — m,(G) is surjective. Then, there exists a smooth function f : M — R with

finitely many critical values such that

(1) G canbeidentified with Wy in such a way that the vertices are identified with
the gy-images of the level set components containing critical points and

(2) gf:M — W, = G is homotopic to Q.

Remark 6.2. A similar result also holds for functions on compact manifolds with non-

empty boundary.

Remark 6.3. A similar result has been obtained by Michalak [22, 23] (see also Gelbukh
[4] and Marzantowicz and Michalak [17]). For m > 3, one can realize a given graph
as the Reeb space of a Morse function on a closed manifold of dimension m up to
homeomorphism. Our theorem is slightly different from such results in that we not only
realize the topological structure of a given graph but we also realize the given graph

structure. We construct smooth functions with finitely many critical values such that
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the images by the quotient map of the level set components containing critical points
exactly coincide with the vertices of the graph.

For example, if G is a connected graph consisting of two vertices and a unique
edge connecting them, then for any closed connected manifold M of dimension m > 2,
there exists a smooth function f : M — R with exactly two critical values such that Wy
has the graph structure equivalent to G. Note that according to Michalak [22, 23], there
exists a Morse function g : M — R such that Wf is homeomorphic to G; however, the
graph structure of W may not be equivalent to that of G in general. In fact, if M admits
a smooth function f : M — R with exactly two (possibly degenerate) critical points, then

M must be homeomorphic to the sphere S™ [24, 25].

Proof of Theorem 6.1. Let r denote the 1st Betti number of G. Then, we can find points
Xq,Xy,...,X, on edges of G such that G\ {x;, x,,...,x,} is connected and contractible. Let
h : G — R be a continuous map such that h is an embedding on each edge. By using h,
we induce a differentiable structure on each edge of G. By perturbing Q by homotopy
if necessary, we may assume that Q is transverse to x;, x,, ..., x,. Then, each O*I(Xi) is
a compact (m — 1)-dimensional submanifold of M, which might not be connected. Let
denote the total number of connected components of Ul_, Q™' (x;).

Let us show that we may arrange, by homotopy of Q, so that ¥ = r, that is, each
Q~!(x;) is connected.

Suppose that 7 > r. Then, by re-ordering the points, we may assume that E;, =
O*I(XI) is not connected. As M is connected and m = dimM > 2, there is a smooth
embedded curve y in M whose end points lie in distinct components of E;. Note that Q|,
is a loop in G based at x;. Since Q induces an epimorphism Q, : 7; (M, X;) — 7,(G,x,),
where X, is the initial point of y, we may assume that Q|, represents the neutral element
of 7, (G, x,) by adding a loop based at X; to y and by modifying it by a suitable homotopy.
We may further assume that y is transverse to Q! (x;) for all i.

First, suppose that y does not intersect with Q~!(x;) for i > 1 and that y
intersects with E;, = Q7 !(x;) only at the end points. In this case, Q|, starts from x;
in a certain, say positive, direction of the edge on which x; lies and returns to x; in
the reverse, say negative, direction. Furthermore, O|y does not intersect x; for i > 1.
Thus, QJ,, is null homotopic in G relative to x; and such a homotopy can be constructed
in such a way that the paths avoid {x;,x,,...,x,} during the homotopy except at the
end points and except for the final constant path. Let N(y) = y x D™"! be a small
tubular neighborhood of y in M such that N(y) N E; = 3y x D™~!. We may assume that
N(y) does not intersect Q~1(x;) for i > 1. Let N'(y) be a smaller tubular neighborhood
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corresponding to y x Di’}gl, where D! is the unit disk in R™~! and D'"! is the disk
with radius p > 0 with the same center. We can first modify Q by homotopy supported

on N(y) so that Q| coincides with Q|,, forall p € Dg}gl. As Q| is null-homotopic in

x{p}
G relative to x; as Zieslz:ribed above, we may further modify Q so that Q|y(, is a constant
map to x;.

At this stage, we have Q7 1(x;) = E; UN'(y). Let E| be the smooth (m — 1)-
dimensional submanifold of M obtained from (E; \ (3y x IntD'{}gl)) U (y x 8D§';§1) by
smoothing the corner. Then, we may further modify Q by homotopy supported on a
neighborhood of N’(y) in such a way that Q is transverse to x; and that O‘l(xl) = Ej.
This can be achieved by sending the part y x IntDi’};l to the negative side of x;. Then,
the number of connected components of Q7! (x,) decreases by 1. As Q_I(Xi) fori > 1 stay
the same, the total number of connected components of U{ZIO_I(XL-) decreases by 1.

Now, consider the case where Inty intersects with O*I(Xi) for some i > 1. We
fix a positive direction on each edge on which x;,x,,...,x, lie. Let v be the word on
X,,Xy,...,X, constructed by associating x; (or X;l) every time Q|, passes through x;
in the positive (resp. negative) direction. As (G, x;) is a free group of rank r freely
generated by the elements corresponding to x;, ¢ = 1,2,...,r and Q|, represents the

lXe appears in the word o for some

neutral element of 7, (G, x;), we see that sze_l or x,
¢ with 1 < ¢ < r. Let y, be the sub-arc of y that corresponds to that sub-word, that is,
Q|,, starts from x, in a certain direction and returns to x, in the reverse direction, where
Qlpt,, does not intersect xy, x5, ..., X,.

If the end points of y, lie on the same connected component of Q~!(x,), then
for y, we can replace the sub-arc y, by a path in Q~!(x,) connecting the end points of
¥, and slightly modify it so as to get a new smooth embedded curve y’ such that the
corresponding word has strictly fewer letters.

On the other hand, if the end points lie on distinct components of Q! (x,), then
we can modify Q by homotopy as described above so that we decrease the total number
of connected components of UT_, Q7! (x;).

In this way, we get a continuous map Q homotopic to the original one such that
Q is transverse to x;,X,, ..., X, and that Q! (x;) are all connected.

Let M’ be the compact m-dimensional manifold with boundary obtained by
cutting M along U{Zlafl(xi). Note that M’ is connected. Let G’ be the graph obtained
by cutting G at x;,x,,...,x,. Note that G’ is a tree and has 2r distinguished vertices
corresponding to x;,x,,...,X,. We denote the distinguished vertices corresponding to

x; by X, and x;_, i = 1,2,...,r. Then, we have a natural continuous map Q' : M’ —
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G’ induced by Q, where dM' = UL_ (@) '(x;;) U (@)7'(x;_)). In the following, we
will construct disjoint (m — 1)-dimensional closed connected submanifolds of M’ that
correspond bijectively to the edges of G’ in such a way that the closures of the connected
components of the complement in M’ correspond bijectively to the vertices of G’ and that
a condition similar to (5.1) is satisfied for each vertex of G’ except for the distinguished
vertices.

First, for each edge incident to a distinguished vertex x;,, we associate to the
edge a submanifold in Int M’ parallel and close to the boundary component (Q")~!(x;,)
of M'. Note that if an edge is incident to two distinct distinguished vertices, then G
must be a circle and has no vertex, which is a contradiction. So, this submanifold is
well defined.

Let e be an edge, not incident to a distinguished vertex. We denote by x, a point
in the interior of e. Since G’ is a tree, G’ \ {x,} has exactly two connected components,
say G| and G,. Let V; denote the set of distinguished vertices belonging to GJ/., j=1,2.
Then, we can construct an (m — 1)-dimensional closed connected submanifold E, of M’
such that

(1) E, C IntM’;

(2) E, is disjoint from the submanifolds corresponding to the edges incident to
distinguished vertices;

(3) M'\ E, has exactly two connected components, say M; and M,; and

(4) the submanifolds corresponding to the edges incident to distinguished
vertices in V; are contained in MJ’ J = 1,2, after renumbering M; and M,

if necessary.

Such a submanifold E, can be constructed, for example, as follows. Let F;, k =
1,2,...,a, be the (m — 1)-dimensional submanifolds associated with the edges incident
to the distinguished vertices in V;. Since M’ is connected, and F;, are parallel to boundary

components, we can find smoothly embedded arcs o, k=1,2,...,a—1, in M’ such that

(1) oy intersects Fy and Fy,, exactly at the end points and the intersections are
transverse;
(2) oy, does not intersect Fj,j #k k+1;
(3) o;,ay,...,a,_; are disjoint.
If m = dim M’ > 3, then such arcs as above can easily be found. When m = 2,
consider an arbitrary properly embedded arc in a compact connected surface such that
the end points lie in different components of the boundary. Then, such an arc is never

separating. Therefore, a set of arcs as above can be found for this case as well. Now,
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consider small tubular neighborhoods h;, = [0, 1] x D™~! of o as 1-handles attached to

F,,F,,...,F,, and use them to perform surgery on F, = Uﬁlek so that we get
E, = (Fy \ (UiZ{ ) N F)) U (UEZ1dRy),

where dh; = [0,1] x aD™~!. After the surgery, we smooth the corners so that E, is
a smoothly embedded (m — 1)-dimensional submanifold of M'. By construction, it is
connected and closed. We can further move E, by isotopy so that it is disjoint from
Ug_1Fx- Then, we can easily check that E, has the desired properties.

For the moment, we ignore Q' and cut M’ along E, to get two compact connected
manifolds. We also cut G’ at x, into two trees, where each tree has an additional
distinguished vertex. Then, we continue the same procedures to get an (m — 1)-
dimensional connected closed submanifold corresponding to an edge not incident to
a distinguished vertex. As the number of edges is finite, this process will terminate in a
finite number of steps. Finally, we get a family of closed connected (m — 1)-dimensional
submanifolds of M’ that correspond bijectively to the edges of G'. By construction, each
component of the complement corresponds to a unique vertex of G’ in such a way that
the closure contains an (m — 1)-dimensional submanifold E, corresponding to an edge
e if and only if the vertex is incident to the edge e.

Recall that M can be reconstructed from M’ by identifying pairs of boundary
components. In this sense, we identify the submanifolds in Int M’ with those in M.
Likewise, G is also reconstructed from G’. Now, we associate the above constructed
(m —1)-dimensional submanifold E, to each edge e of G, where for the edge e containing
x;, weput E, = O_l(xi), i=1,2,...,r. Furthermore, we associate to each vertex of G the
closure of the component as described in the previous paragraph. All these ingredients
show that we have constructed an m-decorated graph as in Section 5. By construction,
condition (5.1) is automatically satisfied.

Then, by using the techniques used in the proof of Theorem 5.3, we can construct
a smooth function f : M” — R with finitely many critical values that realizes the
m-decorated graph as the Reeb space. By using the original identification maps for
diffeomorphisms for gluing the pieces when constructing M”, we can arrange so that M”
is naturally identified with M. Then, the Reeb space W can also be naturally identified
with G.

Finally, we should note that the quotient map g : M — Wy = G is homotopic
to Q. This follows from the fact that G\ {x;,x,,...,x,} is contractible. This completes
the proof. |
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For a finitely generated group H, set

corank(H) = max{r | There exists an epimorphism H — F,},

where F, is the free group of rank r > 0. This is called the co-rank of the group H ( see,
e.g., [2, 3]).

As an immediate corollary to Theorem 6.1, we get the following.

Corollary 6.4. Let M be a smooth closed connected manifold of dimension m > 2 and
G a connected graph without loops. Then, G arises as the Reeb space of a certain smooth
function on M with finitely many critical values if and only if 8,(G) < corank(w, (M)),

where g, denotes the 1st Betti number.

Remark 6.5. There has been a lot of research on the realization of Reeb graphs,
for example, by Sharko [29], Martinez-Alfaro et al. [18-20], Masumoto and Saeki [21],
Gelbukh [2-5], Kaluba et al. [12], Michalak [22, 23], Michalak and Marzantowicz [17],

Kitazawa [13-15], etc. Our theorems generalize some of them.
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