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In the previous work, we introduced the higher order g-Painlevé system g-P(,+1,+1) as a generalization
of the Jimbo-Sakai’s ¢g-Painlevé VI equation. It is derived from a g-analogue of the Drinfeld—Sokolov
hierarchy of type Agl)Jr | and admits a particular solution in terms of the Heine’s g-hypergeometric function
2+1¢,. However, the obtained system is insufficient as a generalization of g-Py; due to some reasons. In

this article, we rewrite the system g-P,41,1) to a more suitable one.

Keywords: discrete Painlevé equations; affine Weyl groups; basic hypergeometric functions.

1. Introduction

Several generalizations of the Painlevé VI equation (Py;) have been proposed ([1, 3, 5, 11, 12, 14, 15, 19]).
We focus on the higher order Painlevé system P,;1,+1) given in [1, 14], or equivalently the Schlesinger
system H,1; given in [19], among them. It can be regarded as a generalization from a viewpoint of a
particular solution in terms of the hypergeometric function ,,F, ([13, 20]). The aim of this article is
to introduce its g-analogue. This g-difference equation becomes a generalization of the g-Painlevé VI
equation (g-Py;) given in [4].

The investigation of generalizations of g-Py; has been developed in recent years ([8—10, 16, 18]).
In the previous work [16], we proposed the higher order g-Painlevé system g-P, 1,41y, Whose explicit
formula will be given in Section 2, as a g-analogue of P, ,1). It is derived from the g-Drinfeld—Sokolov
hierarchy of type Agl) 41> contains g-Pvyp in the case of n = 1 and admits a particular solution in terms
of the g-hypergeometric function ,,;¢,. However, this system is insufficient as a generalization of g-Py;
due to the following two reasons.

(1) The system g-P,+1,+1) 1s probably reducible and reduces to a system of 2n-th order.

(2) We do not express the backward g-shifts (x;, )ﬁ) as functions in (x;, y;).

The aim of this article is to solve those two problems. We reduce the system g-P,+1,+1) t0o @ more
suitable one as a generalization of g-Py;.

This article is organized as follows. In Section 2, we recall the definition of g-P,;1,+1) and its
properties, namely a Lax pair, an affine Weyl group symmetry, a relationship with g-Py; and a particular
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2 T. SUZUKI

solution in terms of ,, ¢,. In Section 3, we formulate a system of g-difference equations of 2n-th order
which is equivalent to g-Py; in the case of n = 1. It is the main result of this article. In Section 4, we
describe an action of the affine Weyl group on the 2n-th order system given in the previous section.

2. Review: higher order g-Painlevé system g-P,11,+1)

In the following, we use notations
x(t) = x(qn),  x(t) =x(q""1),

where t,g € C and |¢q| < 1.
The system g-P,+1,+1) given in [16] is expressed as a system of g-difference equations

bi_1xi_y aiki
Y-l =X = 1+x»7 - 1+x-_y-
Xi—1 Vi1 ZiYi-l i=1,...,n+1),
o ayia by
AT s T
with a constraint
n+1
1+ xyi
nai——y’ =q ", @D
I+ xiyi

i=1

where
q
by = gb,1, Xo=1tx,q1, Yo= ;ym-

REMARK 2.1 In the previous work [18], a higher order generalizations of g-Py; were presented by Tsuda.
Since his g-Painlevé system can be regarded as a g-analogue of the Schlesinger system H,. 1, we
conjecture that his system coinsides with g-P, .+1). However, a relationship between both g-Painlevé
systems has not been clarified yet.

We derived the system g-P,;1.+1) by a similarity reduction from the g-Drinfeld—Sokolov hierarchy
of type A;L)H. Hence the following theorem is obtained naturally via the construction of the system.

THEOREM 2.2 ([16]) The system g-P,+1.,+1) 1S given as the compatibility condition of a system of linear
g-difference equations

W(g'z2,t) =Mz, )V (z,1), W(z,q7't) =Bz, )V (z,1). (2.2)
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A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 3

with (2n + 2) x (2n + 2) matrices

_ a o -1 -
by ¢ -1
a ¢ —1
by
Mz, 1) = - ,
Q-1 —1
bn ©Don —1
—17 i1 Ponti

| 9oz —2 busr
and

B u; Vi -1 T

Uy V2 0
us V3 —1
Uy Va4
B(Z’ t) = . . £
Von—1 -1
Uop Von 0
—1z Usnt+1  Vontl

L YoZ 0 Uzn42 ]

where

Gy =Xim1 — Xiy @Qaimy =Yy —yi (=1,...,n+1),
a;

Wi-1 = —— >
L+ xiyia

uy =1+xyi, vr=-y (=1....,n+1),
Vo =1Xup1, Vai=2x (i=1,...,n).

The system g-P,1,+1) admits the affine Weyl group symmetry of type Agl)+ i

THEOREM 2.3 Let 7y, ..., . be birational transformations defined by
b —a;
r2j72((lj) = bj,], rzj,z(bj,]) = aj, r2j—2(~xj—1) = X_1, r2j72()7j—l) =Yyji-1— #,
Xj—1 — X;j
r2j72(ai) =a, ijfz(bifl) =b;_y, r2j72(xi71) = Xi-1, r2j72(yi71) =y (#)) (2.3)
forj=1,...,n4+1,and
a]- — bj
rj1(@) =b; (b)) =a;, () =x— ————, () =y
Yi—-1 =)

rj—1(a;) = aj, sz—l(bi) =b, Poj1() =X, rjm ) =y (E#)) 2.4
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4 T. SUZUKI

forj=1,...,n+ 1. Also let = be a birational transformation defined by
w(a) =q b, mb)=q"ay (@(=1,...,n),

(1) = G "bpyr, 7)) =q " ay, (o) = —p1 — ——

n+ 1’
mo) =q "y, ) =¢"t g (=1,...,n),
e
TO) = q 1y, TGus) = ¢y, w0 = . (2.5)
where
q"' = (q"a\b; ... app1 by ).
Then the system g-P,1,+1) 1S invariant under actions of the transformations ry, ..., r,+; and m. Fur-
thermore, the group of symmetries (ry, . . ., 72,11, 7) is isomorphic to the extended affine Weyl group of
type A;L)H. Namely those transformations satisfy the fundamental relations
=1 )W =1 (j=0,....2n+ ;i # ),
7T2n+2=1’ Tr; = Fi 7, Ty = o (iZO""’zn)’
where
ai; =2 i=0,...,2n+1),
Qi1 = o110 = i1 = dopny1 = —1 (0 =0,...,2n),
a;;j=0 (otherwise).

The system g-P ) can be reduced to g-Pvr.

THEOREM 2.4 ([16]) If, in the system g-P (22, we set

1 —x)E _ X(gt +x12) ¥

/ & 5T Ut

2.6)

where
& = (1 —x)Qo —y1) — (a1 — by),
& = (txy —x)(x1 — x2) o — y1) + (a1 — b)x; + {(by — ax)t — (a1 — az)}x,,
v =q"%(q"* - arbit)xy, + (1 — q'"?arb)t,

12

Vo = q"%ax(q"? — abi)x1x2y: + a(1 — ¢'*biax)ixy — (a1 — ax)1xs,

then they satisfy the g-Painlevé VI equation

fI_@=1B)G—1B) g8 _ (f—t1a)(f — 1)
Wy @=BNE—B) BB - —a)’
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A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 5

with parameters

1
ap =1, o= ql/zalbl, az=1, o4= s
q'?ayb,
1/2 1/2 1 1
,31=61 by, }32:61 a, Bi=—, Bi=—.
qas b,

REMARK 2.5 In [16] we defined the transformation 7 by

a
w(a) =b;, wb)=an (=1,...,n), #(a1)=0bu, 7(by)= ;l,

2
: q q
() =y, Q) =X ((=1....n), 7011) =Yust, TGapr) = pRik n(t) = e

As a matter of fact, unless we replace constraint (2.1) with

b1+ xyiy T

i=1 “i =

the system g-Py,1,+1) is not invariant under an action of 7. If we do so, then the system g-P(,,) seems
to reduce not to g-Py; but to a g-analogue of the Painlevé V equation. This g-difference equation was
derived in [7] from a binational representation of the extended affine Weyl group of type A(ll) X Agl) given
in [6]. Afterward that equation was found to be a subsystem of g-Py; in [17].

The system g-P 11,11, admits a particular solution in terms of the g-hypergeometric function ,. ¢,
defined by the formal power series

Opyee oy Oy Oyt . _ = (al;q)k'~-(an;q)k(an+l;q)k k
”+'¢”[ Brs-- s B ’q’t}_z B B

where («; ), stands for the g-shifted factorial

k=0

(@qo=1 (gi=0-a)l—ga)...(1—¢'a) (*k=1).
THEOREM 2.6 ([16]) If, in the system g-P 41,41y, W assume that

n+1

=0 (=1....n+1, [[a=q""
i=1

then a vector of the variables x = '[xy, ..., x, ] satisfies a system of linear ¢g-difference equations

A
§=<A0+ ! )x (2.7)
1—qgt
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6 T. SUZUKI

with (n 4+ 1) x (n + 1) matrices

by by—ay bs—as by —a, bpyi — auy
b, bsy—a3 ... b,—a, by —a
AO = : 9
bn —a bn+1 — Qpt1
0 b, but1 — Gny
L bn+1
1
1
Al = 1 [al _bl a2_b2 as _b3 an_bn Apt1 _bn+l]~
1
1
Furthermore system (2.7) admits a solution
o
X — t—logqal ,
¢n+l
Jj—1 aj a_ a a _aq
b — a Ao 9% b by by
— 1 j—1 j n +1 . +2)/2
¢j—1_[—n+l¢n ay / ay /al a_ln ,C],q(" ) b1~--bn+1t .
i1 vl — Qg+ > 4 a1’ an

Therefore, we want to regard the system g-P 1,41, as a generalization of g-Py; from a viewpoint of
a particular solution in terms of the g-hypergeometric function. However, as is seen in Section 1, we have
two problems. In [16], we derived g-Py; by reducing linear system (2.2) to the one with 2 x 2 matrices
given in [4] from g-P( ). We could not use a similar method in a general case, although we reduced
linear system (2.2) to the one with (n 4+ 1) x (n 4 1) matrices in [2]. Definition of dependent variables
(2.6) is complicated and hence unsuitable for a generalization. In this article, we choose a suitable set of
2n dependent variables (f;, g;) and reduce the system g-P,;1.,+1) to a one of 2n-th order. In the obtained

system, the forward g-shifts (f;,g;) is expressed as functions in (f;, g;).

3. Main result

The key to solving is the affine Weyl group symmetry of g-P ;1.1 We can simplify definition of

dependent variables (2.6) as

X1 — Xo
) =
2 T Al

rr(g) =

at (1 +x51)
g2 xi (1 +xy1)

This fact suggests a choice of dependent variables of a 2n-th order system.

20z |4dy /1 uo1senb Aq L08986Z// L OMAX/L/z/a1onue/swalsAsalqelbajul/woo dno-olwapeoe//:sdyy wolj papeojumoq



A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 7
THEOREM 3.1 If, in the system g-P,11,+1), We set

P — X Xip1 (1 + xiy1)
ﬁ:tﬁ, gi:am—“—— Gi=1,...,n), 3.1
Xyt — X3 Xi(1+ xi1y1)

then they satisfy a system of g-difference equations

FiFi18y(bi —g)(8; — aiy1)

I = F B — 8@ — (=bom, G2
8i8 = Z+Tlf: i=1,...,n), (3.3)
where
by = gbyi1, g = %2)/2 ﬁl = ﬂﬁ(l gt = alﬂ(l +ﬂy0),
q to )8 t X (1 +2x10) Xo(1 + x1y0)
and

i—1 n
Fi=) fi+tY fi+t,
j=1 =i
noj—1
G = Z i_[ b1 ———— nl ﬁl 81 n/zt H brayi

Jj=i k=i Il

i—1
10 beagsr | liminr &1 .
+q'ty brid [ T Brtins ST i=1,...,n41).

= Moban  TI5a

Furthermore, if we set i = tx,,; — x1, then it satisfies a linear g-difference equation

7_ _ FupiFi(bo — 80) (8o — ar)
1t —1)%g,

h. 34

System (3.2), (3.3) is equivalent to g-Py; in the case of n = 1. In this section, we prove this theorem.
We also discuss the relationship between the dependent variables f;, g;, 4 (i = 1,...,n) and the ones x;, y;
G =1,...,n+ 1) in more detail at the end of this section.

3.1 Proof of equation (3.2)

Definition of dependent variables (3.1) implies

S 3.5
gi—ai+1——ai+1m i=0,1,...,n). (3.5)
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8 T. SUZUKI

The first equation of g-P,+1,.+1) can be rewritten to

1+ xy; .
bi—g=—""W—x31) @=0,1,....n).
Xi
Combining them, we obtain
(bo — go)(go—a)) By — X)) (01 — X1)
8o Xpy1 X1 |
(b; — g)(gi — ais1) O — X )6 — Xip1)
= — — l=l,...,n).
8i XiXit1
Hence we can derive equation (3.2) by using
tt — x;
i:—( ) i=1,....n+1).
Xpy1 — X1
3.2 Proof of equations (3.3) and (3.4)
Equation (3.5) can be rewritten to
X080 — a1X1 [Xp1180 —qarx1 g
yO - - - - - _yn 1?
XoX1(go — ai) x,11%1 (80 — a1) "
Xi8i — dit1Xi+1
= TR =1, ).
XiXip1(&i — aiy1)
Substituting it to the second equation of g-P 11,1, we obtain
Xi—18i-1 a; biai+1)ﬂ b; )
Yic1 —Yi = — + — (i=1,...,n),
T T NG — X)) X=X %G X8 X~ X
ﬁgn Apyl qbn+lalﬂ bn+lt
Yn — Ynt+1 = - - .
= T Xt = X)X — Xt X1 (X — gXDQ0 IXuy1 — g1
It implies

bi(xi—i — x;) + a;(x; — Xip1) + (o1 — x) (6 — Xip1) Gie1 — i)

Xi—1 E— Xit1 1 .
= — W —xy)8& 1+ biai+1_+(xi—l —x)= (@(=1,...,n),
i Xi 8i
bn+lt(-xn - -xn+1) + an+1(t-xn+l - xl) + (-xn - xn+1)(t-xn+l - xl)(yn - ylH—l)
Xn _ X1 1
= (t-xn-H - xl)gn + bn+la1 (xn - xll+l):'

Xnt1 Xn41 80

(3.6)

3.7

3.8)
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A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM

On the other hand, equation (3.6) can be rewritten to

go—by 1 80— qbut q q

Yo = — - == - = ~Vn+1s
Xo — X1 Xo Xy — X1 IXp41 t
gi—b; 1 .

yV=—7m"———— (i=1,...,n).

Xi = Xiy1 X

Combining it with equation (3.7), we obtain

g — b 1 gi—1 — bi_ 1
YV o=y =—+————— — —
Xi — Xit1 Xi Xi—1 — X Xi—1
— 8i _ b; + bi_ia; _ a; G=1,...
Xi — Xit1 Xi — Xit1 (Xim1 — x;)&i—1 Xi—1 — X;
180 — qbn+1t 1 8n — bn 1
yn_yn+1 =—+__—__
q(txn+l - X,,) Xn+1 Xn — Xp+1 -ﬁ
_ 180 byt S N
q(txn+l - X]) txn+1 — X (xn - xn+l)gn Xn — Xn+1

‘We can rewrite it to

bi(xi—y — x) + a;(x; — xip1) + (oimy — x) (5 — X)) (Vi1 — ¥i)
1 .
= (X1 —x)8 + bia;(x; — Xi+l)g— i=1,...,n),
i—1
bn+lt(xn - xn+1) + an+l(txn+1 _xl) + (xn _xn+l)(txn+l - xl)(yn - Yn+1)

t 1
= a(xn _-xn+l)g0 + bnan+l(t-xn+l _xl)_-

Combining equations (3.8) and (3.9), we obtain

th”“- t a2l Z e 4 g Lf1
1 8 y—— =181 T gbpaij1—,
Fl 0 ! Fl g1 N gO
Fioy_ Fii 1 1 .
fi—8i_ +hiaifioi——==fim1g +biafi— (=2,...,n),
F; F; g i—1
F, _ F, 1 t 1
t g,, +bll+la].ﬁl - = _fng() +bnan+1t_~
n+1 F,18 q 8n

(3.9)

(3.10)
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10 T. SUZUKI

Since equation (3.10) is equivalent to (3.3) in the case of n = 1, we consider the case of n > 2. Then

equation (3.10) is transformed to

28081

(8081 + qbn+|al) Gi +q" 'biast f—Gz =0,
|

1

Gn+l - qn_1t<
G — <fi—_1(j;_1gi + bi—l“i) G + biai+1fi—_1?_1gi Gp=0 (i=2,...,n),

1
Gn - (;fngngo + bnan+1> Gn+1 + qn_lbn+laltfngngOGl = 0,

via a transformation

_ FiG; .

8= ——=< (l:l,...,l’l),
&iFiGiy

_ | ——| I FiGu

o= 1= s

QP8 TR g Fn G

Furthermore equation (3.11) is reduced to a system of linear equations

1 — Bi 1T G, ] [ 0 ]
1 —0) ,32 G2 0
1 —az B3 G 0
—0y—2 ﬂn—Z Gn—2 0
1 —U— G, —Bi-1Gus
_ﬂn 1 1L Gn _ L anGn+l
where
o = JM + biaiy, Bi= bi+1Cli+2ﬁgigi+1 i=1,....,n=1),

Sixn Sixt

1
o= Eﬁlgngo + by, Pu= qn_lbn+1al€ﬁ1gng0~

In fact equation (3.11) can be rewritten to

1
G, — ba,G, = Qfl <_Gn+| - bn+]a|Gl)’

18081 \q"t
G — biai;1Giyy = L(GH —bi_1a;G)) (i=2,...,n),
Ji-18i-18i

1
— Gyt — by Gy =

—(Gn_bnan lGn l)’
q't 4" 1,880 .

(3.11)

, (3.12)

(3.13)
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A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 11

and the first equation of (3.13) is derived from a combination of the other equations as follows.

1 1
TGn+l —by10/G, = T(Gn — buay11Gpy1)
q't 9" 118180
1
== —(an - bnf anGn)
q" - 184-18280 l !

1
= (G — b1a,G)
q"'118185 - - 8280
1808
= q(}l (G = biayGy).
We will solve system (3.12) for G; (i = 1,...,n) in order to derive equation (3.3). For this purpose we

introduce the following lemma.

LEMMA 3.2 The determinant of the coefficient matrix of system (3.12) is given by

I —a; B
I~ B
1 —03 133 j—1
H_ 81
=1+4"* anJrlal kuak+1 ! ]+1 ﬁ
—0py—2 ﬁn—Z l ]
1 —Qp—
Bu 1
Proof. We obtain
I —a; B
I —a, B
I —a3 B
=1 + (_])nilﬁnAn—l-
—0p—2 :311—2
1 Q1
Bx 1
where
— ,31
I —a, B
I —as B
Ai = ’

-1 Bioi

1 —;
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12 T. SUZUKI

via a cofactor expansion. The determinant of the tridiagonal matrix A; satisfies a recurrence relation
Ap=1, A=—-a, A=-oA_—Bi 1A (=23,...).
By solving this relation, we obtain
i+l j—1

A= (=1 Z]‘[bkak+11"[g,gz+1 (=23...).

j=1 k=1

It implies
n j—l1
(="' Byt = ¢" ' busriaitf,8a80 Z kuak+1 1_[8181+1—

Jj=1 k=1

Jj—1 1—[

n —j+18!
=q /2 Z byi1a; kuak+1 ! JH ﬁ
[T
Thanks to Lemma 3.2, we can find that system (3.12) admits only one solution for G; (i = 1,...,n).

Hence we only have to verify that

n j—l1 n n

= +1 81 w101 [ ey brarsa [l &
=2 [1han =55 =6+ ”/2’1_[bkak+1+qf2 ottt T L T
j=i k=i j=1 nk:j bras 1=181

satisfy system (3.12). It is shown since

. - Mg,
G; — biai;1Giyy = <1 —q"thya; kuak+1) = H —fi (=1,...,n),
k=1 Hz 181

! G b G, = ! 1 "th - b
7' nt1 — Dpr1ay 1—% _qtn+lall—[ Aik+1 |

k=1

satisfy equation (3.13). From the above, we have derived equation (3.3).
In the last, we prove equation (3.4). The first equation of (3.7) is rewritten to

(bo — 80)(8p — a1) i1y

f— 9
gO txn+l — X

txn-H — X = -

from which we obtain equation (3.4) immediately.
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A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 13

3.3 Relationship between two types of dependent variables

In equation (3.1), we define the dependent variables (f;, g;, 1) as rational functions in (x;, y;) with constraint
(2.1). Conversely, the dependent variables (x;, y;) are given as rational functions in (f;, g;, h). We obtain

1 (bo—g0)(go —ar)
-ﬂ Xpy1 gOh ’

from equation (3.4) and

1 1 t(b; —g)(gi — a; .
IR S | Gt 1€ a+1)_ G=1... ..

Xiel X Jigih

from equation (3.7). They imply

It (bo—go)(go — ai)
Xi g —t goh

t it(bj_gj)(gj_ajﬂ) L4  1(b; — g)(g; — aj11)
q—1t4 figih q—1t4 figih

J=l

G(=1,...,n+1). (3.14)

‘We also obtain

8i/Xix1 — Qig1/%i
== 2 =1,
8i — Qi1

from equation (3.5). The rest variable y,, is given by constraint (2.1).

REMARK 3.3 Equation (3.14) allows us to express the backward g-shifts f;, . .., f, as rational functions
in (f;, g;). Also we can express the backward g-shifts 81s---,&n as rational functions in (fi, &) by solving
equation (3.10) for gy, ..., g,. We don’t give its detail here.

We next state a relationship between the variables (f;, g;, ) and the ones (x;,y;). Equation (3.9) is
rewritten to

%yn-%—l -y =18 — bl)]% (qbn-H ) %
1 .
Yier —yi = (g — l)f,h+at< >f ; i=2,...,n),
t 1
Yo = Yoyl = 5(80 - qbn-H) + apit < ) _h (3.15)

Recall that

DC,H,I—XIZI’Z, Xi — Xjp1 = — (lzl,,l’l)

20z |4dy /1 uo1senb Aq L08986Z// L OMAX/L/z/a1onue/swalsAsalqelbajul/woo dno-olwapeoe//:sdyy wolj papeojumoq



14 T. SUZUKI

Hence we can give the variables (x;,y;) as rational functions in (f;, g;, h). Conversely, since equation
(3.15) admits only one solution for gy, ..., g,, the variables (f;, g;, #) are given as rational functions in
(x;,y;). Then one constraint between the variables (x;, y;) is obtained together. We don’t give their explicit
formulas here. Those facts allow us to express the backward g-shifts (x;, y;) as functions in (x;,y;).

4. Affine Weyl group symmetry

As is seen in Section 2, the system g-P,+1,+1) 1S invariant under the action of the group of symmetries
(Fos - s Pong1, ) = W(Agl)ﬂ). This action can be restricted to systems (3.2) and (3.3).

THEOREM 4.1 The birational transformations ry, . . ., r2,.1, ¥ defined by (2.3), (2.4) and (2.5) act on the
dependent variables f;, g; (i = 1,...,n) as follows.

r2j—2(f;’) =fi r2j—2(gi) = &is 4.1)
forj=1,...,n+1,
a,a,a Rb,a,a Rb,a,a
n() =fH—= bab, ”1(81)=81ﬁ, n() =fi—= b’ rng)=g G#1D,
R Ry

R;:,a,h R;z,h,b R]g,a,a Rh,a,a
rai—1(fi—1) =J§—1W, rj-1(gji-1) = gj—l@: -1 (f) =]3'W, rj—1(g) = R]bbb,
r2j71(ﬁ) = fi r2j71(gi) =g @(#j—1L),

Rbab Rb,b,b R’baa '
Pt (h) =figiags "1 @) = gupies runi () =figiags ran@) =g G#EnD (@)
n+1 Rn;’l Rn+1

forj=2,...,nand

¢ @R} = baRi ) (i = g )Ry + 1= D bR
7(f) = e PR T 0Tl (g = SN (),
t (gORo - blRl)(bl - 81)(R1 +1— a)fH—l qr giRi
(@R — byr RS (bo — o) (RE + 1 — 1)fp bR
7(f) = g D 0 a(g,) = 2R 4.3)
(80Rs — BiRD (b1 — gD (R + 1 — Df 7 &R
where

B ==z + (B =) Gt
0 =(g— )= b\ — =y | — n s
' J J fj’ J7T gj—l J ‘];_1

wpy 1 1 1
R, = c—](go —qQny1) + ,3n+1bng— — Ynt1 J?’

20z |4dy /1 uo1senb Aq L08986Z// L OMAX/L/z/a1onue/swalsAsalqelbajul/woo dno-olwapeoe//:sdyy wolj papeojumoq
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and

f' ¢ n+l1
® __ ! - baa b.a,a
R = b_gj(q; + Y R )

Jj=i+1

_ Z‘:éﬂ— TG GothGi-e) 5 (1= L) (b, — g))
bi — g Py Ji fi et f

Here we set fy = t.

Recall that

1

- - @ 1/(n+1)
q"PPigr .. g

by = gb,y1, g = ¢ = (q"a\b, ...a,11b,1)

In this section, we prove this theorem.

4.1 Proof of action (4.1)

The action of r,;_, on the dependent variables with the exception of y;_; is trivial forany j = 1,...,n+1.
Hence we only have to verify that r,;_»(g;—;) = g;_ is satisfied. And it is shown by using the first equation
of g-P(y11,4+1) as follows

b/_| 70]'

X L4 x 191 —

i—1
Xj—1—x
ryj2(gj-1) = bj_ lx_ b 1—a;
S gy - o

Y a; (1 +x-1y5-1)
B Jil)ﬂbjfl(l + xj-1)

= §j-1-

4.2 Proof of action (4.2)

The action of r,;_; on the dependent variables with the exception of x; is trivial forany j = 1,...,n+ 1.
Hence we have to investigate the following actions:

rn(f), n), n) G@#1),
r2j—1(fj"—1), r2j—1(gj—])» r2j—1(fj"), r2j—l(gj),
r2n+l(fn)’ r2n+l(gn)’ r2n+1(ﬁ) (l 7& I’l)

We first consider the action r5;_; (f;). It is described in terms of the variables x;, y; as

ajfhj _ )
Voo g = xa) 0 — ) — (@ = by)
DXap1 — X (g1 — XD (V1 — ¥))

]
i1 (f) =t

“4.4)

20z |4dy /1 uo1senb Aq L08986Z// L OMAX/L/z/a1onue/swalsAsalqelbajul/woo dno-olwapeoe//:sdyy wolj papeojumoq



16 T. SUZUKI

Substituting equation (3.15) to (4.4), we obtain

(g — aj)]% +aj(bj—1g,.+] - l)f/‘+
ri-1(f) =f; PRy b 1)
(& — j)_g + a5( iV )i

fi—1

The other actions on the variables fi, . . ., f, can be shown in a similar way.
We next consider the action r,;_,(g;). By using the system g-P,;1,+1) twice, we can describe it in
terms of the variables x;, y; as

ai—b:
K+t <1 XY~ >yi1j_\yyf>

r-1(gj) = ajy1 . —
(ﬁ B —) (1 5013)

Y17

a;x; (yi-1 = ;)
' b;(1 +xyj-1) — a; (1 + X))

(xj71 - xj)(yj—l - }’j)

=g . 4.5)
! (Xj—1 =) Yjm1 — ) — (@5 — bj)(bj—lgj;_] -D
Then, substituting equation (3.15) to (4.5), we obtain
(g —b)+ +ajbi_ =~ — 1=
5 I g fi-1 .
ri—1(g) = g ] I : G=1,...,n4+1).
(8 — bj)g + bj(bjflgjj - 1)_);?
The other actions on the variables g, .. ., g, can be shown in a similar way.
4.3 Proof of action (4.3)
The action 7 (f;) is rewritten by the second equation of g-P 1,41, and equation (3.6) to
ifi biy1fi
R R e T
n’(ﬁ)_— = — o b (lzl,...,n_l),
Fo—n X bo—20°0  by-g Y
5 _ gnfn byt
Yn = n X1 B Wn —. o
e e T o @6)
B Yo=n @bo—goyo_bl;glyl
On the other hand, we obtain
i-1 L — “i . — 0. n — ai . — 0.
(4 — D(xo —x1) LU= —g) (1 == —g)

1
—=§ +E i=0,...,n), &7
q )ﬁ Jj=0 ﬁ j=i

Ji

$20Z 1udy /| uo 1senb Aq 089862/ . | OMAX/|/z/olo1e/swalsAsa|qelBbalul/woo dno olwspese//:sdpy Woly papeojumoq



A REFORMULATION OF THE GENERALIZED Q-PAINLEVE VI SYSTEM 17

from equation (3.7) and

é — 1D (x _XI)y _ i é(l B %)(bj — &)
t 5 Ji
Loy gy o (= Sk g
+(q gif)( g)+z éjf ’ / i=0,...,n), (4.8)
Ji Jj

Jj=it+1

from equation (3.15). Substituting equations (4.7) and (4.8) to (4.6), we can show the action 7 (f;).

The action 7 (g;) is rewritten by equation (3.6) to

biy1fi+1

bipr Yir1(1 4 xy) Qivt gt Vil
w(g) = 2 Y I —“h“gff—“ G=1....n—1).
g yil +Xiyi) gt Gy,
b)H»lr
bn 1 yn+l(1 +xnyn) Ap+1 bo— Yo
Tlg) = L= = A (4.9)
qﬂ] yn(l +'xn+1yn+l) C]”l #yn

Substituting equation (4.8) to (4.9), we can show the action 7 (g;).
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