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A B S T R A C T 

We measure the centroid frequency ratios of simultaneous quasi-periodic oscillations (QPOs) that occur at low frequency 

(0.1–30 Hz) in a selection of accreting black hole (BH) low-mass X-ray binaries. We use all data in the RXTE archive on 

GX 339–4, GRO J1655–40, 4U 1630–47, XTE J1550–564, and H 1743–322. We select the power spectra that show at least two 

simultaneous QPOs, and empirically divide them into four main categories, whose occurrence correlates systematically to X-ray 

spectral state. In the hard/hard-intermediate state, all sources show sets of QPO peaks with near-harmonic frequency relations, 
which we measure as precisely as possible using an impro v ed analysis method. We find small but significant offsets from purely 

harmonic frequency relations that in most cases can be explained by the fit function not describing the QPOs accurately; for some 
QPO pairs, ho we ver, the ‘sub-harmonic’ is at a higher frequency than expected. In the intermediate and ultraluminous states, in 

all sources we find non-harmonic QPO pairs, some previously reported. We distinguish several different types of non-harmonic 
QPO pairs that occur across sources. We discuss these findings in the framework of classification schemes and models proposed 

for black hole low-frequency QPOs. We conclude that the phenomenology of the frequency ratios indicates that in addition to 

the physical mechanism (possibly precession) explaining the common harmonically related sets of (Type B and C) QPO peaks, 
at least one additional mechanism is required to explain the occurrence of pairs of QPOs in other states that are not only not 
harmonically related, but also stand out by the absence of harmonics to either of them. 

Key words: accretion, accretion discs – binaries: close – X-rays: binaries. 
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1 We use the term ’QPO’ to refer to one single peak in the power spectrum, 
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 I N T RO D U C T I O N  

ow frequency (LF) quasi-periodic oscillations (QPOs) are often
bserved in the X-ray emission of accreting black hole (BH) low-
ass X-ray binaries (LMXBs). They appear in the ∼0.1–30 Hz

requency range of the Fourier power spectrum of the light curve
s narrow peaks, with Q � 5 (quality factor Q = 

ν
FWHM 

). Their
requencies, fractional rms amplitudes, and the presence of detectable
sub-)harmonics are correlated to the energy spectral state of the
ource which evolves during outburst. 

These spectral states are generally subdivided into three main
ategories based on the luminosity and relative number of photon
ounts in soft and hard energy bands: the hard state, the intermediate
tates, and the soft state (e.g. Belloni & Motta 2016 , in this
lassification the very high state as defined by Miyamoto et al. 1991
s part of the intermediate states). Additionally, some sources show
xcursions to an ultraluminous state (also known as the anomalous
tate) at high luminosities during outburst (see Ingram & Motta 2020
or a recent re vie w). 

LF QPOs come in a variety of types and sub-types that occur
hroughout one or several of these spectral states. Those seen in
TE J1550–564 were the first to be categorized into three main

ypes (Wijnands, Homan & van der Klis 1999 ; Remillard et al.
 E-mail: m.j.v andoesburgh@uv a.nl 
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Commons Attribution License ( http://cr eativecommons.or g/licenses/by/4.0/), whi
002 ), Type A, B, and C; some of these have since been reclassified
ased on comparisons with other sources (Casella, Belloni & Stella
005 ). The majority of QPOs are of Type C: a strong sharp (up to
20 per cent rms, Q � 8) QPO atop strong band-limited noise often

ccompanied by (sub-)harmonics 1 at one half, twice and three times
he fundamental frequency and whose frequencies increase as the
ource state evolves from hard to soft. Type B QPOs (with up to

5 per cent rms and Q � 6) are also seen with (sub-)harmonics at
nte ger frequenc y ratios with the fundamental, but with markedly
ess noise than Type C QPOs and mainly in the intermediate states.
ype B and C QPOs o v erlap in frequenc y, although for Type C QPO

he range of frequencies is much larger (up to ∼30 Hz) than for
 ype B ( ∼10 Hz). T ype A QPOs are rare and typically appear with

requencies of ∼7 Hz without harmonics in the soft/soft-intermediate
tate (they are broader than Type B and C QPOs: Q � 3). 

The majority of simultaneous LF QPOs reported have approxi-
ately inte ger frequenc y ratios. Examples of simultaneous QPOs

reviously reported in the literature to hav e non-inte ger frequenc y
atios include, first, double QPOs in H 1743–322 with frequencies
hat differed by a factor 1.931 ± 0.014 (Homan et al. 2005b ).
nd, aware of the difficulty physical models have to explain the occurrence 
f true sub-harmonics, we use the term ‘sub-harmonic’ in this work as a label 
nly. 

© 2020 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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econdly, a QPO with a wing a factor 1.5–1.8 higher reported in
TE J1550–564 (Wijnands et al. 1999 ). These QPOs in H 1743–322

nd XTE J1550–564 have been classified as belonging to a sub-
ategory of Type B QPOs (Casella et al. 2005 ). Thirdly, there are
any accounts of two simultaneous QPOs seen in the ultraluminous 

tate with frequencies that are more than a factor 2 apart, see
houdhury, Bhatt & Bhattacharyya ( 2015 ) for 4U 1630–47, Homan 
t al. ( 2005a ) and Motta et al. ( 2012 ) for GRO J1655–40, Motta et al.
 2014b ) for XTE J1550–564 and Li et al. ( 2014 ) for GRO J1655–40,
 1743–322 and XTE J1550–564. These QPOs in GRO J1655–40 
ere classified as a Type B QPO occurring simultaneously with a 
ype C QPO (Motta et al. 2012 ), and argued to support the view

hat Type B and Type C QPOs are different and originate from two
istinct physical mechanisms. And lastly, a QPO that jumps between 
wo frequencies, lower within dips in the light curve, and higher 
utside the dips and that is seen together with a stable QPO at a
requency a factor ∼1.5 or ∼3.5 higher in 4U 1630–47 (so that
ltogether three QPO peaks appear in the average power spectrum, 
ieters et al. 2000 ). 
The harmonic content of X-ray variability is a key ingredient 

f many LF-QPO models. Two main categories of models exist 
or the physical mechanism producing the QPOs: those that invoke 
recession of (parts of) the accretion flow due to frame dragging (e.g.
tella & Vietri 1998 ; Schnittman, Homan & Miller 2006 ; Ingram,
one & Fragile 2009 ), and those that use intrinsic oscillations in the

ccretion flow (e.g. Tagger & Pellat 1999 ; Wagoner, Silbergleit & 

rtega-Rodr ́ıguez 2001 ). 
The geometry of the precessing hot inner flow in the model by

ngram et al. ( 2009 ) can account for multiple QPOs at integer
requenc y ratios. Their relativ e strengths may differ between multiple 
avebands depending on the angles between the system and the 
bserver, and between the inner flow, the disc, and the jet. The disc
an be illuminated alternatingly by the top and bottom part of the
nner flow; the strongest X-ray QPO is then expected at twice the
recession frequency. The infrared QPO reported by Kalamkar et al. 
 2016 ) at a factor two lower frequency than a simultaneous X-ray
PO can be explained within this framework: in the infrared the jet

ontributes most to the emission, so a stronger QPO occurs at the
recession frequency. 
The precession models are supported by observations of the 

ractional rms dependence of certain QPOs on source inclination 
Schnittman et al. 2006 ; Motta et al. 2015 ) and modulation of the
ron line energy on the QPO period (Ingram et al. 2016 ). 

Examples of models that use intrinsic flow oscillations to explain 
he QPOs include the transition layer model proposed by Titarchuk, 
apidus & Muslimov ( 1998 ). This model can account for deviations

rom integer QPO frequency ratios due to damping and shifts of
esonance frequencies (Titarchuk 2002 ). Within the framework of the 
isco-seismic oscillation models (e.g. Wagoner et al. 2001 ), internal 
ressure, and corrugation modes with non-integer frequency ratios 
ould occur simultaneously. The accretion ejection instability model 
e.g. Tagger & Pellat 1999 ; Varni ̀ere, Tagger & Rodriguez 2012 )
lso predicts frequency ratios close to, but not exactly at, integers. 
inally, of course, any quasi-periodicity that is non-sinusoidal will 
how harmonics in a Fourier analysis, which can combine or blend 
ith QPO peaks arising in other ways. 
Clearly, much can be gained from an o v erview of simultaneous

PO frequency ratios, where integers suggest a common physical 
rigin that might be as simple as a non-sinusoidal modulation, but 
ould also indicate different co-precessing geometries or harmon- 
cally related modes, near-integers might point at specific models 
uch as those mentioned abo v e, and non-inte gers might indicate the
oincidence of otherwise unrelated oscillations. Here, we provide 
uch an o v ervie w of dif ferent types of simultaneous QPOs analysed
n a systematic way for a selection of BH systems and provide a
ink to the A/B/C classification. Using an optimized method, we 
ccurately measure the relations between these QPO frequencies. 
e discuss our results in the context of proper phenomenological 

lassification and the models mentioned. 

 M E T H O D S  A N D  O B S E RVAT I O N S  

e use all available RXTE data on black holes (BHs) GX 339–
, GRO J1655–40, 4U 1630–47, H 1743–322, and XTE J1550–
64 which have many reported simultaneous LF QPOs (e.g. Motta 
t al. 2015 ; de Ruiter et al. 2019 ). In total we use 3631 observations
f typically ∼3 ks in length. Per observation we extract the Crab-
ormalized hard colour (HC, the ratio of counts in the 16.0–20.0
nd 2.0–6.0 keV energy bands) and intensity (in the 2–20 keV band)
sing Standard 2 data in good time intervals determined by applying
ustomary filtering (e.g. van Straaten et al. 2002 ). We use Event,
inned, Good Xenon, or Single Bit modes with time resolution of
/8192 s or better (in a few cases we use the best available 1/4096 s
esolution) to calculate FFTs using 16 s (or 128 s for observations
n the low hard state) data segments including all available energy
hannels. We average the Leahy-normalized power spectra o v er the
otal length of an observation. Then, before fitting, we subtract a
ounting noise model spectrum that takes dead-time effects into 
ccount (Zhang et al. 1995 ) as described by Klein Wolt ( 2004 ),
hifting the noise level by typically 0.5 per cent to match the power
n a high-frequency range (0.75–1 × the Nyquist frequency) where no 
ource signal is expected. We normalize the power spectra such that
he square root of the integrated power (IP) in the spectrum equals
he fractional root mean square (rms) of the variability in the signal,
s described in van der Klis ( 1989 ) (for more information on timing
nalysis in general we refer the reader to this work). 

We carefully examined each power spectrum and selected only 
hose that clearly exhibited multiple QPOs. We also included power 
pectra showing, in addition to a QPO with ν � 10 Hz, a peaked noise
eature at approximately half the QPO frequency in the intermediate 
tates as in these cases this feature likely results from averaging
 v er a rapidly moving QPO peak (see Dieters et al. 2000 ). We focus
n the 0.1–30 Hz frequency range, excluding any mHz and high-
requency QPO phenomena. We use a multi-Lorentzian model (with 
s parameters centroid frequency ν i , where i identifies the QPO, full
idth at half maximum (FWHM) and IP from 0 to infinity) to fit the
ower spectra. In addition to the QPOs and peaked noise components
s described, we find that one or two broad noise components,
roducing shoulders at low ( < 10 Hz) and high ( > 50 Hz) frequency
re required for an acceptable fit. In some cases, we add an extra
omponent with low fractional rms to account for an asymmetric 
PO wing towards higher frequency. The centroid frequency of the 
PO is barely affected by this (it is typically 1 per cent lower when

he component is added, in Fig. A5 , an example of this kind of power
pectrum is plotted). We neither discuss these power spectral features 
n much further detail, nor do we use them to categorize power
pectra. 

For observations longer than ∼6 ks, we check whether the average
ux varies by more than 10 per cent during the observation. If so,
e divide the data into several shorter time intervals of typically
2 ks such that the effects of QPO frequency drift are limited but

he QPOs can still be detected at ∼3 σ or more. We use the method
escribed in van Doesburgh & van der Klis ( 2017 ) to scan �χ2 maps
or all QPO centroid frequency pairs. We use these maps as input
MNRAS 496, 5262–5281 (2020) 
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Figure 1. Representati ve po wer spectra with our choice for benchmark QPO 1 indicated for each category in our sample. The observations used are: 30188- 
06-10-00 (Group 1, XTE J1550–564), 80146-01-62-00 (Group 2, H 1743–322), 91702-01-54-00 (Group 3, GRO J1655–40), 30178-01-10-00 (Group 3a, 
4U 1630–47), and 30191-01-02-00 (Group 4, XTE J1550–564). The vertical scale and lower bound are the same in each frame to exhibit differences in feature 
strengths between groups. 
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Table 1. The number of observations used in this work with more than 
one QPO, the number of observations with single QPOs (where harmonics 
are not significantly detected or no harmonics are present, see main text 
for references), and the total number of av ailable observ ations in the RXTE 

archive per source. We give the number of averaged power spectra (pds) used 
per group, which can be larger than the number of observations as we breakup 
long ( � 6 ks) observations that show gradual flux variations into shorter time 
segments. 

Source #Obs #Obs #Obs #pds #pds #pds #pds #pds 
> 1 QPO 1 QPO Tot. Gr. 1 Gr. 2 Gr. 3 Gr. 3a Gr. 4 

GX 339–4 52 78 1019 59 3 0 0 0 
GRO J1655–40 53 35 585 16 3 32 10 2 
4U 1630–47 42 19 1096 2 9 11 10 19 
XTE J1550–564 70 24 391 63 6 1 0 1 
H 174–322 99 100 540 51 41 12 0 2 
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o a simple proportionality fit 2 νn = a · ν1 , where ν1 is the centroid
requency of a QPO we designate QPO 1 , and νn that of QPO n ,
hich may or may not be precisely harmonically related to ν1 , and
ive accurate values and errors for the best-fitting proportionality
onstants ( a ) of the frequenc y–frequenc y relations if such a fit is
ppropriate. 

 RESULTS  

hen focusing, as we do in this work, e xclusiv ely on the multiple-
PO power spectra of the five sources in our sample, we find that

or these power spectra a subdivision in four general groups imposes
tself. This grouping is of course phenomenological and primarily
oti v ated by the aim of studying the frequenc y–frequenc y relations

n a tractable way. It does lead to groups of power spectra across
ources, ho we ver, that sho w very similar relations between the QPO
requencies, and to an extent also between the other characteristics of
he QPOs. In Fig. 1 , we show one representative power spectrum for
ach group. For purposes of plotting frequency–frequency relations,
e assign a benchmark QPO, ‘QPO 1 ’, as indicated in Fig. 1 . We

tress this does not prejudge which QPOs are the same physical
henomenon or which are the ’fundamental’ QPO. We discuss the
NRAS 496, 5262–5281 (2020) 

 As explained in van Doesburgh & van der Klis ( 2017 ), in cases where 
 secondary minimum is found that does not probe the frequency of the 
ower spectral feature of interest, we extrapolate the map using an elliptical 
araboloid extrapolation method. In this work, we extrapolated fewer than 
 per cent of all maps. 
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p  
ifferent groups of power spectra seen in each source in further
etail in Appendix A . We note that not all sources show each type
f power spectrum; see Table 1 for the number of averaged power
pectra in each group and the total number of observations per source.
he relative number of averaged power spectra per group differs per
ource. For 4U 1630–47 for instance, most observations fall in Group
, while for GX 339–4 and XTE J1550–564 Group 1 is dominant.
he colour coding for the QPOs in each group as shown in Fig. 1
pplies to all figures in this work. The characteristics of each group
an be summarized as follows: 

(i) Group 1, encountered in the hard/hard-intermediate states, has
ower spectra featuring a QPO with strong ∼5–10 per cent fractional
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Figure 2. (a) QPO frequencies for GX 339–4. Inte ger frequenc y ratios are 
indicated with grey lines and numbers. Error bars indicate the size of the 
99 per cent 2-parameter confidence contour and can be smaller than the 
symbols. QPOs identified as Type A, B, or C in the literature (see the main text 
for references) are indicated with squares , stars, and triangles , respectively. 
QPOs not previously classified in this way are indicated with circles . (b) Hard 
colour versus intensity for all observations of GX 339–4 in the RXTE archive 
in grey . The observations with multiple QPOs are plotted here using the same 
colours and symbols as in panel (a). Single QPOs not used in this work, but 
reported in previous works, are indicated with open symbols. Observations 
with single QPOs not reported in the literature are indicated with crosses ; most 
of these occur at HC � 1. (c) Residuals from the best-fitting proportionality 
fit to frequencies from power spectra in Group 1 shown in panel (a). Colours 
and symbols are the same as in panel (a). 
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ms, high Q factor (5–15), and centroid frequency ν1 below 15 Hz 
QPO 1 , plotted in blue ), accompanied by one or more of three weaker
in most cases by at least a factor of 2 in rms) (sub-)harmonics at,
r near, ν 1 

2 
≈ 0 . 5 ν1 (QPO 1 

2 
, plotted in green ), ν2 ≈ 2 ν1 (QPO 2 , also

lotted in blue ), or ν3 ≈ 3 ν1 (QPO 3 , plotted in ma g enta ). These
ower spectra can have high (Type C) or low (Type B) noise levels
eneath the QPOs. 
(ii) Group 2, in the soft/soft-intermediate states (plotted in cyan ) 

hows double QPOs with relative QPO strengths that are similar, 
arying a bit between observations but typically differing by less 
han a factor of 2 in rms. These additionally stand out from Group
 QPOs in terms of fractional rms (at least a factor 2 lower), and
y non-inte ger frequenc y ratios ( ν2 < 2 ν1 ). QPOs mentioned in the
ntroduction reported by Wijnands et al. ( 1999 ) and Homan et al.
 2005b ) for XTE J1550–564 and H 1743–322, respectively, fit this
ategory. These QPOs were classified as ‘cathedral’ QPOs, a sub- 
ype of Type B QPOs (Casella et al. 2005 ). We arbitrarily designate
he QPO at highest frequency to be QPO 1 , and the one at lower
requency as QPO 1 

2 
. 

(iii) Group 3, in the intermediate states (plotted in orange ): power 
pectra with a QPO (with centroid frequency typically > 10 Hz, and Q 

5) and a peaked noise feature (with Q ∼ 0.75–2) at approximately 
alf the QPO frequency. Examples in the literature include power 
pectra reported for GRO J1655–40 (designated ‘Type 2’ in Motta 
t al. 2012 ) and 4U 1630–47 (Dieters et al. 2000 ; Trudolyubov,
orozdin & Priedhorsky 2001 ). In these cases, we identify the peaked 
oise as QPO 1 

2 
and the QPO abo v e 10 Hz as QPO 1 . Dieters et al.

 2000 ) show power spectra of this type in their analysis of the 1998
utburst of 4U 1630–47 with, instead of a peaked noise feature, one
PO that due to rapid frequency variations appears as two QPOs 

n the power spectrum. As we mentioned earlier, the QPO shows
umps in frequency which are related to dips in the light curve. Such
ower spectra are not only encountered in 4U 1630–47 but also in
RO J1655–40. We report them as Group 3a (plotted in yellow )
eeping in mind that there might be only one underlying QPO with a
ariable frequency. It is possible that in Group 3, similarly, the peaked 
oise also originates from a QPO with rapidly varying frequency. In
he literature, in most cases the > 10 Hz QPO is classified as Type C
e.g. Motta et al. 2015 ). 

(iv) Group 4, in the ultraluminous state (plotted in red ): double 
POs with fractional rms ∼1 per cent and not at an integer frequency 

atio. As mentioned in the introduction, these QPOs have been 
eported as a simultaneous Type B and Type C QPO. We define
he QPO at highest frequency to be QPO 1 , and the one at lower
requency as QPO 1 

2 
. 

By applying this identification scheme the frequency of QPO 1 

ncreases smoothly towards softer states in the hardness-intensity 
iagram (HID) in most sources, preventing clutter in the frequency–
requency plots. Our naming scheme for the QPOs (e.g. QPO 1 

2 
, 

PO 1 , QPO 2 , QPO 3 ) draws from approximate frequencies, which in
roup 1 approximately matches the measured frequency ratios. In 
roups 2–4, we only use QPO 1 

2 
and QPO 1 ; QPO 1 

2 
corresponds to

wo different peaks in Group 3a. 
In Figs 2 (a), 3 (a), 4 (a), 5 (a), and 6 (a), we plot centroid frequencies

f the rele v ant peaked noise and QPO features fitted in the same
ower spectrum versus ν1 (the centroid frequency of QPO 1 ). The 
rror bars indicate the extremes of the 2-parameter 99 per cent 
onfidence contour ( �χ2 = 9.21) of the best-fitting centroid fre- 
uencies for a given frequency pair. Most of these QPOs have been
reviously reported to belong to class A, B, and/or C, and we indicate
hese classifications with different plot symbols ( squares , stars , and
MNRAS 496, 5262–5281 (2020) 
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Figure 3. As in Fig. 2 , but for GRO J1655–40. Power spectra with reported 
simultaneous Type B and C QPOs by Motta et al. ( 2015 ) are indicated with 
o v erlapping red stars and triangles . 
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o v erlapping red stars and triangles . 
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riangles , respectiv ely). F or this, we use the following references:
otta et al. ( 2015 ) for all sources, and additionally: Motta et al.

 2014b ) and Remillard et al. ( 2002 ) for XTE J1550–564, Motta
t al. ( 2011 ) for GX 339–4, and Gao et al. ( 2017 ) for H 1743–322,
TE J1550–564 and GX 339–4. If a QPO type was not reported in
NRAS 496, 5262–5281 (2020) 
hese previous works, we use a circle. If different classifications of
he same QPO exist, we use the one reported in the most recent work,
ee the Appendix for details. 

In Figs 2 (b), 3 (b), 4 (b), 5 (b), and 6 (b), we plot the HIDs of our
ources using all observations in the RXTE archive in grey , and the
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Figure 5. As in Fig. 2 , but for XTE J1550. The red power spectrum contains 
a simultaneous Type B and C QPO, as reported by Motta et al. ( 2015 ). 
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bservations containing the QPOs reported in Table 2 . The open 
ymbols refer to single QPOs that were not included in this work for
ack of other QPOs in the same power spectrum, but were reported
n Remillard et al. ( 2002 ), Motta et al. ( 2011 , 2014b , 2015 ), or Gao
t al. ( 2017 ). We indicate other observations where we find a single
PO with crosses in the HIDs. Towards lower intensity, where the 
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Table 3. Best-fit ratios for QPOs in Group 1 per source. Errors quoted use 
�χ2 = 9 (3 σ 1-parameter error). 

Source QPO pair #Maps Best-fitting a (3 σ ) χ2 /d.o.f. 

GX 339–4 QPO 1 ,QPO 2 49 2.011 + 0 . 005 
−0 . 006 20801/16050 

QPO 

1 
2 
,QPO 1 32 1.945 ± 0.004 16051/10490 

QPO 1 ,QPO 3 4 3.009 ± 0.009 1460/1289 
GRO J1655–40 QPO 1 ,QPO 2 16 2.01 + 0 . 03 

−0 . 01 6209/5455 
4U 1630–47 QPO 1 ,QPO 2 2 2.06 ± 0.08 868/719 
XTE J1550–564 QPO 1 ,QPO 2 63 1.975 + 0 . 002 

−0 . 003 30547/20366 
QPO 

1 
2 
,QPO 1 46 1.995 ± 0.004 23645/14698 

QPO 1 ,QPO 3 4 3.022 + 0 . 01 
−0 . 07 2024/1386 

H 1743–322 QPO 1 ,QPO 2 52 1.988 + 0 . 005 
−0 . 003 21252/17354 

QPO 

1 
2 
,QPO 1 22 2.04 + 0 . 03 

−0 . 02 9778/7153 
QPO 1 ,QPO 3 8 3.01 ± 0.03 3126/2663 
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Figure 7. (a) QPO frequency ratios ( ν3 / ν1 plotted in ma g enta , ν2 / ν1 plotted 
in blue , and ν 1 

2 
/ ν1 plotted in green ) in Group 1. Integer frequency ratios are 

indicated with grey horizontal lines. Errors use �χ2 = 1, the error on the 
ratio assumes uncorrelated errors on the frequencies. (b) As in panel (a) but 
with ν1 / ν 1 

2 
in Group 2 (plotted in cyan ), Group 3 (plotted in orange ), Group 

3a (plotted in yellow , the two frequencies of QPO 1 
2 

are both included), and 

Group 4 (plotted in red ) versus ν1 . 

3

S  

c  

d
 

t  

Q
 

G
h  

t

4  

T  

l  

l

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/496/4/5262/5866502 by guest on 09 April 2024
.1 Fits to QPO relations in Group 1 

e report the best-fitting proportionality constants ( a ) to the various
requenc y–frequenc y relations of QPOs in Group 1 for each source
n Table 3 measured using the method of van Doesburgh & van der
lis ( 2017 ) (see Section 2 ). 
We provide plots of the significances of the residuals to each fit,

hich we calculate directly from the χ2 contributions of each point 
o the o v erall χ2 of the fit, using confidence levels appropriate to 2
arameters such that the 2 σ ( = 95.4 per cent ) confidence level, for
nstance, corresponds to a χ2 contribution of 6.17. In Figs 2 (c), 3 (c),
 (c), 5 (c), and 6 (c), we combine the residuals of the frequency–
requency fits in one plot per source. In Fig. 7 (a), we plot the
requency ratios ν3 / ν2 , ν2 / ν1 , ν1 / ν 1 

2 
versus the frequency of QPO 1 

or Group 1 with single parameter 1 σ -errors, which for the ratios
ere obtained by standard error propagation. (In this figure we use 

ess conserv ati ve error bars as we are only interested in displaying
eneral trends of the QPO frequency ratios.) A histogram of this plot
s shown in Fig. 8 (a). 

We find small but very significant offsets (in some cases > 40 σ )
rom integer proportionality constants ( a ). A careful analysis of how
hese offsets arise suggests that the main cause is the presence of
requency pairs with small error bars contributing a highly significant 
on-inte ger frequenc y ratio. These show up in the residual plots as
he � 3 σ deviations. Indeed, although the reduced χ2 values of the 
ts are all < 1.6, in view of the high number of degrees-of-freedom
which arise as we fit all power spectra simultaneously to measure the
requency relations, see van Doesburgh & van der Klis 2017 ) many
f these χ2 values are formally unacceptable. We further investigate 
PO pairs causing notable outliers for each source in the Appendix. 
e conclude that in the majority of cases they can be explained

y the shape of a Lorentzian not matching the QPO peak perfectly.
ostly, this applies to QPOs classified as Type B in earlier works
hich show little broad-band noise. We use a broad energy band in

his work, and as it is known that the QPO frequency can depend
n energy (van den Eijnden, Ingram & Uttley 2016 ), further study
s needed to accurately quantify this effect. In some power spectra, 
o we ver, (mostly seen for GX 339–4), the centroid frequency of
he sub-harmonic clearly is significantly higher than expected while 
here is no sign of an ill-fitting Lorentzian. Their ν1 / ν 1 

2 
frequency 

atios are ∼1.5, and stand out from others at ∼2 (see Fig. A3 ). The
ub-harmonic peaks are relatively weak and have low Q ( Q ∼ 2.5),
hich means their centroid frequencies could have been affected by 
lends with other low-frequency features. These QPO pairs are the 
ain reason for the extreme deviation from an integer proportionality 

f the QPO 1 
2 
, QPO 1 relation in GX 339–4 (see Appendix A ). 
.2 Frequency ratios in Groups 2–4 

imultaneous QPOs and peaked noise in Groups 2, 3, 3a, 4 are
learly not at integer frequency ratios, as evidenced by the significant
eviations from them in Figs 2 (a), 3 (a), 4 (a), 5 (a), and 6 (a). 
As in Figs 7 (a), in 7(b) we plot the frequency ratios ν1 / ν 1 

2 
versus

he frequency of QPO 1 , and use both the high and LF of the ’jumping’
PO in Group 3a. A histogram of this plot is shown in Fig. 8 (b). 
We find that Group 4 power spectra, which are seen for

RO J1655–40, 4U 1630–47, XTE J1550–564, and H 1743–322 
ave QPOs with frequency ratios larger than 2, and close to 3, and
hat can vary for a given source (e.g. 4U 1630–47). 

The frequencies of the QPOs in Group 3a ( yellow ) for 4U 1630–
7, with ν1 ∼ 13.5 Hz, are a factor ∼2 and ∼3 lower than of QPO 1 .
hose in Group 3a for GRO J1655–40 are a factor ∼1.5 and ∼2.5

ower than of QPO 1 with ν1 ∼ 18 Hz. For both sources, the variable
ow-frequency QPO therefore changes by a factor ∼1.5. The Group 
MNRAS 496, 5262–5281 (2020) 
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Figure 8. Number histograms of frequency ratios displayed in Figs 7 (a) 
and (b). 
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 ( orang e ) peak ed noise frequency occurs at the average of the two
PO frequency factors for these sources, at about half the frequency
f the > 10 Hz QPO. 
The majority of the QPOs in Group 2 ( cyan ) have frequency

atios that are slightly lower than 2. For H 1743–322, we have many
etections of Group 2 power spectra that clearly form a homogeneous
nd separate group from the other power spectra with multiple QPO
een for this source. We plot the frequency ratio of these Group 2
POs separately in Fig. 9 , versus the frequency of QPO 1 

2 
. As can

e seen in Fig. 6 (a), QPO 1 
2 

is not a single-valued function of QPO 1 ,
hich is why in this case we use the frequency of QPO 1 

2 
on the

 -axis. Clearly, for this source, the frequency ratio systematically
ecreases with QPO frequency. We note that the ’cathedral’ QPOs
n XTE J1859 + 226 (a source not included here, but which QPOs
e would categorize as Group 2) were previously reported by
odriguez & Varni ̀ere ( 2011 ) to be not harmonically related based
n a lack of bi-coherence and differences in QPO characteristics. 
QPO 1 does not have detectable harmonics at higher frequency in

roups 2–4. The 99 per cent confidence upper limits on a QPO 2 with
imilar Q as QPO 1 are better than ∼2 per cent rms (up to 1 per cent
ms) in Groups 2–3 and up to ∼0 . 4 per cent rms in Group 4. 

 DISCUSSION  A N D  C O N C L U S I O N  

hrough a systematic comparative analysis of simultaneous LF-
POs (0.1–30 Hz) in a sample of five BH-LMXBS we find that
hen focusing on QPO multiplicity, these QPOs present a rather
NRAS 496, 5262–5281 (2020) 
ifferent picture from the one obtained by casual inspection of the
ower spectra. We find there is an e xtensiv e set of observations with
ery similar power spectra, which we have designated Group 1 in this
ork, where the QPOs show up in the form of a set of harmonically

elated power spectral peaks, previously classified as Type B or Type
 depending on the amount of broad-band noise underlying the QPO
eaks. In addition to this, multiple QPOs occur in a much more
aried set of observations whose power spectra, designated Groups
–4 here, present a superficially similar picture of a set of 2 or 3
imultaneous QPO peaks in the 0.1–30 Hz range on top of various
road noise, but here closer scrutiny shows the peaks are not in
act harmonically related: their frequency ratios occur anywhere
n the range ∼1–3.5 with no preference for integer frequency
atios. 

In the Group 1 power spectra, which occur in the hard/hard-
ntermediate state, simultaneous QPOs have integer frequency ratios
ndicating a common physical origin for which precession is a viable
andidate (as discussed in the Section 1 ). 

Offsets from purely integer ratios are mostly caused in this group
y ill-fitting Lorentzian fit functions. We do ho we ver find some
ases where the sub-harmonic has significantly higher than expected
requency; an analysis comparing the QPO shape and frequency in
hort time segments and multiple energy bands is required to quantify
hese results further (e.g. van den Eijnden et al. 2016 ). 

The shifts from purely integer frequency ratios predicted by
scillation mode models (e.g. Titarchuk 2002 ; Varni ̀ere et al. 2012 )
re not observed to occur in any systematic way in Group 1. In a
i ven po wer spectrum, we do not detect of fsets for all harmonics,
nd the offsets we do observe cannot be systematically linked to the
PO parameters. 
Explaining the multiple QPOs with non-integer frequency ratios

n Groups 2–4 (that are clearly not caused by imperfect fits like
he outliers in Group 1) within a single model framework, such as
recession (Ingram et al. 2009 ) or intrinsic flow variability (Titarchuk
002 ; Varni ̀ere et al. 2012 ), is challenging. These models predict
nte ger, and near-inte ger QPO frequenc y ratios, respectiv ely, where
nstead we find significant and in some cases systematically varying
on-inte ger frequenc y ratios. Simultaneous corrugation and pressure
odes (e.g. Wagoner et al. 2001 ) could have unrelated frequencies,

ut are expected to have very different amplitudes, which is at odds
ith the QPOs we detect. A scenario that might perhaps account

or simultaneous non-harmonic QPOs is that of disc-tearing seen in
RMHD simulations (Liska et al. 2020 ). Inner and outer parts of the
isc can precess with different frequencies in this context. We note
hat as the Group 2–4 QPOs are observed mainly in high-inclination
ources (see Motta et al. 2015 and references therein) and not the low-
nclination source GX 339–4, the edge-on viewing angle of the flow

ight enhance physical effects that are not seen for low-inclination
ources. 

Taking one step back from trying to apply specific models, it is
seful to state a few general considerations that should apply to any
nterpretation of this rather complex QPO phenomenology. As all
imultaneous QPOs occur in the 0.1–30 Hz range, it needs to be
onsidered if one or both of the two simultaneous QPO peaks at non-
nte ger frequenc y ratios in Groups 2–4 (where we assume one QPO
nderlies the two ‘jumping’ QPOs in Group 3a) are similar to those in
roup 1, where 2–4 peaks are seen at inte ger frequenc y ratios. If both
eaks the same as Group 1 QPOs, then there must be a mechanism
hat shifts the peaks away from the harmonic relations seen for Group
. In a precession model that mechanism might be propagating warps
van den Eijnden et al. 2016 ). Additionally, something must prevent
ore than two peaks to show up. 
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Figure 9. Frequency ratio of Group 2 QPO 1 with QPO 1 
2 

in H 1743–322 versus ν 1 
2 

. A frequency ratio of 2 is indicated with a grey horizontal line. Errors use 

�χ2 = 1, the error on the ratio assumes uncorrelated errors on the frequencies. 
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If one of the peaks is a Group 1 QPO but the other is not, then
 second mechanism is needed beyond the mechanism responsible 
or Group 1 QPOs that somehow produces a QPO peak that is rather
imilar to the other peak but does not operate in Group 1. Additionally
n this scenario something must prevent harmonics of the Group 1 
PO to show up. 
If, finally, both peaks in Groups 2–4 are different from those 

n Group 1, then somehow the mechanism producing the QPOs in 
roup 1 is prevented from operating in Groups 2–4. We would need
ne or two additional mechanisms that do not operate in Group 1 to
roduce the two non-harmonic QPOs. 
Any additional mechanism producing the QPOs in Groups 2–

 could also be responsible for the higher-than-expected sub- 
armonics in Group 1. Of course, the QPOs in Groups 2–4 could
lso have different origins from group to group. Any combination of
he models mentioned earlier could underly these scenarios, with the 
xplicit requirement that in some of them, the QPOs lack harmonics. 

All of the suggested schemes have consequences for the A/B/C 

lassifications of the QPOs in Groups 2–4. In particular, lumping 
ome of these Group 2–4 QPOs with the B/C QPOs of Group 1 may
e misleading: their lack of harmonics and occurrence with a non- 
armonic companion suggests a different underlying mechanism. 
Future work includes analyses of simultaneous LF QPOs in 

ources not featured in this work. Additionally, it would be interesting 
o perform a detailed spectral-timing analysis of the different QPOs 
o further investigate the phenomenological grouping scheme we pro- 
ose. Also, if in the future the number of detections of simultaneous
POs at high ( > 100 Hz) and LF increases, it would be interesting to

tudy frequenc y–frequenc y correlations and compare them to model 
redictions and those seen in NS-LMXBs. 
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w  

igure A1. Characteristic power spectra for BH GX 339–4. The observations use
nd 70109-01-19-00 (Group 2) and 60705-01-84-02 (Group 1) and 70110-01-11-0

r

PPENDI X  A :  DETA I LS  O F  T H E  ANALYSIS  

ere, we report details of our analysis per source. In Figs A2 , A8 ,
10 , A12 , and A17 , we plot the fractional rms (added in quadrature

or all QPOs and the peaked noise components in Group 3 in
he power spectrum) versus QPO 1 . We note that the errors on the
ombined fractional rms values are o v erestimated, as we assume
he errors on the fractional rms of the different power spectral
omponents to be uncorrelated. The added fractional rms of the
POs in Group 2 (plotted in cyan ) stands apart by being notably

ower than that of those in Group 1 (plotted in blue ), supporting our
ate gorization. F or XTE J1550–564 ho we ver, this subdi vision is not
s clear. 

X 339–4 

n Fig. A1 , we show typical power spectra for GX 339–4 that contain
ultiple QPOs. 
Note that Group 1 includes power spectra with little broad-band

oise, see bottom right panel of Fig. A1 , identified as Type B in earlier
orks as well as power spectra with strong noise where the QPOs
ere identified as Type C. Following (Motta et al. 2011 ), we only use

he segments of observations 70109-01-07-00 and 70108-03-02-00
here we can detect multiple QPOs, discarding the segments where
 single Type A QPO is reported. 

We find observations with double QPOs in the soft state with fre-
uency ratios ( ∼2.2) 70109-01-19-00, 70130-01-01-00, and 92085-
1-01-05, see the top right panel of Fig. A1 . Although the frequency
atios for the QPOs in these observations are formally consistent
ith integers (within 3 σ ), we categorize these QPOs as belonging
d are in a clockwise direction from the top left: 95409-01-14-04 (Group 1) 
0 (Group 1). Note the different y -axis values. 
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Figure A2. Fractional rms versus QPO 1 for GX 339-4. Colours correspond 
to those used in Fig. 2 (a). 

Figure A3. Zoom-in of Fig. 2 (a). 

t  

a

r
 

a
0
9  

r  

t
t
0
ν

c  

f
w

m  

t  

c
o
n
a  

h

)z
H/ )nae

m/s
mr(( ytisned re

woP x )z
H( ycn euqerF

)a
mgis( slaudise

R

Frequency (Hz)

2

Figure A4. Fit and residuals to GX 339–4 observation 90110-02-01-02. The 
centroid frequency of the best-fitting sub-harmonic is indicated with the arrow 

at ν 1 
2 

= 3.30 ± 0.01, the expected sub-harmonic centroid frequency of exactly 

half the fundamental frequency ν 1 
2 

= 2.6 is indicated with the leftmost arrow. 
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o Group 2 as their low Q and comparable fractional rms amplitudes
re compatible with Group 2 QPOs. 

We further investigate notable outliers to the best proportionality 
atio fits seen in Fig. 2 (c). 

The QPO pairs in green with QPO 1 ∼5 Hz and QPO 1 
2 

∼3 Hz
re fitted power spectra of observations 90110-02-01-02, 90110- 
2-01-00 (two segments), 92085-01-03-00, 92085-01-03-03, and 
2085-01-03-02. We show a zoom of Fig. 2 (a) in Fig. A3 in the
ele v ant frequency range, the error bars indicate the extremes of
he 2-parameter 99 per cent confidence contour. In Fig. A4 , we plot 
he fit and residuals of the power spectrum of observation 90110- 
2-01-02 indicating the centroid frequency of the expected (with 
1 
2 

= 0.5 ν1 ) and best-fitting sub-harmonic with black arrows. The 
hoice of fit function does not seem to be the cause of a non-harmonic
requency ratio; the sub-harmonic and fundamental are well fitted 
ith Lorentzians. 
Omitting these two frequency pairs from the fit of all QPO 1 , QPO 1 

2 

aps, we obtain a 1.994 ± 0.015 (3 σ error) 9116/7605 ( χ2 /dof) fit,
he frequency pairs underlying the 3 σ outliers at ∼2 Hz now no longer
ontribute high �χ2 to the best-fitting ratio. The Type B residuals 
f the best-fitting QPO 2 , QPO 1 proportionality are systematically 
e gativ e. We use observation 91085-01-03-01 with ν1 ∼ 6.1 Hz 
s a test case to investigate further; both the sub-harmonic and the
armonic have similar negative ∼3 σ residuals which implies the 
ub-harmonic is too far below QPO 1 and the second harmonic is not
ar enough abo v e it. In Fig. A5 , we plot the fit and residuals of the
ower spectrum. The fit function does not describe the data well. It
eems likely that with a slightly lower QPO 1 frequency, which might
e achieved with a different fit function, the frequency ratios with
he harmonic and sub-harmonic could be reconciled with being 2 
nd 0.5, respectively. A similar conclusion was drawn by Nespoli 
t al. ( 2003 ) for the ∼6 Hz QPO in observation 70109-01-07-00; the
uthors find that a better fit to the QPO is obtained with a Gaussian
 Lorentzian, yielding a slightly lower centroid frequency than with 
 Lorentzian fit. 

The ∼3 σ positive residuals at ∼5.5 Hz are caused by an ill-fitting
PO 2 Lorentzian that o v erestimates the frequenc y. As an e xample of
MNRAS 496, 5262–5281 (2020) 
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Figure A5. Fit and residuals to GX 339–4 observation 92085-01-03-01. A 

Lorentzian does not perfectly describe QPO 1 with ν1 = 6.20 ± 0.01 Hz. Note 
how the right wing of the central QPO is fitted with an extra Lorentzian at 
∼8Hz. 
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Figure A6. Fit and residuals to GX 339–4 observation 70109-04-01-01. A 

Lorentzian does not perfectly describe QPO 2 with ν1 = 11.29 ± 0.05 Hz, the 
frequency is overestimated. 
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his, in Fig. A6 we plot an example for observation 70109-04-01-01
with a time selection between 5000-15000s), which causes a 2.9 σ
utlier. 

RO J1655–40 

n Fig. A7 , we show representative power spectra of the groups we
ncounter for this source. We rely on both Motta et al. ( 2014a , 2015 )
or the identification of QPOs as Type B or Type C. Some QPOs were
eported to have a sub-harmonic in Motta et al. ( 2014a , 2015 ) with
1 
2 

∼0.05–0.15 Hz. These features have low signal-to-noise ratio;
e do not detect them at > 2 σ . For observation 91702-01-80-01, we
NRAS 496, 5262–5281 (2020) 
eject the first third of the observation, during which no harmonic is
etected. 
All four groups of power spectra are seen for GRO J1655–40.

he residuals of the best-fitting ratios plotted in Fig. 3 (c) all fall
ithin 3 σ . The fit to the power spectrum causing the ∼2 σ outlier
ear ν1 = 10.4 Hz describes the data well. 

U 1630–47 

epresentati ve po wer spectra of the groups we encounter for this
ource are shown in Fig. A9 . As mentioned in the main text, Dieters
t al. ( 2000 ) investigated the power spectra in Group 3a in detail.
hey conclude that in addition to the ∼13.5 Hz QPO, only one QPO

s present with variable frequency that is related to dips in the light

art/staa1867_fA5.eps
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Figure A7. Characteristic power spectra for GRO J1655–40. The observations used are: 90704-04-01-00 (Group 1), 10255-01-05-00 (Group 2), 91702-01-59-02 
(Group 3), 91702-01-58-03 (Group 3a), and 91702-01-58-00 (Group 4). 

Figure A8. Fractional rms versus QPO 1 for GRO 1655. Colours and symbols 
correspond to those used in Fig. 3 (a). 
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urv e. The QPO frequenc y mo v es from 4–6 to 6–8 Hz. We categorize
ll power spectra with a QPO at ∼13.5 Hz as belonging to Group
a. Se veral observ ations (30188-02-03-00, 30188-02-04-00, 30178- 
2-01-01, 30178-01-03-00, 30188-02-02-00, 30172-01-01-03, and 
0188-02-01-00) contain two QPOs with lower Q and fractional rms 
han the QPOs in Group 1 (by a factor 2) setting them apart from
hat group. In observation 30188-02-02-00, we fit an additional sub- 
armonic QPO at ν ∼2.8 Hz. The frequencies of ∼5 and ∼8 Hz
POs in four of these observations are less than a factor 2 apart,

imilar to Group 2 power spectra, but in a few of the observations
he QPOs are at integer frequency ratios. We categorize these power
pectra as Group 2. 

TE J1550–564 

n Fig. A11 , we sho w representati ve po wer spectra of the four groups
e encounter for XTE J1550–564. In addition to those reported in
otta et al. ( 2014b ) we use identifications of Type B and Type C
POs reported in Remillard et al. ( 2002 ), where the timing and
MNRAS 496, 5262–5281 (2020) 
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Figure A9. As in Fig. A1 , but for 4U 1630–47. The observations used are in a clockwise direction from the top left: 30178-02-01-00 (Group 1), 30188-02-02-00 
(Group 2), 30178-02-02-01 (Group 3a), 80117-01-05-00 (Group 4), and 30178-01-10-00 (Group 3). 

Figure A10. Fractional rms versus QPO 1 for 4U 1630-47. Colours corre- 
spond to those used in Fig. 4 (a). 
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pectral behaviour of XTE J1550–564 are e xtensiv ely reported using
09 RXTE observations from 1998–1999. When two conflicting
dentifications of QPOs exist between Motta et al. ( 2014b ) and
emillard et al. ( 2002 ) (type A in Remillard et al. 2002 is Type B in
otta et al. 2014b ), we use those reported in Motta et al. ( 2014b ). 
QPOs classified as Type A-1 in Wijnands et al. ( 1999 ) and Homan

t al. ( 2001 ) were later identified as Type B Casella et al. ( 2005 ); we
se that latter identification. 
For observation 70109-01-19-00 we only use that part of the

bservation where multiple QPOs are seen. Representative power
pectra of Groups 1, 2, and 4 are shown in Fig. A11 . No Group 3 or
a power spectra were found for XTE J1550–564. 
We investigate notable outliers in Group 1 from the best pro-

ortionality fit further (see Fig. 5 c). In observation 50134-02-01-01
with QPO 1 at ∼4 Hz and QPO 2 at ∼8 Hz), we o v erestimate the
ower in the lower half of QPO 2 by fitting it with a Lorentzian. This
esults in the ne gativ e residuals around ∼7 Hz in Fig. A13 : the fit
unction does not match the data perfectly. This is also true for the
utliers in observation 50134-01-05-00 (with ν1 = 4.48 ± 0.01 Hz)

art/staa1867_fA9.eps
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Figure A11. As in Fig. A1 , but for XTE J1550. The observations used are in a clockwise direction from the top left: 30188-06-10-00 (Group 1), 40401-01-61-00 
(Group 2), and 30191-01-02-00 (Group 4). 

Figure A12. Fractional rms versus QPO 1 for XTE J1550. Colours and 
symbols correspond to those used in Fig. 5 (a). 
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Lorentzian does not match the shape of QPO 1 , see Fig. A15 . Adding 
an extra narrow component does not improve the fit, the wings of 
the QPO and the QPO remain ill-fitted. By using a Lorentzian we 
appear to o v erestimate the centroid frequenc y of the QPO, causing 
deviations for the (sub-)harmonics from the best-fitting ratio with 
QPO 1 . In Wijnands et al. ( 1999 ), Remillard et al. ( 2002 ), and Homan 
et al. ( 2001 ) a similar conclusion was drawn for other observations 
with similar power spectra. 

H 1743–322 

In Fig. A16 , we sho w representati ve po wer spectra of the four groups 
we encounter for H 1743–322. Our Group 2 power spectra all 
resemble the power spectrum of ‘observation 2’ by Homan et al. 
( 2005b ). In that work, the authors show that the power spectrum 

changes throughout this observation (one ObsID), and remark on the 
non-inte ger frequenc y ratio of the QPOs present. 

The frequency ratio of the majority of Group 2 QPOs indeed sig- 
nificantly and systematically differs from an integer when comparing 
m
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0191-01-29-00 (with ν1 = 4.86 ± 0.01 Hz), 30188-06-01-03 (with 
PO 1 = 1.033 ± 0.003 Hz). In observation 30191-01-31-01 (with 

1 = 6.75 ± 0.01Hz), we find a sub-harmonic at slightly higher 
requency (with > 3 σ ) than expected (with ν 1 

2 
= 3.49 ± 0.03, 

nalogous to the two cases we encountered for GX 339–4 (see 
ig. A4 ). We plot the fit and residuals in Fig. A14 , the residuals
how no sign of a bad fit. 

As a representative power spectrum of those containing the QPOs 
ausing the ne gativ e outliers at ∼6 Hz (indicated with stars , Type B)
e investigate observation 40401-01-55-00 further. We find that a 
MNRAS 496, 5262–5281 (2020) 

ultiple power spectra, see Figs 6 (a) and 9 . 
The residuals of the best proportionality fit of QPO 1 

2 
(in green ),

PO 2 (in blue ), and QPO 3 (in ma g enta ) with QPO 1 in Group 1 are
lotted in Fig. 6 (c). We find that the ne gativ e blue ∼3 σ residuals
round 3 Hz can be explained by the fit function not precisely
atching the data. As an example of this, we plot the fit and

esiduals of observation 80138-01-06-00 in Fig. A18 . By fitting a
ingle Lorentzian, we appear to o v erestimate the centroid frequency
f QPO 1 . 
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Figure A13. Fit and residuals to XTE J1550–564 observation 50134-02- 
01-01. We find that a Lorentzian does not perfectly describe QPO 2 with 
ν2 = 8.19 ± 0.03 Hz. 

Figure A14. Fit and residuals to XTE J1550–564 observation 30191-01-31- 
01. The centroid frequency of the best-fitting sub-harmonic is indicated with 
the arrow at ν 1 

2 
= 3.49 ± 0.03, the expected sub-harmonic centroid frequency 

of exactly half the fundamental frequency ν 1 
2 

= 3.35 is indicated with the 

leftmost arrow. 
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Figure A15. Fit and residuals to XTE J1550–564 observation 40401-01-55- 
00. A Lorentzian does not perfectly describe QPO 1 with ν2 = 6.14 ± 0.01 Hz. 
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Figure A16. As in Fig. A1 , but for H 1743–322. The observations used are in a clockwise direction from the top left: 80146-01-38-00, 80146-01-05-00, 
80146-01-65-00, and 80146-01-07-00. 

Figure A17. Fractional rms versus QPO 1 for H 1743-322. Colours and 
symbols correspond to those used in Fig. 6 (a). 
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Figure A18. Fit and residuals to H 1743–322 observation 80138-01-06-00. 
A Lorentzian does not perfectly describe QPO 1 with ν2 = 3.22 ± 0.005 Hz. 
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