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ABSTRACT
We are reaching the point where spectropolarimetric surveys have run for long enough to reveal solar-like magnetic activity
cycles. In this paper, we investigate what would be the best strategy to identify solar-like magnetic cycles and ask which large-
scale magnetic field parameters best follow a solar-type magnetic cycle and are observable with the Zeeman-Doppler-Imaging
(ZDI) technique. We approach these questions using the 3D non-potential flux transport simulations of Yeates & Mackay (2012)
modelling the solar vector magnetic field over 15 yr (centred on solar cycle 23). The flux emergence profile was extracted from
solar synoptic maps and used as input for a photospheric flux transport model in combination with a non-potential coronal
evolution model. We synthesize spectropolarimetric data from the simulated maps and reconstruct them using ZDI. The ZDI
observed solar cycle is set into the context of other cool star observations and we present observable trends of the magnetic field
topology with time, sunspot number, and S-index. We find that the axisymmetric energy fraction is the best parameter of the ZDI
detectable large-scale field to trace solar-like cycles. Neither the surface averaged large-scale field or the total magnetic energy
is appropriate. ZDI seems also to be able to recover the increase of the toroidal energy with S-index. We see further that ZDI
might unveil hints of the dynamo modes that are operating and of the global properties of the small-scale flux emergence like
active latitudes.
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1 IN T RO D U C T I O N

It is well known that the solar activity shows cyclic behaviour. At the
solar photosphere, the most obvious signature of the activity is the
cyclic evolution of the sunspots. Sunspots are foot points of strong
magnetic flux tubes breaking through the solar surface that appear
over a range of mid-latitude regions. The most prominent cycle at the
Sun is the 11-yr Schwabe cycle (Schwabe 1849). The sunspot number
(SSN) increases until the activity maximum is reached, while the
latitude of spot emergence decreases. At the activity maximum, the
solar dipolar field is near zero and switches polarity and strengthens
as the SSN decreases again. During the SSN minimum, the solar
dipolar field is strongest. To see the same polarity at the solar poles,
one needs to wait for two Schwabe activity cycles, so that the solar
magnetic cycle is ≈22 yr long.

Stars other than the Sun also show activity cycles. The Zeeman-
Doppler-Imaging technique (ZDI; Semel 1989; Donati & Brown
1997) is capable of mapping the large-scale magnetic fields of stars,
and unveiling global magnetic field reversals that are in phase with
the chromospheric activity cycle in a way that is similar to our
Sun for three stars: the F7 dwarf τ Boo (Jeffers et al. 2018) (age
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= 0.9 ± 0.5 Gyr; Borsa et al. 2015), the K dwarf 61 Cyg A (Boro
Saikia et al. 2016, 2018) (age = 6 Gyr; Kervella et al. 2008) and ι Hor
(Alvarado-Gomez et al. in preparation) (age = 0.88 Gyr; Stanke et al.
2006). Their magnetic cycle periods are shorter than the solar 22-yr
magnetic cycle with ≈240 d and ≈14 yr for τ Boo and 61 Cyg A,
respectively. In particular, the slightly older and cooler K dwarf
61 Cyg A shows a solar-like behaviour in its dipolar field being
strongest at activity minimum and weakest at activity maximum
(Boro Saikia et al. 2018). Boro Saikia et al. (2016) showed also that
the axisymmetry is in antiphase with the chromospheric activity and
the magnetic field topology becomes more complex during the activ-
ity maximum. In general, See et al. (2016) showed that stars having
high temporal variations have significant toroidal fields otherwise
their large-scale field is predominately poloidal like our Sun.

We are starting to observe small-scale star-spot distributions using
exoplanet transits as tracers across the stellar surface (e.g. Morris
et al. 2017). Netto & Valio (2020) were able to produce a butterfly
similar diagram of the spot distribution using this data. Yu et al.
(2019) analysed the low latitude magnetic and brightness spot
distribution using Doppler Imaging and ZDI of the T Tauri star
V410 Tau over many years and discovered that the latitude of spot
emergence increases over the 8 yr of observations.

This paper aims to examine if a solar-like cycle can be observed
with ZDI, given that this technique only detects the large-scale field
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1244 L. T. Lehmann et al.

for very slow rotating and low active stars like our Sun. We aim
to determine the best strategy to detect such a cycle, and which
parameters are most sensitive to cycle changes. A simple approach is
to look for polarity reversals in the reconstructed magnetic field maps.
However, a solar-like cycle is not only characterized by the polarity
reversals. It has many other characteristic signatures like the cyclic
variation of certain magnetic field parameters, e.g. the axisymmetric
field, so that a solar-like cycle can only be identified by analysing
several magnetic field parameters and activity tracers. Observing
slowly rotating sun-like stars is still challenging and magnetic field
maps can be misleading, e.g. it can be hard to accurately recover the
field distributions for stars that are seen more pole-on (see Lehmann
et al. 2019). We present a more reliable method for detecting solar-
like cycles using a parameter-based analysis of the magnetic field
topology.

The ZDI technique is limited among others by the stellar rota-
tion rate given by the projected equatorial velocity vesin i, which
determines the size of the resolution elements (see Morin et al.
2010, equation 3). Within the resolution elements, the magnetic
fields of different polarities cancel each other. ZDI can therefore
only detect the magnetic field topologies on length scales larger than
the resolution elements.

In Lehmann et al. (2019), we showed that ZDI can recover the
large-scale magnetic field topology accurately for sun-like stars
with the exception of magnetic field strengths, typically mapping
magnetic energies that are one order of magnitude lower than
input. ZDI recovers the ratio of the toroidal:poloidal field well, in
stars with moderate to high inclination angles. For more pole-on
inclination angles, the poloidal energy is underestimated and the
level of axisymmetry tends to be overestimated. Understanding the
properties of the large-scale field recovered in ZDI maps is essential
to interpreting the observed magnetic maps correctly. In Lehmann
et al. (2019), we showed that ZDI can also recover hints of the solar
active latitudes in the toroidal quadrupolar mode.

This particular study focuses on solar-age, slowly rotating solar-
type stars that have long rotation periods and therefore low vesin i
values. The solar vesin i is only 1–2 km s−1, depending on the line-of-
sight inclination i. As noted in Lehmann et al. (2019), rapidly rotating
younger stars will have correspondingly large vesin i values. The
greater number of Doppler-shifted contributions across the stellar
profile in a rapid rotator corresponds to an increasing amount of
spatial information encoded in the star’s spectral line profiles. It is
also worth noting that the rotationally broadened absorption line
profiles become increasingly shallow in rapid rotators and Doppler
imaging campaigns need to be planned so that they can obtain
sufficiently high SNR to detect structure robustly, while at the same
time minimizing the amount of phase blurring due to rapid rotation.
This is out of the scope of the current paper, which focuses on our
ability to recover solar-type activity cycles in stars that are of similar
age and therefore similar rotation and activity levels as the Sun.

To find the best strategy for detecting solar-like cycles, we analyse
118 simulated surface vector magnetic field maps based on solar
observations covering the years 1996–2011. The simulations include
SC23 and the first part of SC24. The simulations were presented in
Yeates & Mackay (2012). They modelled the solar magnetic field
from 1996–2011 using a non-potential flux transport model, using
the observed properties of the emerging flux extracted from solar
synoptic maps observed by the National Solar Observatory (NSO),
Kitt Peak (KP). The simulated vector magnetic field maps reach
from the solar surface up to the corona and were used to analyse the
chirality of the high-latitude filaments over SC23. We reconstruct the
magnetic field for 41 out of the 118 maps using the ZDI technique

(Hussain et al. 2016). We compare the magnetic field topology of
the simulations and their reconstructions and set them further in
context to the observed magnetic field topology presented by See
et al. (2016).

The paper is organized as follows: Section 2 introduces the
simulations and applied techniques, Section 3 presents the results,
and Section 4 closes with a conclusion and summary.

2 SI M U L AT I O N S A N D T E C H N I QU E S

We apply the Zeeman-Doppler-Imaging technique to synthetic
polarimetric spectra modulated from non-potential flux transport
simulations of the Sun.

2.1 Extracting the magnetic field topology for different length
scales

The spatial resolution of the maps obtained from ZDI, i.e. the
observed maps, is determined by the equatorial projected velocity
vesin i of the star. This prevents a direct comparison with the much
higher-resolution simulated input maps that we use. A fair order-
of-magnitude comparison can be achieved by decomposing the
magnetic field into its constituent spherical harmonics (Vidotto 2016;
Lehmann et al. 2018, 2019). A specific length scale can then be
chosen by the corresponding spherical harmonic mode �, while the
angular length scale can be approximately described by θ ≈ 180◦/�.
For example the large-scale field can be selected by filtering the low-
order spherical harmonic modes, e.g. � ≤ 5 or � ≤ 10 (see e.g. Morin
et al. 2010; Johnstone et al. 2014; Yadav et al. 2015; Folsom et al.
2016; Lehmann et al. 2017).

The vector magnetic field B can be described by the following
equations for the radial, azimuthal and meridional field:

Br (φ, θ ) =
∑
�m

α�mP�meimφ, (1)

Bφ(φ, θ ) = −
∑
�m

β�m

imP�meimφ

(� + 1) sin θ

+
∑
�m

γ�m

1

� + 1

dP�m

dθ
eimφ, (2)

Bθ (φ, θ ) =
∑
�m

β�m

1

� + 1

dP�m

dθ
eimφ

+
∑
�m

γ�m

imP�meimφ

(� + 1) sin θ
, (3)

so that (Br, Bφ, Bθ ) = B, where P�m ≡ c�mP�m(cos θ ) are the asso-
ciated Legendre polynomial of mode � and order m and c�m is a
normalization constant:

c�m =
√

2� + 1

4π

(� − m)!

(� + m)!
. (4)

The coefficients α�m, β�m, and γ �m can characterize any given
magnetic field topology without a priori assumptions (see Donati
et al. 2006). This description follows Elsasser (1946) and Chan-
drasekhar (1961, Appendix III) but applying a left-handed coordinate
system rather than the right-handed coordinate system of the original
literature. For the left-handed coordinate system, the radial field
component Br points towards outwards, the azimuthal component
Bφ runs in the clockwise direction as viewed from North Pole and
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the meridional field Bθ runs with colatitude (from north to south).1

We changed to the left-handed coordinate system to be consistent
with the previous publications related to this work (Vidotto 2016;
Lehmann et al. 2019).

Next to the spherical coordinate system (r, φ, θ ), the toroidal and
poloidal components are also often used:

Br,pol(φ, θ ) =
∑
�m

α�mP�meimφ,

Bφ,pol(φ, θ ) = −
∑
�m

β�m

imP�meimφ

(� + 1) sin θ
,

Bθ,pol(φ, θ ) =
∑
�m

β�m

1

� + 1

dP�m

dθ
eimφ, (5)

Br,tor(φ, θ ) = 0,

Bφ,tor(φ, θ ) =
∑
�m

γ�m

1

� + 1

dP�m

dθ
eimφ,

Bθ,tor(φ, θ ) =
∑
�m

γ�m

imP�meimφ

(� + 1) sin θ
, (6)

so that (Br,pol, Bφ,pol, Bθ,pol) = Bpol, (Br,tor, Bφ,tor, Bθ,tor) = Btor and
(Bpol, Btor) = B. The two coefficients α�m and β�m describe the
poloidal field, while γ �m characterizes the toroidal field. The sum-
mation is carried out from 1 ≤ � ≤ �max and from |m| ≤ �, where
�max indicates the selected maximum mode of the spherical harmonic
decomposition corresponding to the smallest included length scale.

For the analysis of the magnetic field topology, we often determine
the mean-squared flux density over the stellar surface by integrating
over solid angle where (d� = sin θdφdθ ). We do this for single
magnetic field components or the total field,

〈B2
k 〉 = 1

4π

∫
B2

k (φ, θ )d�, k ∈ (r, φ, θ) or k ∈ (pol, tor), (7)

〈B2
tot〉 = 1

4π

∫ ∑
k

B2
k (φ, θ )d�, k ∈ (r, φ, θ ), (8)

The mean-squared flux density is often called magnetic energy
(e.g. see review by Reiners 2012). For the magnetic energy of the
simulated maps 〈B2〉[G2] is a very good proxy but not equivalent, as
the factor 1

2μ
is missing to obtain the true magnetic energy density,

where μ is the permeability. It is assumed that the permeability
μ is constant across the stellar surface. For the observed and ZDI
reconstructed maps 〈B2〉[G2] is more accurately described as the net
magnetic flux energy per resolution element. Nevertheless, we refer
to 〈B2〉[G2] as magnetic energy in the following to be consistent with
the literature. Additionally, we compute the total surface average
field,

〈B〉 = 1

4π

∫ √∑
k

B2
k (φ, θ )d�, k ∈ (r, φ, θ ). (9)

The determination of the magnetic energies or surface average
field is either possible for a specific length scale by selecting the
corresponding � mode or for a specific sub-structure, e.g. the large-
scale field, by choosing the corresponding cumulative �� modes.
The cumulative modes �� include all lower modes. For example, the
cumulative �� = 3 includes all � modes � = 1 to � = 3.

1For a right-handed coordinate system, the azimuthal component Bφ runs in
the anticlockwise direction as viewed from the North Pole. The radial and
meridional component remain the same.

2.2 Simulations

Yeates & Mackay (2012) simulated the evolution of the photospheric
and coronal magnetic field for the Sun, covering 15 yr from 1996
to 2011. They used a non-potential model (van Ballegooijen, Priest
& Mackay 2000) connecting a surface flux transport model with
the magnetofrictional relaxation in the corona above. Further details
are available in section 2 of Yeates & Mackay (2012) and Yeates,
Mackay & van Ballegooijen (2008). The simulations are initialized
using a potential field extrapolation of the synoptic magnetogram
for CR19102 from the US National Solar Observatory, Kitt Peak
(NSO/KP), and were corrected for differential rotation to represent
1996 June 15. Photospheric motions are modelled using a surface
flux transport model (Leighton 1964; Wang, Nash & Sheeley 1989;
Sheeley 2005; van Ballegooijen et al. 2000; Mackay et al. 2004).
The supergranular diffusivity is given with D = 450 km2 s−1. The
meridional flow is described by the profile of Schüssler & Baumann
(2006),

uθ = C
16

110
sin(2λ) exp(π − 2|λ|), (10)

where λ = π/2 − θ is the latitude and C = 11 m s−1 the peak
speed. The differential rotation �(θ ) is modelled using the profile of
Snodgrass (1983),

�(θ ) = 0.18 − 2.30 cos2 θ − 1.62 cos4 θ deg d−1. (11)

The emerging active regions drive the evolution of the photo-
spheric and coronal field, while the coronal field is simultaneously
sheared by photospheric motions. The active regions are emerged
as idealised 3D magnetic bipoles (two spots of opposite magnetic
polarity) using the model of Yeates et al. (2008). The properties
of the active regions (magnetic flux, location, size, tilt angle) are
determined from NSO/KP synoptic maps.3 Further details can be
found in Yeates & Mackay (2012). In total, 1838 bipoles with a
magnetic flux between 2 × 1020 and 5.3 × 1022 Mx were emerged
between CR1911 (1996 June) and CR2110 (2011 May), although
there are three data periods (CR2015–16, CR2040–41, CR2091)
where no bipoles are inserted due to missing observational data.

We are only using the photospheric (r = R
) vector magnetic
field maps of this non-potential 3D simulation which extends up
to the corona. In total, we analysed all 118 maps. Table 1 in the
appendix lists the key parameters of the subsample that have a ZDI
reconstructed map and their related sunspot number (SSN) and S-
index. We used the monthly mean total sunspot number of the World
Data Center SILSO, Royal Observatory of Belgium, Brussels and the
S-index values published by Egeland et al. (2017) from the Mount
Wilson Observatory HK programme. Both, SSN and S-index, were
averaged over the Carrington rotation dates per map.

The S-index is a measurement of chromospheric emission ob-
served in the Ca II H & K line profiles. The S-index is defined by the
Mount Wilson Observatory HK project as

S = α
NH + NK

NR + NV

, (12)

where NH and NK are the counts in the 1.09 Å; triangular bands
centred on the Ca II H & K for the HKP2-spectrophotometer and NR

and NV are the counts in the 20 Å; reference bandpasses in the nearby
continuum region. The parameter α refers to a calibration constant

2Carrington Rotation (CR) 1910: 1996 June 01 to 1996 June 28.
3After 2003 with the SOLIS telescope, before with the older vacuum
telescope.
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Table 1. Selected data of the 41 simulated input maps and their ZDI reconstructed maps. The table is giving the map index, the time in
years and for the cumulative �� = 3 the total magnetic energy 〈B2

��=3,tot〉, the fraction of the poloidal field f��=3,pol, the fraction of the
axisymmetric field f��=3,axi for the simulated input maps and their ZDI reconstructed maps. The last two column refers to the sunspot number
(SSN) and S-index averaged over the Carrington rotation per map. The map index in the first column is a simple index number to identify
single maps, where a bold map index highlights the maps presented in Figs 1–3.

Simulated input map ZDI reconstructed map
Map index Time 〈B2

��=3,tot〉 f��=3,pol f��=3,axi 〈B2
��=3,tot〉 f��=3,pol f��=3,axi SSN S-index

(yr) (G2) (per cent) (per cent) (G2) (per cent) (per cent)

450 1997.23 10.19 88 94 1.44 86 95 12.1 0.1631
585 1997.60 8.77 90 92 1.46 91 96 35.7 0.1630
720 1997.97 9.83 85 64 1.80 89 70 55.5 0.1691
855 1998.34 10.71 81 44 2.21 88 63 74.0 0.1704
945 1998.59 8.73 86 48 1.39 93 73 121.1 0.1687
990 1998.71 12.26 91 36 1.95 91 41 132.0 0.1716
1035 1998.84 10.20 86 33 2.67 87 23 97.3 0.1716
1215 1999.33 5.94 82 27 1.02 79 32 93.6 0.1721
1260 1999.45 8.21 73 30 0.90 71 49 207.2 0.1739
1395 1999.82 19.52 93 6 4.26 81 6 168.7 0.1727
1440 1999.95 31.17 90 7 7.42 84 3 116.8 0.1752
1530 2000.19 18.34 75 9 5.63 82 2 217.7 0.1737
1620 2000.44 9.53 63 39 3.18 49 46 188.0 0.1772
1665 2000.56 10.60 83 22 1.58 69 23 244.3 0.1796
1710 2000.68 10.17 81 27 0.87 75 20 156.0 0.1826
1845 2001.05 9.30 77 28 2.51 70 10 142.6 0.1754
1935 2001.30 8.37 93 25 2.33 83 5 161.7 0.1765
1980 2001.42 10.59 91 22 1.64 86 10 202.9 0.1751
2025 2001.55 12.90 74 21 2.38 88 3 123.0 0.1759
2205 2002.04 35.68 81 13 3.84 83 8 184.6 0.1798
2295 2002.29 21.72 82 19 4.30 85 10 186.9 0.1762
2385 2002.53 15.32 92 30 1.54 92 22 161.0 0.1753
2430 2002.66 13.25 89 30 1.78 81 42 175.6 0.1758
2565 2003.03 17.35 82 34 4.25 82 21 133.5 0.1742
2700 2003.40 8.73 94 69 1.79 97 63 86.8 0.1706
2790 2003.64 11.44 89 66 1.77 96 73 115.4 0.1705
2925 2004.01 18.36 85 54 1.83 96 52 72.2 0.1735
3060 2004.38 14.97 91 66 1.78 98 74 72.8 0.1668
3195 2004.75 19.77 89 55 3.17 91 40 48.8 0.1656
3285 2005.00 17.36 93 61 5.35 91 44 28.9 0.1664
3420 2005.37 13.73 94 83 3.25 97 88 61.9 0.1653
3555 2005.74 15.64 97 82 2.85 97 83 37.2 0.1635
3690 2006.11 14.10 96 89 1.94 99 91 5.7 0.1651
3915 2006.73 14.16 97 86 3.12 99 88 23.7 0.1614
4185 2007.47 13.20 98 94 2.68 99 93 21.3 0.1639
4410 2008.08 12.85 99 95 2.61 100 97 4.1 0.1637
4680 2008.82 12.64 100 99 2.01 100 99 4.2 0.1631
4905 2009.44 11.55 99 99 2.02 99 96 2.9 0.1648
5175 2010.18 13.17 91 65 2.70 93 73 28.5 0.1642
5265 2010.42 9.54 94 78 2.47 94 73 13.9 0.1652
5400 2010.79 10.62 84 62 2.36 93 67 33.6 0.1649

(Vaughan, Preston & Wilson 1978). For further details, see Egeland
et al. (2017).

2.3 Map selection and Stokes profiles modelling

We analysed the magnetic field topology of all 118 simulated maps
covering SC23, looking at the small and large-scale field described
by the �� modes from 1 to 28.

From the 118 simulated maps, we selected 41 maps for ZDI
reconstruction. It would be highly unlikely to be awarded sufficient
telescope time to cover a stellar magnetic cycle in greater detail
than that for a slowly rotating and low-activity star like the Sun.
Half of the selected maps (21 maps) are equally spaced in time
from mid-1996 until the beginning of 2011. In addition, 20 maps are

selected in between, predominantly around the activity maximum,
as the simulated maps show the highest variation during this time
(e.g. see Fig. 9a). Table 1 lists the 41 selected maps and some of their
key properties. We modelled Stokes IV profiles for each epoch at a
number of rotational phases and used the resulting 41 time-series of
profiles as inputs for the ZDI code.

We modelled the Stokes IV profiles using the same procedure as
described in section 3 of Lehmann et al. (2019). The line profile
modelling is based on a Milne–Eddington atmosphere model. The
parameters of the line profile were fine-tuned to match the observed
spectropolarimetic data of the solar analogue star 18 Sco, as described
in Lehmann et al. (2019). The line profiles of simulated maps of the
SC23 are modelled, setting the rotation period of the Sun to 27 d
and assuming an inclination angle of 60◦. This corresponds to an
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equatorial velocity of ve sin i = 1.62 km s−1. We apply 30 velocity
bins ranging from −20 to 20 km s−1 per Stokes profile, corresponding
to a spectral resolution similar to HARPS. The local Stokes V profile
for each element across the stellar disc is modelled as the derivative
of the local Stokes I profile. Each time-series of Stokes V profiles
consists of 25 observational phases equally spaced in time, which
corresponds to an observation every 0.04 observational phase or
every 14.4 in longitude. We assumed a fixed signal-to-noise ratio
(S/N) corresponding to 10 per cent of the maximum amplitude of
all Stokes V profiles across the solar cycle, so that each map is
differently affected by the noise. Naturally when observing distant
stars, it is often not practical or even possible to fine-tune the noise
levels of spectropolarimetric data sets acquired over multiyear time-
scales.

The Stokes V amplitudes of the 118 maps range from 2.02 ×
10−5 V/IC to 7.83 × 10−5 V/IC, where IC is the Stokes I continuum
level. The corresponding continuum S/N of 10 per cent of the
maximum amplitude is then S/N ≈ 130 000. A fixed S/N allows us
to analyse the effect of the noise on the detected large-scale magnetic
field topology reconstructed along the magnetic cycle. Further S/N
ratios were tested, e.g. S/N = 30 000, 80 000, guided by typical and
very good S/Ns of current observations (see e.g. Jeffers et al. 2014;
Boro Saikia et al. 2018), and an S/N = 425 000 that corresponds
to 3 per cent of the maximum amplitude of all Stokes V profiles
along the cycle. It was not possible to extract reliable maps using a
S/N = 30 000 or 80 000 as the Stokes V profiles become too noisy.
An S/N = 425 000, corresponding to 3 per cent of the maximum
amplitude, leads of course to less noisy Stokes V profiles and more
detailed maps, but obtaining such a high S/N for a solar-like star is
not possible with current telescope facilities. Even an S/N of 130 000
is challenging today. For one example map, we artificially increased
the field of the input map for all three components by a factor of 10
dropping the S/N to 12400 for the resulting Stokes V profiles. The
corresponding ZDI map looks the same as for the higher S/N map
from the morphological point of view.

2.4 Zeeman-Doppler-Imaging

We applied the same ZDI methodology as described in sections 2
and 3 of Lehmann et al. (2019) using the ZDI code presented in
Hussain et al. (2016). The � modes are equally weighted, so that all
� and m modes contribute equally to the topology. No length scale
and no axi- or non-axisymmetric field configuration is preferred.
We allowed a maximum �� mode of ��, max = 7, following the
results of Lehmann et al. (2019). For the majority of the maps
only the �� modes up to �� ≤ 5 show significant magnetic energy.
ZDI suffers from the ambiguity that an infinite number of magnetic
field distributions can fit the Stokes IV timeseries. To overcome this
problem, we apply the maximum entropy approach (see e.g. Donati
& Brown 1997; Hussain, Jardine & Collier Cameron 2001; Hébrard
et al. 2016). The maximum entropy approach chooses the field
configuration containing the least amount of information required to
fit the observations to a specific χ2. The amount of the information is
determined via the entropy S. We use the form of entropy presented
in Folsom et al. (2018, equation B11).

The left-hand panels of Figs 1–3 show the Stokes V spectra fits
obtained from ZDI for three maps taken from our data set. We present
one map for the rising phase of the cycle (map 0720 corresponds to
the year 1997.97), one for activity maximum (map 1620 = 2000.44)
and one from activity minimum (map 4680 = 2008.82). Table 1 lists
further information about the individual maps. The Stokes V profiles

with noise added are plotted as black solid lines and their ZDI fits
as red solid lines. In addition, we overplot the original noise-free
Stokes V profiles as blue dashed lines to indicate what was initially
input. In most cases the ZDI fits and the noise-free input Stokes V
profiles are very similar.

The three example maps presented here were fitted with reduced
χ2 = 1.1−1.2. We fit every map to the level of χ2 where the map and
magnetic field values no longer change significantly, when pushing it
to lower χ2 values, but are not overfit. If we push the χ2 lower by 0.1,
the changes in the maps can barely be seen with the eye. The magnetic
energy values change at most by 2–4 per cent and the fractions only
less than 0.5 per cent. Compared to the general spread in the input
and ZDI maps, this effect is very small. By pushing the fit to even
lower χ2 values, we start to overfit the maps. This can be seen by a
regular non-axisymmetric pattern starting to appear predominantly
at the Southern hemisphere and an increase in the non-axisymmetric
energy and fractions. The best fit was achieved for map 0945 with a
reduced χ2 = 1.05. The ZDI maps were successfully fitted with χ2 ≤
1.8 with one exception: map 1665 could only be fitted with a reduced
χ2 = 2.7; this is the map with the highest number of sunspots.
We noticed that the Stokes V amplitude decreases around activity
maximum. The maps around the activity maximum are therefore
more strongly affected by the noise, which is set to be constant along
the cycle, due to their lower Stokes V amplitude. Small mismatches
(barely noticeable by eye) can cause quickly rising χ2 values for
such low-amplitude Stokes V signatures. A low-amplitude Stokes V
signature at activity maximum might appear counter-intuitive at first
glance. During solar activity maximum, the solar surface is filled
with strong magnetic field regions with sizes that are still far below
the corresponding spatial resolution, so the strongest magnetic fields
remain undetectable in the disc-integrated Stokes V profiles and
therefore in the ZDI maps. The contributions from the magnetic
field regions cancel out within each resolution element across the
stellar disc, the size of which is relatively large for the slowly
rotating Sun; reaching an angular size of θ ≈ 35◦ in diameter at the
equator.

The panels to the right in Figs 1–3 display the Mollweide projected
maps for the radial (top), azimuthal (middle) and meridional field
(bottom) for the Stokes V timeseries displayed in the left-hand panel
of each figure. The maps in the left column are the fully resolved
simulated maps from which the Stokes V profiles were modelled. The
next column shows the large-scale field for �� = 3 of the simulation
and the last column shows the ZDI reconstructed maps. The ZDI
reconstructed maps show the best agreement to the magnetic field
structures of the �� = 3 of the simulation. ZDI is restricted by the
stellar inclination angle of 60◦, which prevents the detection of parts
of the Southern hemisphere magnetic field. The maps therefore show
very few structures below 30◦S in latitude. We see that the magnetic
features in the radial map and the azimuthal map are well recovered
by ZDI, e.g. for the more structured maps of the increasing and the
maximum phase see (Figs 1 and 2). The meridional component is
sometimes affected by crosstalk with the radial field, especially for
low-amplitude Stokes V observations during the activity maximum
(see Fig. 2). The dipole-dominated field during the activity minimum
is also very well reconstructed by ZDI (see Fig. 3). This map also
illustrates very well that the large-scale field of the Sun, and therefore
also ZDI, is blind to the presence of small-scale single bipolar
sunspots.

To observe a stellar magnetic cycle with 41 well-sampled ZDI
maps is still very unlikely even for longer solar-like cycles. We apply
therefore a small statistical analysis to mimic eight observations per
cycle. The time-scale of the simulated cycle is divided into eight
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Figure 1. Left-hand panel: The ZDI fit (red solid line) of the noisy Stokes V profiles (black solid line). For demonstrating the accuracy of the fit we overplot the
noise-free Stokes V profiles (dashed blue line) for comparison. The dashed black line is the null line and the observation phases are written to the right. Three
panels to the right: The Mollweide projected maps for map number 0720 (year = 1997.97; increasing phase). From left to right: The full resolved simulated
input map from which the Stokes profiles were modelled, the large-scale field of the input map for �� = 3 and the ZDI reconstructed map. From top to bottom:
The radial, azimuthal, and meridional surface magnetic field. Be aware of the use of two different colour bars.

bins equally spaced in time. As the selected 41 maps are not equally
spaced in time, it appears that some bins contain a higher number of
maps than others. We randomly select one map per bin and repeat
the draw of the 8 maps 100 times.

3 D I S C U S S I O N O F T H E C H A N G I N G
M AG N E T I C F I E L D TO P O L O G Y A L O N G TH E
AC TIVITY CYCLE

We present an analysis of the magnetic field topologies of 118 surface
magnetic field maps simulated with a 3D non-potential flux transport
model based on the observations of the solar cycle 23 (SC23) and of
their 41 ZDI-reconstructed maps. The simulated maps of SC23 and
their ZDI reconstructions are set into the context of other cool star
observations in Section 3.1. We find that the correlations of certain
magnetic field parameters with S-Index are detectable with ZDI (see
Section 3.2). We also present how the magnetic field parameters
evolve along the magnetic cycle in Section 3.3 and examine whether
ZDI is able to recover hints of the operating dynamo driving the
magnetic cycle in Section 3.4.

3.1 Placing solar cycle 23 in context of cool stars observations

First, we compare the large-scale magnetic field properties of the
simulations and their ZDI reconstructions using an often used format
that was first introduced by (fig. 14 of Donati et al. 2008). Fig. 4
presents the total magnetic energy 〈B2

tot〉 (see equation 8), indicated

by symbol size, the fraction of the poloidal field by symbol colour,

fpol,��
=

〈
B2

pol,��

〉
〈
B2

tot,��

〉 , (13)

and the axisymmetric poloidal fraction by symbol shape,

faxi,pol,��
=

〈
B2

m=0,pol,��

〉
∑
m

〈
B2

m,pol,��

〉 , (14)

for the subset of the 41 simulations (Fig. 4a) and their ZDI
reconstructions (Fig. 4b). We present the results including only �

modes up to �� = 3. We find that that the large-scale magnetic field
properties as well as the maps are most similar for the cumulative
�� = 3 mode. In Appendix A, we discuss the inclusion of different
cumulative �� modes and show the corresponding result of Fig. 4
by including further �� modes. The simulations (Fig. 4a) reproduce
the observational results of solar cycle 23 very well. The magnetic
topology changes rapidly around the activity maximum in 2001 and
shows less poloidal and less axisymmetric poloidal topologies while
huge changes appear on short time-scales. At activity minimum the
topology is strongly poloidal and axisymmetric poloidal, showing
only small variations. Unique features of the SC23, e.g. the extended
decreasing phase and the long activity minimum, are well captured by
the simulations. The large-scale magnetic energy 〈B2

tot〉 recovered by
ZDI is smaller for every map in all �� modes. The ZDI maps show
lower poloidal and axisymmetric poloidal fractions than the input
maps at the activity maximum while the topology is well recovered
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Figure 2. The Stokes V profiles and Mollweide projected maps for map number 1620 (year = 2000.44, maximum phase). The same format is used as for Fig. 1.
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Figure 3. The Stokes V profiles and Mollweide projected maps for map number 4680 (year = 2008.82, minimum phase). The same format is used as for Fig. 1.
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1250 L. T. Lehmann et al.

(a)

(b)

Figure 4. The large-scale magnetic field topology for the 41 simulated maps
(a) and their ZDI-reconstructed maps (b) presenting the cumulative �� =
3 mode. The y-axis indicates the sunspot number (SSN) and the x-axis the
time in years. The symbol size displays the logarithmic total magnetic energy
〈B2

tot〉. The symbol colour represents the fraction of the poloidal field fpol

and the symbol shape shows the fraction of the axisymmetric poloidal field
faxi, pol. See the legend on the right for the numbers.

at the activity minimum. ZDI seems to recover the large-scale field
topology very well for SSN <100 despite the lower magnetic energy.
The simpler the field topologies become for low SSN, the easily ZDI
recovers the large-scale topologies.

We compare the large-scale field from the solar cycle simulations
with the analysis of the large-scale fields recovered from ZDI maps
of cool stars from (Fig. 2 See et al. 2015), showing the toroidal 〈B2

tor〉
against the poloidal magnetic energy 〈B2

pol〉 for �� = 3 (see Fig. 5).
The solar cycle simulations (circles) for high SSN occupy the same
region of the plot as ε Eri or HN Peg. The ZDI reconstructions
(triangles) show an offset of around one order of magnitude in
the toroidal and poloidal energy, similar to our previous results
in Lehmann et al. (2019). There is an even higher offset in 〈B2

tor〉
for low SSN maps. For SSN below ≈ 50 the toroidal magnetic
energy in the simulated maps drops suddenly, while the poloidal
energy stays constant (see Fig. 5). This trend is recovered well by
ZDI. Or in other words, for SSN > 50, 〈B2

tor〉 and 〈B2
pol〉 follow the

power-law relation 〈B2
tor〉 ∝ 〈B2

pol〉0.8±0.3. Below this limit 〈B2
pol〉 stays

constant and only 〈B2
tor〉 decreases further with decreasing SSN. The

higher the SSN, the higher 〈B2
tor〉, which indicates that the large-scale

toroidal field energy is driven to a significant degree by the magnetic
energy of small-scale field structures like sunspots. As the dipolar
field is almost zero for higher SSN, we assume that the power-law
relation is mainly determined by small-scale flux emergence. For
the large-scale poloidal field 〈B2

pol〉, we see that small-scale field
structures can contribute at SSN > 50, but do not have to. The lower
limit of the large-scale poloidal energy 〈B2

pol〉 (≈ 10 G2 for the input

Figure 5. The magnetic energy of the toroidal field 〈B2
tor〉 over the poloidal

field 〈B2
pol〉. The observed stars are displayed by grey symbols, where stars

with masses equal or higher than 0.5 M
 are plotted as squares otherwise as
pentagons. The simulated maps of solar cycle 23 are plotted as circles and
ringed with a black border if they have a corresponding ZDI map and the ZDI
reconstructed maps are displayed as triangles. All symbols are colour-coded
by sunspot number (SSN) and the results are shown for �� = 3, see legend
on the right.

(a) (b)

Figure 6. The surface averaged large-scale magnetic field 〈B〉 including ��

= 3 (a) and �� = 5 (b) plotted against S-index (a) and sunspot number (SSN)
(b), where the symbols are colour-coded by SSN using the same colour bar
as in Fig. 5 for both diagrams. The simulated input maps are displayed as
circles, where the 41 maps that have a ZDI reconstructed map are ringed with
a black boarder. The ZDI reconstructed maps are plotted as triangles. (b) The
solid black line indicates the slope of the input simulations determined via a
least-squares best fit 〈B��=5〉 = (3.0 ± 0.1) G + (0.016 ± 0.001) G · SSN.

maps) is most likely determined by the global dipolar field. The ZDI-
reconstructed maps show a wider spread than the input maps but note
the log–log scale. Nevertheless, the trends with SSN are reasonably
well recovered by ZDI.

3.2 ZDI observable trends

We demonstrate here that magnetic field parameters show defined
trends with sunspot number (SSN) and, more importantly for
observers, that they also show trends with S-index that should be
recoverable in ZDI maps of solar-like stars.

It is important to note that the surface-averaged large-scale field
〈B〉 is unable to trace the cycle. Fig. 6(a) shows the surface-averaged
large-scale field 〈B��=3〉 against S-index, where the symbols are
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Solar cycle identification with ZDI 1251

colour-coded by SSN, using the same format as in Fig. 5. The
simulations (circles) show an upper envelope, which increases with
S-index albeit with a large scatter, while the corresponding ZDI
reconstructions show a flat distribution with some spread. A slowly
rotating solar-like star is likely to display no detectable variation in
the averaged large-scale field recovered with ZDI.

This becomes even more striking if we go to the averaged large-
scale field 〈B〉 of the ZDI maps including � � modes up to �� = 5
against SSN (see Fig. 6b). The input simulations show a clear increase
of 〈B��=5〉 with SSN, while the ZDI reconstructions show only a flat
distribution, and generally lower values, ranging from 0.8–2.4 G.
That we do not see an increase of 〈B〉 with activity is a result of the
cancellation effects within the resolution elements on the projected
stellar disc. For higher activity, we see that the likelihood increases
of cancellation of magnetic flux of opposite polarity within each
resolution element, as the number of active regions with emerging
flux increases. During less active phases the Sun usually has only one
or two large spot groups at the same time but during the maximum
there are several (see also the fully resolved input maps in Figs 1 and
2). Higher activity in terms of an increased number of small-scale
flux events can therefore not be seen in the large-scale 〈 B〉 for slow
rotating solar-like stars.

When comparing simulations and reconstructions it is important to
consider the number of �� modes included (see detailed discussion in
Appendix A). The simulations and reconstructions are most similar
for �� = 3, but ZDI also recovers magnetic energies at higher ��

modes, which are included in the full ZDI map. For our simulated
Sun the ZDI recovered 〈B〉 increases only slightly by including ��

= 5 compared to �� = 3. However, this could be different for other
stars. One has to be aware, that with the restriction to �� = 3, we
discard information recovered with ZDI. We refer to the discussion in
the appendix, where we also provide a version of Fig. 6(a) displaying
〈B��=5〉 against S-index including the higher modes � = 4 and 5 (see
Fig. A2).

The attentive reader will have noticed that the trends are much
clearer for SSN than for S-index. Of course, it is impossible to
measure SSN for other stars than the Sun, whereas the S-index can
be measured relatively easily. In Appendix B, we show how S-index
and SSN are correlated for our data sample and discuss this further.

The poloidal energy 〈B2
pol〉 also shows a more or less flat distri-

bution with S-index, especially for S-index <0.167, although the
spread increases with increasing S-index (see Fig. 7a). However,
the toroidal magnetic energy 〈B2

tor〉 shows a trend with S-index that
seems to be observable by ZDI (see Fig. 7b). The toroidal energy for
�� = 3 modes of the ZDI reconstructed maps displays an increase
with S-index, as shown by the input simulations. We tested different
relations between 〈B2

tor〉 and S-index but the spread was too large
to derive secure results. We found that ZDI recovers most relations
within the errors, e.g. power or quadratic relations. Only the slope
of a linear relation between log〈B2

tor〉 and S-index could not be
recovered by ZDI. We plot a power law relation in Fig. 7(b) for S-
index <0.167 to highlight the increasing trend of 〈B2

tor〉 with S-index.
The S-index value of =0.167 correlates to a SSN ≈ 50. We already
saw in Fig. 7 that the behaviour of 〈B2

pol〉 and 〈B2
tor〉 changes at this

threshold.
The ZDI-recovered increase of the toroidal energy with S-index

might be a possible tracer to detect solar-like cyclic behaviour in
other cool stars and even to roughly estimate the magnetic activity
cycle phase. As the scatter is large, this indicator should be only
used to indicate higher and lower activity phases and needs to be
treated with caution in general. The slope of the toroidal energy with
S-index is shallow and for sun-like stars we expect only low toroidal

(a)

(b)

Figure 7. The poloidal 〈B2
pol〉 (a) and toroidal 〈B2

tor〉 magnetic energy (b)
against S-index for the cumulative �� = 3 mode using the same format as in
Fig. 6(a). The dashed line indicates S-index = 0.167. The solid lines indicate
the least-squared fits for the simulated input maps (circles) and the ZDI maps
(triangles) for the toroidal energy using a power-law relation.

energy values, which makes it challenging to use this as a definitive
indicator.

The fraction of the toroidal field,

ftor =
〈
B2

tor

〉〈
B2

tot

〉 , (15)

shows a shallow increase with S-index as well (see Fig. C1 in the
Appendix and discussion there). The wide spread and the low values
of ftor prevents ftor from being a reliable tracer for solar-like cycle.
It can only be used as an additional check if ftor is higher for larger
S-index and shows a more extended spread.

The toroidal and poloidal energies show clearer trends if plotted
against SSN. The poloidal energies reveal a lower limit for low
SSN that is most likely given by the global dipolar field at activity
maximum, while the toroidal energy increases with SSN (see Fig. B2
in the Appendix B).

We find that the S-index variations of the axi- and non-
axisymmetric energy are able to uncover solar-like cycles with ZDI.
The axisymmetric energy is defined here as the energy of the m = 0
mode for the corresponding � modes. The non-axisymmetric energy
is accordingly the energy stored in all m modes except for m = 0.
Fig. 8 displays the axisymmetric 〈B2

axi〉(Fig. 8a), non-axisymmetric
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(a)

(b)

(c)

Figure 8. The axisymmetric 〈B2
axi〉 magnetic energy (a), the non-

axisymmetric 〈B2
nax〉 magnetic energy (b) and the axisymmetric energy

fraction faxi (c) against S-index for the cumulative �� = 3. The dashed
line indicates S-index = 0.167 and the solid line the least-square fit through
all maps for faxi. The same format is used as in Fig. 6(a).

〈B2
nax〉 (Fig. 8b), and the axisymmetric fraction

faxi,��
=

〈
B2

m=0,��

〉
∑

m

〈
B2

m,��

〉 (16)

(Fig. 8c) against S-index using the same format as before. The
axisymmetric energy decreases with S-index, which is recovered
by ZDI. For S-index >0.167, the spread increases significantly. For

the non-axisymmetric energy, we see a strong drop of 〈B2
nax〉 for S-

index <0.167. This drop is well recovered by ZDI and indicates the
activity minimum at low SSN (colour-code).

We find that the axisymmetric fraction faxi is one of the best tracers
to detect solar-like activity cycle with ZDI maps. The axisymmetric
fraction decreases steeply with S-index following the linear relation

faxi ∝ (−52 ± 2) · S-index. (17)

The ZDI reconstructions perfectly recover the trend of the simu-
lations and show the same slope, within the error. As faxi ranges
from 1.0 to 0.0 with S-index, a large parameter range is covered
over the course of one magnetic cycle, increasing the likelihood
to detect this variation for other cool stars. Lehmann et al. (2019)
also showed, that faxi is well recovered for stars similar to the Sun
observed with a more equator-on inclination, making changes in faxi

the most significant marker of solar-like activity cycle with ZDI.
The ZDI-detected magnetic cycle of the K dwarf 61 Cyg A shows a
minimum in faxi for high S-index values (Boro Saikia et al. 2016) as
well, indicating solar-like cyclic behaviour.

To summarize, we find that ZDI maps can recover the decrease
in the axisymmetric fraction faxi with S-index and may be able to
recover the increase of the toroidal energy 〈B2

tor〉 with S-index if
〈B2

tor〉 is strong enough. We recommend to focus on the axisymmetric
fraction to detect solar-like cyclic variations using S-indices. In
addition, the non-axisymmetric energy 〈B2

nax〉 drops suddenly for
S-index <0.167, confirming the detection of a magnetic activity
minimum. We reiterate that the averaged large-scale field 〈B〉 or the
poloidal energy 〈B2

pol〉 show little variation with S-index in the ZDI-
reconstructed maps and are therefore unsuitable tracers of solar-like
activity cycles.

3.3 The variation of the magnetic field properties along solar
cycle 23

In this section, we analyse the variation of magnetic field parameters
with time.

First, we show the evolution over time of the total magnetic energy
〈B2

tot〉. Fig. 9 top displays 〈B2
tot〉 against time for the 118 simulations

for a range of cumulative �� modes �� = 1−28, indicated by colour.
The dipole mode is blue, the quadrupole mode orange and the higher
�� modes varying green, with the colour getting lighter with higher
�� . The logarithmic SSN is displayed as the black line (see the
right y-axis). The total magnetic energy of the cumulative high-��

modes closely follows the SSN evolution. They trace the magnetic
energy of both the large and small-scale fields. The low ��–modes,
which are only sensitive to the large-scale field, show very different
trends. The dipole mode � = 1 (blue circles) decreases during the
increasing cycle phase, is at a minimum at activity maximum and
rises rapidly at the beginning of the decreasing phase, before a slow
decline. The cumulative quadrupolar field follows the SSN trend:
it increases during the increasing phase, undergoes a maximum
at activity maximum and decreases until activity minimum. The
simulations reproduce the observed trends in the solar dipole and
quadrupole, DeRosa, Brun & Hoeksema (2012). The �� = 2 mode
shows a double peak feature during the maximum phase, which is
hard to see in the SSN on the log-scale. In general, the large-scale
field and the total field including the small-scale structures in the
simulations behave as expected from solar observations (see e.g.
DeRosa et al. 2012; Kakad et al. 2019).

The lower plot in Fig. 9 shows the 41 ZDI reconstructed maps
(empty triangles). The mean and standard derivation of the statistical
analysis for the eight bins (introduced at Section 2.4) are plotted
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Solar cycle identification with ZDI 1253

Figure 9. The total magnetic energy 〈B2
tot〉 over time for the cumulative ��

modes. The corresponding cycle phases are indicated by the coloured thick
lines at the top of each plot. Top: All 118 simulated maps of solar cycle 23.
The dipole mode � = 1 is blue, the quadrupolar mode �� = 2 is orange
and all higher cumulative modes �� = 3−27 are plotted as greenish circles,
where the colour lightens with �� mode. The sunspot number is over-plotted
as black line (see y-axis on the right). Bottom: All 41 ZDI reconstructed
maps (open triangles) and their binned mean (filled triangles) and standard
derivation (error bars) for �� = 1−7. The same colour schema is used as in
the top panel.

as filled triangles and corresponding error bars. Note that the range
of the 〈B2

tot〉-axes is different for the top and bottom panels. The
ZDI maps are only sensitive to the large-scale field. The first
seven �� modes are displayed using the same colour-scheme as
on the top panel. The ZDI-recovered total magnetic energy 〈B2

tot〉 is
approximately one order of magnitude lower compared to the input
maps as seen in Fig. 5. There is a large spread during the activity
maximum. We find that, by selecting randomly eight maps across
the cycle, one could be lucky and detect a solar-like cycle, but it is
also very likely to see no trend or a trend shifted in phase. The large
spread prevents a secure and reproducible detection. Using 〈B2

tot〉
from ZDI maps to estimate the cycle phase or even to detect activity
cycles on stars similar to our Sun is therefore not recommended. The
best tracer among those plotted in Fig. 9 is the dipole mode, which
shows the largest variability along time. All higher �� modes are, on
average over several maps, more or less constant along the cycle.

In the previous section, we saw that the fraction of the axisymmet-
ric field varies significantly over the solar cycle and that ZDI is able
to detect that variation making this magnetic field parameter one of
the best cycle tracers. In the Appendix C, we show the evolution over
time of the axisymmetric and non-axisymmetric energy separately
(see Fig. C2), as they show very distinct trends with time, which are
well recovered with ZDI. Here, we continue with Fig. 10 that shows
the evolution over time of faxi,��=3 combining both quantities (see
equation 16) for the cumulative �� = 3, using the same format as
Fig. 9.

The simulations (top panel) show a rapid decrease during the
increasing phase in connection with a broad minimum during the
maximum activity phase and a slow nearly linear increase during

Figure 10. The fraction of the axisymmetric field faxi for the cumulative ��

mode �� = 3. The same format as in Fig. 9 is used but only �� = 3 is plotted.

the decreasing phase. ZDI (bottom panel) ‘sees’ fewer details in the
increasing and decreasing phase, but clearly catches the maximum
and minimum phases, highlighting how well faxi is able to trace
solar-like cycles.

The trend of faxi with time is mainly driven by the axisymmetric
poloidal field, see equation (14). Lehmann et al. (2019) showed that
faxi, pol is best recovered by ZDI for stars similar to the Sun. The
trends with time and S-index look similar to faxi but show even
a bit less spread and stronger minima and maxima. The fraction
faxi, pol is therefore an equally good tracer for solar-like cycles. The
axisymmetric toroidal field displays only a large spread independent
of activity tracers or time and is not usable for solar cycle detection.

The evolution with time of the toroidal energy fraction ftor is not
a reliable tracer for solar-like cycle, see Fig. C3 in the appendix and
discussion there. A star similar to the Sun is too inactive to use ftor as
trustworthy cycle tracer. However, the detection of the ftor maximum
can be used as additional check to confirm the detection of the activity
maximum for the solar-like cycle. For stars more active than the Sun
ftor might be an effective cycle tracer. However, it is unclear whether
more active stars will follow solar-like trends.

ZDI recovers very well the poloidal fraction within 5 per cent on
average but the poloidal fraction shows only little variations with
time similar to ftor as fpol = 1 − ftor. This prevents the clear detection
of cycle phases or even a cyclic behaviour at all.

3.4 ZDI uncovers traces of the underlying dynamo

To uncover traces of the underlying operating dynamo, we recom-
mend the analysis of specific α and γ coefficients of equations (1)–
(3). Fig. 11 shows the evolution over time of α� = 1, m = 0 (blue) and
α� = 2, m = 0 (orange) (Figs 11a and b) and of γ � = 2, m = 0 (Figs 11c
and d). The α� = 1, m = 0 traces the radial poloidal axisymmetric dipole
mode of the star. Its evolution over time shows when the global dipole
flips its polarity (during the activity maximum) and when the new
dipole of opposite polarity is fully established and strongest (during
the end of the decreasing and minimum phase). We discover that ZDI
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(a)

(b)

(c)

(d)

Figure 11. The evolution over time of selected magnetic field coefficients
for the simulated input maps (a) and (c) and their ZDI reconstructions (b) and
(d) using the same format as in Fig. 9. (a) and (b) for the α� = 1, m = 0 (blue)
and α� = 2, m = 0 coefficient (orange) tracing the radial poloidal axisymmetric
dipole and quadrupole mode; (c) and (d) for the γ � = 2, m = 0 coefficient tracing
the toroidal axisymmetric quadrupole mode.

is extremely effective in recovering the trend of α� = 1, m = 0 obtaining
only small errors beside the offset to lower values. ZDI reconstructs
less magnetic field for the global dipole in general as seen before.
The relative evolution of the global poloidal dipole for the stellar
dynamos can be therefore very well studied with the help of ZDI.

The axisymmetric radial poloidal quadrupole α� = 2, m = 0 (orange
symbols) shows a more complex trend. The poloidal quadrupole
mode is expected to behave in antiphase to the poloidal dipole mode,
which is the case for the input maps. We see a wide spread during
activity maximum and that α� = 2, m = 0 is unusually high during the
last increasing phase. However, the polarity changes are still clearly
seen. The observed α� = 2, m = 0 from ZDI follows the same general
trend but the polarity flip appears earlier, presumably due to the larger
spread in the input maps. It is challenging to derive conclusions about
the cycle from the poloidal quadrupole based on ZDI observations

but stronger trends may be observed in more active, rapidly rotating
stars.

Further information about the non-radial poloidal field can be
uncovered by analysing the β coefficients (see equation 5). As
the ZDI-reconstructed meridional field is sometimes affected by
crosstalk, the ZDI-reconstructed β coefficients are similarly affected,
predominantly by the α coefficients. This prevents the use of the β

coefficient as a tracer.
The toroidal field can be analysed by focusing on the γ coefficients.

The best recovered trend is for the γ � = 2, m = 0 (see Figs 11c and
d). This mode, although part of the large-scale field, is affected by
small-scale flux emergence with opposite polarities at mid-latitudes
spanning the equator. The polarity flip of γ � = 2, m = 0 between the
different cycles is clearly seen but occurs differently between cycles
SC22 and SC23 around 1998, and between SC23 and SC24 in 2009.
The γ � = 2, m = 0 coefficient changes rapidly from negative to positive
between 1996 and 2000. We think this may be due to the fast transition
between these two solar cycles. We still see active regions from
the old SC22 cycle at low latitudes, while the first spot group of
opposite polarity occurs at high latitudes. At a certain point the
new sunspot polarity dominated and quickly changed the sign of
the γ � = 2, m = 0. As the latitudes of flux emergence decrease, the
γ � = 2, m = 0 coefficient gets weaker until it is near zero during the
strong minimum between 2008 and 2010, when nearly no active
regions emerged. After 2010, SC24 started with the emergence of
active regions at high latitudes, showing the opposite polarity and
resulted in the γ � = 2, m = 0 coefficient becoming strongly negative.
We think that the unusually strong minimum causes the different
behaviour of γ � = 2, m = 0 across the border between these two solar
cycles.

ZDI recovers the polarity flips but the error bars become pretty
large, so a robust detection of this phenomenon is challenging. The
solar toroidal field is relatively weak, so ZDI starts to struggle to
reliably recover the trend with time. Nevertheless, it is still worth
checking γ � = 2, m = 0 for any trends but keeping in mind the effect
may be subtle.

The dipolar toroidal mode γ � = 1, m = 0 displays a wide spread
as soon as sunspots emerge for the simulations (not shown). The
sign of γ � = 1, m = 0 swaps on individual maps, depending on which
hemisphere dominates the magnetic flux at the time. The behaviour
of γ � = 1, m = 0 is therefore highly dependent on the actual small scale
flux emergence. ZDI is not able to recover this as it is limited by the
inclination. However, more importantly, ZDI is blind to single flux
emergence events for slow rotating stars. The γ � = 1, m = 0 recovered
by ZDI is dominated by the behaviour of the γ � = 2, m = 0, reflecting
the global properties of the small scale flux emergence (the active
latitudes). An illustration of the toroidal field given by the γ � = 1, m = 0

and γ � = 2, m = 0 can be found in fig. 1of Lehmann et al. (2018).
We want to highlight once again, that for low vesin i, slowly

rotating, low activity solar-like stars, ZDI sees the large-scale field,
e.g. the dipolar field and the large-scale reflections or properties of
the small-scale flux emergence like the active latitudes reflecting
the general latitude of flux emergence. ZDI is able to recover most
features of the �� = 3 restricted stellar magnetic field topology. Only
features in the large-scale field that are reflections of single small-
scale events, e.g. the sign of γ � = 1, m = 0, are not recovered by ZDI.
As noted earlier, ZDI maps consistently recover lower magnetic field
energies in comparison to the simulated input �� = 3 stellar magnetic
field topology.

For the lowest order � modes, the non-axisymmetric modes m �= 0
can also be recovered by ZDI sometimes, e.g. α� = 1, m = 1, γ � = 1, m = 1,
α� = 2, m = 1, α� = 2, m = 2, β� = 2, m = 2, β� = 3, m = 1. However, the trends
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(a)

(b)

Figure 12. The ratio of the toroidal and poloidal magnetic energy TPR =
〈B2

tor〉/〈B2
pol〉 for the dipolar � = 1 and quadrupolar � = 2 mode. The four

little inserts at the top illustrate how the poloidal dipole (blue) and toroidal
quadrupole modes (red) vary along the solar cycle. The quadrupole mode
responds to the global properties of the small-scale flux emergence (black
dots). The same format as in Fig. 9 is used but presenting only the first two
single � modes.

over time do not show cyclic behaviour at the first glance. They tend
to show more variability during the activity maximum than during the
activity minimum. For slowly rotating low activity stars like the Sun,
ZDI is unlikely to recover strong trends in the m �= 0 components.

Tracing the evolution of the toroidal field is challenging in solar-
like stars. The ratio between the toroidal and poloidal magnetic
energy,

TPR =
〈
B2

tor

〉〈
B2

pol

〉 , (18)

is a good alternative to the γ coefficient and gives us important
information about the interaction between the large-scale and small-
scale field distributions for the specific case of our Sun and similarly
active stars. Fig. 12 shows the toroidal : poloidal magnetic energy
ratio (TPR) for the single � modes � = 1 and 2 using the same
format as Fig. 9. The dashed line indicates when the toroidal energy
dominates over the poloidal. The four little inserts at the top of Fig. 12
sketch the behaviour of the dipole (blue arrows) and of the global
properties of the small-scale flux emergence (red arrows4) during the
four phases of the solar cycle.

The TPR� = 2 (orange symbols) becomes strongly, even domi-
nantly, toroidal during the increasing phase, as the sunspots emerge
at mid-latitude range strengthening the toroidal � = 2 mode (see
Fig. 12a). The latitude of spot emergence decreases around the
maximum activity phase and hence TPR� = 2 decreases as well
staying more or less constant for the rest of the cycle. ZDI can

4The solar small-scale flux (sunspots or active regions in general) emerges at
mid-latitudes with opposite polarity across equator and is therefore captured
by the toroidal quadrupolar mode in the large-scale field (Lehmann et al.
2019).

reproduce some of the toroidal dominated TPR� = 2 maps but the
statistical analysis shows that it will be hard to catch the maximum
for TPR� = 2 during the increasing phase (see Fig. 12b). Nevertheless,
a strong TPR� = 2 can be a hint for mid-latitudinal spot emergence
for other cool stars that have a solar flux emergence pattern.

The TPR� = 1 (blue symbols) follows beautifully the trend of SSN
but is driven from the poloidal dipolar field evolution (see Fig. 12a).
The TPR� = 1 is maximum during the activity maximum, as the
poloidal �= 1 is weakest, and minimum during the activity minimum,
while the poloidal dipole is strongest. ZDI is well recovering this
trend (see Fig. 12b). The unusual early and rapid increase of the
TPR� = 1 for the beginning of SC24 could be related to the long
activity minimum 2008–2010. Janardhan et al. (2018) reported an
asymmetric polar field reversal that could be the reason for an
unusually fast decreasing dipolar poloidal mode. To draw more
reliable conclusions further simulations of the increasing phase until
the maximum phase and beyond for SC24 are needed.

Summing up: TPR� = 1 is dominated by the poloidal dipolar energy
but follows the SSN trend being clearly recoverable by ZDI. A strong
TPR� = 2 detected by ZDI can indicate a mid-latitude spot emergence
for stars with solar flux emergence profile.

4 C O N C L U S I O N A N D S U M M A RY

To detect a solar-like cycle using ZDI is challenging especially for
slowly rotating, low activity stars similar to the Sun but likely to
be possible. One of the biggest challenges, next to the low vesin i
and low activity of the targets, would be to get a sufficient number
of observations covering the long time range of a solar-like activity
cycle with high enough S/N and good phase sampling. Our study
focuses on very low vesin i, low activity, mature G dwarf targets
similar to our Sun. In most cases, stars observed with ZDI show
higher vesin i values and/or are more active stars. For these stars the
situation is likely to be different, so that some of the limitations we
see for solar twins, e.g. the limitation in spatial resolution and the
offset in magnetic energy, might not hold for higher vesin i stars.

As noted in the introduction, applying ZDI to younger more active
rapidly rotating stars has the effect of increasing spatial resolution
in the resulting maps. In addition, it appears that these younger
more active systems tend not to show activity cycles that exactly
correspond to the type seen on the Sun (Oláh et al. 2016). Our
simulations do not currently reach the activity levels corresponding
to these stars (see Lehmann et al. 2019), but a future study will
investigate the impact of broader vesin i values on the ability to
reconstruct more small-scale field with similar simulations to those
presented here.

Our study finds that the total magnetic energy and the surface-
averaged large-scale field are not able to trace solar-like activity
cycles for slow rotating mature G dwarfs. There are two main
reasons that a higher magnetic activity level cannot be seen in these
two parameters. First, the likelihood of cancellation increases for
magnetic flux regions of opposite polarity within each resolution
element, as the number of emerging flux events increases with an
increasing activity. Secondly, the large-scale field of the Sun is also
significantly driven by the dipole component, which is at its lowest
at activity maximum. A weak dipole would therefore decrease the
detectable large-scale solar field and magnetic energy during the
activity maximum.

To identify solar-like cycle with ZDI, the analysis of the fraction
of axisymmetric energy is the most promising tracer. This parameter
is well recovered by ZDI for slowly rotating solar-like stars and
shows a clear trend over time ranging from nearly 0 per cent to
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100 per cent. Furthermore, the analysis of the axisymmetric and
non-axisymmetric magnetic energy over time is also promising, as
both parameters show well distinguished and antiphase trends. We
recommend to focus more on the fractions than on the actual energy
values, as they are likely to be more robust, and are affected less or
not at all by the offset to lower magnetic energies reported for ZDI
detections of solar-like stars.

To additionally confirm the detection of an activity maximum,
we advise checking if the maximum of the toroidal field fraction
ftor appears at the same time as a maximum in non-axisymmetry,
although it can be challenging to detect reliable trends in ftor for
solar-like stars. A solar-like activity minimum can be additionally
confirmed by seeing a sharp decrease in the toroidal energy, while
the poloidal energy remains constant.

As S-indices can be derived from the same data that are used to
reconstruct ZDI maps, we recommend checking if the axisymmetric
fraction decreases with S-index while the toroidal energy increases.
It would be particularly interesting to compare the correlations with
S-index for several stellar cycles to uncover trends with different
stellar parameters like age or rotation period.

The comparison of the dominant coefficients α�, m, β�, m, γ �, m

(see equations 1–3), for different stars with magnetic cycles, has
the potential to become important for understanding the underlying
dynamo. For the solar case, ZDI is able to recover the important
role of the α� = 1, m = 0 and γ � = 2, m = 0 coefficients, corresponding to
the global poloidal dipole and the global properties of the emerging
small-scale flux dominating the observable toroidal large-scale field.

We are at the threshold of a very interesting time for understanding
stellar dynamos. The continued monitoring of cool stars with high-
resolution spectropolarimetric instrumentation will enable us to find
further stars with magnetic activity cycles, and by building up our
understanding of stellar dynamos in general, to search for a second
Sun.

In the following, we summarize our main findings as follows:

(i) The 3D non-potential surface magnetic field simulations of
Yeates & Mackay (2012) reproduce the solar cycle 23 (SC23) very
well and are in agreement with other observations of cool star
magnetic topologies reconstructed using ZDI.

(ii) The amplitude of the Stokes V profiles varies along the cycle,
and is lowest around activity maximum due to flux cancellation. The
ZDI-reconstructed maps are therefore most affected by noise during
the phases with highest sunspot numbers (SSN) and S-index.

(iii) ZDI recovers approximately one order of magnitude less
toroidal and poloidal magnetic energy in the large-scale field, but
does recover the same trends as the input simulations.

(iv) ZDI reconstructions are most accurate at SSN < 100. At
higher SSN, ZDI tends to underestimate the poloidal and axisym-
metric fraction up to 20 per cent on average.

(v) With decreasing SSN, the large-scale toroidal magnetic energy
decreases, while the large-scale poloidal energy shows a lower
limit at SSN < 50; most likely given by the global dipolar field.
The large-scale toroidal field seems to be driven to a significant
extent by small-scale magnetic field structures like active regions,
as we find that the toroidal energy increases with SSN. We caution
that in practice changes in the toroidal energy may show an even
larger scatter. Differing phase coverage and data quality in maps
derived over different epochs will affect the detection of toroidal
energy especially for low activity, slowly rotating stars. However,
the fractional energies are likely to be more robustly recovered over
the full time-scale of an activity cycle monitoring campaign.

(vi) The surface averaged magnetic field 〈B��=5〉 recovered by
ZDI is constant (〈B��=5〉 = 0.8 − 2.4 G) and blind to any trend in
activity.

(vii) The toroidal energy 〈B2
tor〉 increases with S-index and SSN,

which might be detectable for solar-type stars.
(viii) The axisymmetric fraction faxi shows a linear decrease with

S-index (see equation 17). The non-axisymmetric energy 〈B2
nax〉

displays a strong drop at S-index <0.167.
(ix) The best tracer for solar-like cycles is the fraction of the

axisymmetric field or the evolution of the axisymmetric and non-
axisymmetric magnetic energy over time. The total magnetic energy
〈B2

tot〉 or the surface average field 〈B〉 is inappropriate to detect solar-
like cycles or to estimate cycle phases.

(x) ZDI recovers well the trends in α� = 1, m = 0 and γ � = 2, m = 0

coefficients, which trace the evolution of the global poloidal dipole
over time as well as the global properties of the emerging small-scale
flux (active latitudes). These therefore provide hints about the acting
solar dynamo.
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A P P E N D I X A : TH E � MODE DI SCUSSI ON

In this paper and our previous study, we have discovered that the
large-scale magnetic field topology recovered by ZDI is most similar
to the input simulations for �� = 3. However, ZDI also recovers
magnetic energy in higher modes, � = 4 and 5, so the full resolution
of the reconstructed ZDI maps is higher than � = 3. By restricting
ZDI maps to � = 3, one should be aware that the magnetic energy
values and also the fractions recovered in these maps will be different
compared to the fully resolved input map. Nevertheless, for a fair
order-of-magnitude comparison one should always compare input

(a) (b)

(c) (d)

Figure A1. The large-scale magnetic field topology for the 41 simulated input (a, b) and their ZDI reconstructed maps (c, d) for �� = 3 (a, c) corresponding
to the cumulative �� mode that provides the best match between input simulations and ZDI reconstructions and for �� = 5 (b, d) corresponding to the full
resolution of the ZDI maps using the same format as in Fig. 4.
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Figure A2. The surface averaged large-scale magnetic field 〈B〉 including
�� modes up to �� = 5 plotted against S-index colour-coded by sunspot
number using the same colour bar as in Fig. 6(a).

and reconstructed maps using the same �� modes. We also strongly
suggest to only compare the magnetic field properties for different
stars if the ZDI maps include or are restricted to the same number
of �� modes, which is sadly often not the case in the literature. The
literature tends to use the full ZDI maps to compare and to analyse
the magnetic field properties of cool stars observations regardless of
the different numbers of included ��–modes. For our solar case the
differences between �� = 3 and �� = 5 are easily noticeable for
the input simulations, see Figs A1(a) and (b), but very small for the
ZDI reconstructed maps, see Figs A1(c) and (d). For faster rotating
or more active stars this difference can be larger. For high SSN, we
see small changes in fpol and faxi, pol for the ZDI maps by comparing
Fig. A1(c) with Fig. A1(d). However, the changes in the fractions are
still relatively small compared to the spread of the sample in general.

Fig. A2 shows the average large-scale field against S-index similar
to Fig. 6(a) but for �� = 5. The simulations (circles) show now a
clear increase with S-index following the slope,

〈B��=5〉[G] = (−31 ± 2) + (208 ± 12) · S-index, (A1)

while the ZDI reconstruction still shows a flat distribution and only
slightly higher values for 〈B〉 compared to �� = 3.

APPENDIX B: SUNSPOT NUMBER AND
S-INDEX

We find that some of the magnetic field parameters show correlations
with sunspot number (SSN). However, to date we can only measure
the star-spot numbers for the Sun. For other cool stars, the starspot
number remains unknown, although there are first approaches to
count star spots, e.g. via highly eccentric exoplanetary transits,
which are nevertheless incomplete probes in latitude (Llama et al.
2012; Morris et al. 2017). To allow comparison with other stars,
we use the S-index instead of SSN. The S-index describes a flux
ratio for the Ca II H&K line, see equation (12), and is a proxy for
the chromospheric activity. The S-index is widely observable for
stars other than the Sun (Baliunas et al. 1995; Frick et al. 2004;
Lockwood et al. 2007), and several stars show a periodic behaviour
in S-index, e.g. by the Mt Wilson Survey (Wilson 1968). For the solar
S-index, we used the data set published by Egeland et al. (2017). We

Figure B1. The S-index against sunspot number for our data sample of all
simulated maps using the same format as for Fig. 6(a). The solid line indicates
the least-squared fit.

averaged the S-index values over the 27-d rotation period per map
and confirmed a linear correlation between S-index and SSN (see
Fig. B1),

S-index = (0.163 ± 0.001) + (7.5 ± 0.3) × 10−5SSN. (B1)

The S-index is therefore a good alternative to the SSN, as it
is widely observable for stars other than the Sun and due to
its linear correlation with SSN. The spread in the S-index in-
creases at higher SSN but the trends of many of the individual
magnetic field parameters with SSN are still recoverable for S-
index.

However, caution needs to be taken by searching for stellar
cycles in young, rapidly rotating stars. The S-index measures the
brightness of the chromosphere, while the SSN is related to the
photosphere. We know that the photospheric brightness correlates
with the chromospheric brightness for older stars like the Sun, but
in younger stars these brightness variations are in anti-phase with S-
index, (Lockwood et al. 2007). We would not be surprised if the
correlation of, e.g. the toroidal energy with S-index, is reversed
and shows anticorrelations in stellar activity cycles of younger
stars.

In addition to Fig. 7, we show the poloidal and toroidal energy
against SSN in Fig. B2. The dashed line indicates a SSN = 50.
The poloidal energy is constant for SSN below 50, while the spread
increases strongly for higher SSN [see Fig. B2(a)]. The lower limit of
the poloidal energy for low SSN is most likely related to the poloidal
global dipolar field, which is strong for low SSN. The ZDI results
(triangles) recover very well the trend shown in the input simulations
(circles), despite an offset by around one order of magnitude to lower
energies.

For the toroidal energy, we see an increasing relation between
the toroidal energy and SSN, Fig. B2(b). The spread is less than
for the corresponding Fig. 7(b) with S-index. There is no change in
behaviour for low SSN, only a steady increase with SSN, which
highlights the driving role of the emerging small-scale field in
sunspots for the large-scale toroidal energy. The spread is too large to
derive secure conclusions, similar to 〈B2

tor〉 over S-index, but we could
confirm that ZDI recovers a power-law relation with SSN within the
error.
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(a)

(b)

Figure B2. The poloidal 〈B2
pol〉 (a) and toroidal 〈B2

tor〉 (b) magnetic energy
over sunspot number (SSN) for the cumulative �� = 3 mode. The dashed
line indicates SSN = 50 and the solid lines the least-squares fit for the
toroidal energy for the simulated input maps and their ZDI reconstructions,
respectively.

A P P E N D I X C : A D D I T I O NA L FI G U R E S

First, we show how the toroidal fraction ftor behaves with S-index
(see Fig. C1).

The toroidal fraction shallowly increases with S-index. The ZDI
reconstructions (triangles) follow the same trend as the �� = 3
restricted input simulations (circles). ZDI well recovers the ftor trend
with S-index, but ftor is still not a good choice to trace solar-like
cycles. The ftor values are low for low-active stars like the Sun. The
spread is large and the increase with S-index only very shallow.
This prevents the identification of certain cycle phases. The toroidal
fraction might be a cycle tracer for stars more active than the Sun,
but it is not clear what trend ftor will show with S-index for these
stars. For low activity stars similar to the Sun an increase in the ftor

values and in their spread for high S-index could be seen as a hint of
a solar-like cycle behaviour.

We further show here two figures showing the evolution of
three further magnetic field parameters with time and its ZDI
reconstruction using the same format as for Fig. 9.

Figure C1. The toroidal fraction ftor over S-index using the same format as
for Fig. 6(a).

As well as the evolution of the axisymmetric fraction (see Fig. 10),
we find that another promising parameter is the analysis of the
axisymmetric 〈B2

axi〉 (Figs C2a and b) and non-axisymmetric energy
〈B2

nax〉 (Figs C2c and d).
For the axisymmetric energy 〈B2

axi〉, the low �� modes of the
simulations show a clear and sharp minimum during the activity
maximum and a broad maximum at the end of the decreasing phase
and during the minimum phase (see Fig. C2a). ZDI recovers this
trend very well in the large-scale field (see Fig. C2b). The non-
axisymmetric energy 〈B2

nax〉 shows the opposite trend with a broader
maximum around the activity maximum and sharp minimum during
the minimum phase (see Fig. C2c). All �� modes of the simulations
follow this trend and show also an excellent agreement with the
SSN evolution (see Fig. C2c). The ZDI-reconstructed large-scale
magnetic energy 〈B2

nax〉 recovers this trend very well (see Fig. C2d).
By determining and analysing the single magnetic field components
of 〈B2

axi〉 and 〈B2
nax〉 for the ZDI-reconstructed maps, one receives

a more than promising tracer for discovering solar-like cycles.
Both parameters show easily distinguishable trends, which are well
recovered by ZDI. This is supported by the smaller error bars in
Figs C2(b) and (d) compared, e.g. to the total energy in Fig. 9(b).

As mentioned before, the energy fraction of the toroidal field ftor is
not a suitable tracer for a solar-like cycle but can be used to confirm
the detection of an activity maximum for slowly rotating solar-like
active stars. Fig. C3 displays the evolution with time using the same
format as in Fig. 9. The higher �� modes (�� > 3) show a mostly
flat distribution with time, while the dipolar mode (blue circles)
and quadrupolar mode (orange circles) show a scattered peak around
activity maximum for the simulated maps (see Fig. C3a). The toroidal
fraction is widely scattered from 0.05 to 0.6 for �� = 2 during that
time. The ZDI reconstructed maps with all �� ≤ 7 modes follow
the trend of the quadrupolar mode although showing less spread and
partly lower values. Estimating the cycle phase is therefore difficult
as the only significant feature is the low amplitude peak around
activity maximum which appears in a small time window. The Sun
is too inactive to use ftor as reliable cycle tracer. Nevertheless the
maximum of ftor should correlate with the activity maximum for
solar-like cycles, which is worth checking by analysing stellar cycles.
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(a)

(b)

(c)

(d)

Figure C2. The axisymmetric 〈B2
axi〉 (a, b) and the non-axisymmetric 〈B2

nax〉
magnetic energy (c, d) for all 118 simulations (a, c) and the 41 ZDI
reconstructed maps (b, d). The same format as in Fig. 9 is used.

Figure C3. The toroidal fraction ftor for the simulations and ZDI reconstruc-
tions. The same format is used as in Fig. 9.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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