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A few 9D interpolating models with two parameters are constructed and the massless spectra
are studied by considering compactification of heterotic strings on a twisted circle with a Wilson
line. It is found that there are some conditions between radius R and Wilson line 4 under
which the gauge symmetry is enhanced. In particular, when the gauge symmetry is enhanced to
SO(18) x SO(14), the cosmological constant is exponentially suppressed. We also construct a
non-supersymmetric string model that is tachyon-free in all regions of moduli space and whose
gauge symmetry involves Eg.

Subject Index B41

1. Introduction

LHC experiments suggest that supersymmetry (SUSY) does not exist at low-energy scales. It is,
therefore, natural to consider the possibility that SUSY is broken at the string/Planck scale. For
this reason, non-supersymmetric string models [1-3], in particular, the SO(16) x SO(16) heterotic
string model, which is the unique tachyon-free 10D non-supersymmetric model, have been receiving
more and more attention. Non-supersymmetric string models, however, always have a problem of
stability. Unlike supersymmetric ones, the cosmological constant is non-vanishing. There are non-
vanishing dilaton tadpoles that lead to vacuum instability. Thus, the desired model must be both non-
supersymmetric and carry a very small cosmological constant. While several methods to construct
such models have been proposed [4—11], in this paper, we try to construct non-supersymmetric
heterotic models with a small cosmological constant by focusing on so-called interpolating models
[12-15].

Aninterpolating model is a (D—d)-dimensional model that continuously relates two D-dimensional
models. In this work, we restrict our attention to the case with D = 10 and d = 1 for simplicity. The
method of constructing such models is as follows: We start from a 10D closed string model (called
model M7 ) and compactify this on a circle with a Z; twist, which is nothing but the Scherk—Schwarz
compactification [16,17]. The resulting 9D model should have a circle radius R as a parameter,
which can be adjusted freely. Because we are considering closed string models, this 9D model
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should produce a 10D model (called model M>) in the R — 0 limit as well due to T-duality [18,19].
In particular, if model M, is supersymmetric and the Z, action contains (—1)7 where F is the
spacetime fermion number, the compactification causes SUSY breaking and the 9D interpolating
model and model M, become non-supersymmetric.

In Refs. [12,20-22], it is shown that in the near-supersymmetric region of moduli space, the
cosmological constant A g is written as follows:

Ao~ (Np — Np)Ea® + O(e™®), (1)

where £ is a positive constant and @ = a~! = R/v/«/, and Nr (Np) is the number of massless
fermionic (bosonic) degrees of freedom. Therefore, the cosmological constant is exponentially sup-
pressed when Ny = Np. We would like to have non-supersymmetric models with Nr = Np, but the
9D interpolating models with one parameter R, which we will review in Sect. 2, do not have such a
property no matter how one adjusts the parameter R. In order to generate cases with Np — Np = 0,
we need to increase the number of adjustable parameters. One such possibility is to compactify more
dimensions. In this work, we instead consider 9D interpolating models with one more parameter by
introducing a constant Wilson line background.

2. Interpolating models with no Wilson line

In this section, we review the construction of an interpolating model that was originally proposed
in Ref. [12], and provide two concrete examples. In these examples, we provide the interpolations
between the 10D non-supersymmetric SO(16) x SO(16) heterotic string model and one of the
10D supersymmetric heterotic strings [23] as model M>. The presentation below is based on Refs.
[13,14].!

2.1. The construction of interpolating models
Let us start from a flat 10D closed string model M1 whose partition function is
8
v, =237, )

where ZI represents the contribution from the fermionic and the internal parts of the string and Z 1(3")
that from the bosonic parts of the string:

—n/2 o
zg" =" Gy 3)
Let us first consider the circle compactification:
X° ~ X% +27R. 4)

The left- and right-moving momenta along the compactified dimension are respectively

1 ( . W) 1 w (5)
L = na R E) PR = (na - _)a
P V20! a V20! a
for n,w € Z. After the circle compactification, the partition function of model M| becomes
9 ——— o 2_o 2 7
Z0 = a3 qtrigtee |zt (©6)
nweZ

!'We can also construct these 9D string models by using free-fermionic construction [24-26].
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In order to obtain two different 10D models at R — oo and R — 0 limits, we have to consider the
compactification on a twisted circle. We choose 7 Q as the Z» twist where 7 acts on the compactified
circle as a half translation:

T:X° > X°+ xR (7)

Here, X? is the T-dualized coordinate for the compactified dimension and R = o’ /R is the T-dualized
radius.> We denote by Q a Z» action that acts on the internal part of the string and that determines
the two 10D models at the limits.

Because the Z; twist contains 7, the partition function of the interpolating model contains a set
of four momentum lattices:

—— o 2 _o 2
Aep=(~" Y ¢k
neZ+a, we2(Z+B)

=i Y exp[-m (@@ + o)’ +4a7 7w+ B)?) —dim(n+ a)w+ B)}], (8)
nweZ
wherea and BareOor 1/2,anda = 0 (1/2) and 8 = 0 (1/2) imply the integer (half-integer) momenta
and the even (odd) winding numbers respectively. It is easy to show thatunder T : 7 — 7 +1, Ay g
transforms as

T: Agp—> P Ayp. (9)

Under S : t — —1/7, by using the Poisson resummation formula, we obtain

S Agp— % Z e4ﬂl(aﬁ/+ﬂa/)1\a/,ﬁ/- (10)
o ,f'=0,1/2
Note that, under S transformation, the combinations Ao o+ Ag,1/2 and Ay2,0— A1/2,1/2 are invariant
and Ao, — Ao,1/2 and A2 + A1/2,1/2 are exchanged with each other.

Next, let us check the behaviors of Ay g asa — 0 (R — oo) and as a — oo (R — 0). For
the @ — 0 limit, it is the part with zero coefficients of ¢~ in the exponential in Eq. (8) that gives
non-vanishing contributions. So only the lattices containing zero winding number are non-vanishing
in the large-R limit:

* dx

™'Y exp[—7 (atr + @))*] - (i)~ / = = (aymni) L (D)

neZ -
where x = a(n + «). Consequently, we see as a — 0
—\—1
Awo — (a/T2ni) . Agij2 — 0. (12)

On the other hand, in the ¢ — oo limit, the non-vanishing contributions come from the lattices with
zero momentum in Eq. (8):

2 00
(i)~ " exp [—471 (W+ﬂ ) }+ (ni)~! / ”i—ye“‘”mz =a(2ymm)” . (13)

a
weZ

2 It is not essential that a half translation 7 is accompanied with the T-dualized coordinate X°. If we adopted
the ordinary coordinate X°, the sum in Eq. (8) would be overn € 2(Z +«) and w € Z + B.
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where y = (w 4+ B8)/a. Consequently, we see as @ — 00
Aop — a(2ymni) ", A — 0. (14)
Coming back to Eq. (6), we can rewrite it as
ZO" = (Moo + Aoip) 2321, (15)

using Ay g. An interpolating model is obtained from ZJ(rg)Jr by orbifolding with the Z, action 7 Q.
A half translation 7 affects the lattices Ay g and acts such that only the states with even winding
numbers survive:

9
TQ . Z_('_QH_ — Z£ )+ = (A()’() — AO,I/Z) Zg)Zi, (16)

where Z% is defined as the Q action of Zi. The modular invariance requires the twisted sector

7O+

[27,28]. By using Eq. (10), we see that under S transformation, transforms as

9 9)— 7, —
DR IPAGIES Zi) = (A1)20 + A1/2,1)2) Zl(g )Z+ (17)
where Z (—1/1) = Z (7). Furthermore, when 7 Q acts on Zf) ~, we obtain
9 9)— 7,
T70: Z9% 5 707 = (A1j20 — A1y2,1)2) Zl(; 77, (18)

where Z_ is defined as the Q action of Z, . As a result, the total partition function, which is modular
invariant, is

1
O _1l0o+, 0+, ,0-, ,0-
7o _§<z+ +z20% 4+ 20"+ 2 )

1
= EZI(;) {Ao’o (Zj_- + Zi_) + Ao,12 (Zi — Zi_)

+ A120 (ZJ: —I—Z:) + A121)2 (Z; — Z:)}, (19)

In accordance with Eq. (14), we see that Zi(ngt) reproduces model M| in the @ — oo limit. Note that
the original model is reproduced as R — 0 as we have adopted the convention that a half translation
T is introduced with regard to the T-dualized coordinate. If 7 were introduced with regard to the
ordinary coordinate, the interpolating model would reproduce the original model M| inthe R — oo
limit. On the other hand, in the @ — 0 limit, Zi(ngt) produces model M, whose partition function is

Zuy = 29 (ZF + 28 + 27 + Z0). (20)

That is, model M, is obtained by QO-twisting model M, which means that model M5 is related to
model M| by the Z, action Q.

2.2. Two examples
In this subsection, we review two examples of 9D interpolating models that are tachyon-free for all

radii.
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As the first example, let us choose the 10D SO(16) x SO(16) heterotic model as model M; and
the 10D supersymmetric SO(32) heterotic model as model M>:

vy = Zl(;g) {08 (V16C16 + C16V16) + V3 (016016 + S16516)
—83 (V16V16 + C16C16) — Cg (016516 + S16016)}, (21)
Zu, = 2 (Vs — 83) (016016 + Vi6V16 + Si6516 + C16Cio)- (22)
In this case, in the language of Sect. 2.1,
ZE = 03 (V16Ci6 + Ci6Vi6) + V3 (016016 + S16S16)
— 83 (V16V16 + C16C16) — Cs (016516 + S16016). (23)

The Z; action Q that relates the SO(16) x SO(16) model to the supersymmetric SO(32) model is
Roc, which is defined as the reflection of the right-moving SO(8) characters:

ROC : (087 I_/S: 58, CS) — (_O8a 178, SS, _68) (24)

Using this Z, action Q and the modular transformation of SO(2n) characters

Oz
Van
S2n
Con

1 1 1 Oy,

1 -1 -1 Von
o A Ay
i" Cyy

(25)

Y
i

we have
Z7 = —0g (V16Ci6 + Ci6V16) + V3 (016016 + S16516)
— 83 (V16V16 + C16Ci6) + Cs (01616 + S16016),
Z7 = 03 (016516 + S16016) + Vs V16V16 + C16Ci6)
— 83 (016016 + S16516) — Cg (V16C16 + Ci6V16),
Z~ = —0g (016516 + S16016) + V3 (V16V16 + C16C16)
— 83 (016016 + S16516) + Cs (V16Ci6 + Ci6V16)- (26)
Thus, from Eq. (19), we obtain the partition function of the interpolating model:
Zi(ngt) = Zg) {Ao0 (V3 (016016 + S16S16) — Ss (V16V16 + C16C16))
+A0,1/2 (08 V16C16 + Ci6V16) — C3 (016516 + S16016))
+A1/20 (V8 V16V16 + Ci6C16) — Ss (016016 + S16516))
+A1/2,172 (08 (016516 + S16016) — Cs (V16Ci6 + Ci6V16)) }- (27)

We can see that the first and third lines of Eq. (27) reproduce the non-supersymmetric SO(16) x
SO(16) model (21) while the first and second lines reproduce the supersymmetric SO(32) model
(22). Note that this interpolating model is tachyon-free for a generic radius because there are no such
terms as OgO16 V16 or Og V16016 in the partition function (27).

Let us see the massless spectrum of this model from the partition function (27). For a generic
radius 0 < R < oo, massless states can appear only when n = w = 0, so we can find the massless
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states by expanding the first line of Eq. (27) in g. We list the expansion of each character in Appendix
B.1. Then, for a generic radius, the massless spectrum of the model is

© the 9D gravity multiplet: graviton G, anti-symmetric tensor B, and dilaton ¢;
© the gauge bosons transforming in the adjoint representation of SO(16) x SO(16) x U (1)2G B
© a spinor transforming in the (16, 16) of SO(16) x SO(16),

where U(1)¢ g implies the Abelian factors generated by G,9 and B,,9. Note that this model has no
points at which the gauge symmetry is enhanced in the region 0 < R < o0. Also, there are no points
at which the cosmological constant is exponentially suppressed, i.e., Nr = Np, in all regions except
R — oo. In the R — oo limit, the number of fermions is equal to that of bosons at each mass level
including the massless level, which means that SUSY is restored in the limit.

In the second example, let us choose the SO(16) x SO(16) heterotic model as model M| and the
supersymmetric £g x Eg heterotic model as model M>; Zy,, is the same as in the first example and

Iy, = Zég)Zi = Z](gg) (V3 — S3) (O16 + Si6) (O16 + Sie)- (28)

In this case, the Z; action Q is Ry, which is defined as the reflection of one of the two left-moving
SO(16) characters:

Ryc : (016, V165516, C16) = (O16, — V16, S16, —C16)- (29)
The partition function of this interpolating model is obtained in a similar way to the first example:

Zi(ngt) = Zg) {A00 (V8 (016016 + S16516) — S8 (016516 + S16016))
+A1/2,0 (V3 (016516 + S16016) — S3 (016016 + S16516))
470,172 (08 (V16Ci16 + C16V16) — Cs (Vi6V16 + C16C16))
+A12,172 (08 (Vi6Vi6 + Ci6Ci6) — Cs (Vi6Ci6 + Ci6V16)) }- (30)

For a generic radius 0 < R < 0o, the massless spectrum of this model is

© the 9D gravity multiplet: graviton G, anti-symmetric tensor B, and dilaton ¢;
© the gauge bosons transforming in the adjoint representation of SO(16) x SO(16) x U (1)2G’ B
© a spinor transforming in the (128,1) & (1, 128) of SO(16) x SO(16).

In this case, there are no points either where the gauge symmetry is enhanced or the cosmological
constant is exponentially suppressed.

3. Interpolating models with a Wilson line

The 9D interpolating models with the radius parameter R in Sect. 2 do not give us a model with
Nr = Np no matter how we adjust R. We need to increase the number of parameters in order to
search for such a model. We can realize Nr — Np = 0 by compactifying more dimensions and
adjusting the parameters of the compact manifold. For example, if the 9D model constructed in the
previous example, in which Nr — Np = 64, is compactified on a (d — 1)-dimensional torus and
the parameters of the torus are adjusted such that U (l)zG”f 5 1s enhanced to U (I)ZG‘Z;’ x G, where
G is a rank-r group, which has eight non-zero roots, then we obtain interpolating models in which

Nr — Np = 0. However, in this work, we will add one parameter by turning on a Wilson line. In
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other words, we will generalize interpolating models by considering a twisted circle with a constant
background. We expect that there are some conditions between parameters under which the gauge
symmetry is enhanced as in Refs. [29-32]. In this section, we construct 9D interpolating models
with two parameters by considering the compactification on a twisted circle with a Wilson line.

Let us write the uncompactified dimensions as X* (u = 0, ..., 9) and the internal ones as X LI I =
1,...,16) for a 10D heterotic string model, and compactify the X°-direction on a twisted circle.
Furthermore, we switch on a constant Wilson line background with the components of u = 9 and
I = 1 by adding to the worldsheet action

A / d*zox*=ax}=". (31)

It is only the momentum lattice of the center-of-mass mode that is affected by turning on the Wilson
line 4. The addition of the constant Wilson line background corresponds to a boost on the momentum
lattice [29,30,33]:

¢ ¢ ‘
e | = | o | =RupMepr | PL | (32)
PR Pr DR
where
¢ ! (33)
L = m
NI

is the left-moving momentum of the X, L] =l_direction and m € Z for the NS (Neveu—Schwarz, anti-
periodic) boundary condition and m € Z + 1/2 for R (Ramond, periodic). Here, My, ,, and Ry, ,
represent the boost on the £7—ppr plane and the rotation on the £;—py plane respectively. The boost
My, 1s written in terms of 4 as follows:

V1442 0 A

My, pp = 0 1 0 . (34)

A 0 V1442
We use A4 to write Ry, ,, as follows:
1 4
v 42 v L+4?
Rop=| 7z 7 O | (35)

0 0 1

Therefore, after turning on the Wilson line, we have

0 — 1 «/5 ) A w
L= a \N T T s d)

1 1 —A4% w
P = «/zAm+\/1+A2an+——),
L 20/( JI+A2a

1
A (ﬁAm +V1+ Lan— /1 +A2f). (36)
a

20’

&‘

&‘
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The above equations mean that the left- and right-moving momenta of X*=° in Eq. (5) and the
left-moving momentum of X, LI =1'in Eq. (33) are mixed with each other by the Wilson line. In terms
of the functions in the partition function, the momentum lattice and a theta function in one of the
two left-moving SO(16) characters are convoluted as follows:

8 7

9|7 9|7

8 (@,8) 8
Aap | —==| = A5 @D ]| ——=1| . (37)

n ’ n

Here, we define Agjg)) by
o o (2 2\ d n

Ay @d) = i)~ 7! Y (=) R Vi) g5, (38)

n,w,m

where the sum is taken overn € Z + o, w € 2(Z + ), m € Z + y. Substituting Eq. (36) into Eq.
(38), we obtain

ASB @A) =m0 Y exp[-m 1+ )T M(ti, 1230, 4) (1 +x) + 27y - n], (39)

nez?

where n” = (n,w,m),x” = (a, B, 7),yT = (0,0,8),and M (11, 2; a, A) is a 3 x 3 symmetric matrix
of the following form:

a*V1+ 421 —2 (4272 +imy) V2a4v1 + 421
M(ti,m5a,4) = | =2 (402 +i71) 40721+ 42, —23/2a7'4V1+ 471,
V2aAVT + A2ty 2207 AV + 421y (142491, — iy
(40)
Itis easy to see that,under 7 : t — 7 + 1,
()] 47i (o, )
A(g,a) —e€ maﬁA(g,Hl/z)’
(@,B) 47 /4 A (@,B)
Aijas — € b et/ A1)2s11)2)- (41)
Under S : © — —1/7, by using the Poisson resummation formula, we obtain
@B 1 aniys dni(af'+pa’) 5 @B
AGs) = 5e Yoo et IAg. (42)

o' f'=0,1/2

Before introducing some examples, let us discuss the symmetry of the interpolating model. It is
convenient to introduce a modular parameter T in terms of the parameter of the twisted circle and
Wilson line as

4 1 11
——_— et i——.
1+A42a 1+4%a

T=171+Ii0 = (43)
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Note that |7]* = 1/a%, which means that the radial coordinate corresponds to radius R and the
angular coordinate to Wilson line 4. Using 7, the momenta (36) are rewritten as

1
0, = ( 2m—2t1w),
L 2!
1 1 - 2 -
P = D <\/§r1m +n— (112 — rf)w),
o
/ 11 ~ )
P = > /f—2<x/§r1m+n—(r1 +r2)w), (44)
V2
formeZ+y,neZ+a,we 2Z+ B). From these momenta (44), we can see that the lattice
A8 is invariant under the shift
T T+2 (45)
with the redefinitions
m—>m=m-2w, n—n=n+2m—-2w, w—>w =w. (46)

Therefore the fundamental region of moduli space is

V2 _ . V2
——STIST-

: 7

3.1.  The interpolation between SUSY SO(32) and SO(16) x SO(16)

As an example, let us include the Wilson line in the first example of Sect. 2.2. According to Eq. (37),
the circle compactification of the SO(16) x SO(16) heterotic model with the Wilson line is

O _ SO+
ZSO(16)xSO(16)(asA) =7,"(a,A4)

=7 3 {05 (VP @arcis + P @ i)
£=0,1/2

+75 (01" (@, 4)016 + 510 (@, )S16)
—Ss (Vl(g’ﬂ)(a,/l) Vie + Cfg’ﬂ)(a,A)Cm)
~Cs (0" @ Ms1s + 5" @0 ) |, @)

where OEz’ﬂ ), Vz(z # ), Séa”s ), é:ﬂ ) are defined by

n

0P (a, 4) = (A9 @9y~ + AGT, @ i),

2nn—1

vioP (a,4) = (A6D) @it = AT @ 95™),

2nn—l

3 If the Z, twist 7 Q acted trivially, then n and w would both be integers. Then, in addition to the shift (45),
the momentum lattices would be invariant under T — —1/7 with the replacement n <> w. This transformation
would correspond to a T-dual transformation, so the two limiting 10D models would be the same and the
fundamental region would become —ﬁ/2 <7 < «/5/2 and |T| > 1.
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(@B) _ 1 ies ! (@.B) -1
s (a,A)=2n?( @+ AR, o @ Aoy,

@B) 1 @p) I_ A@p) =
) = 5o e (AR @ 987 = AGH, 5 @ 9], (49)

We will refer to O,(f"ﬁ ), Vn(a’ﬁ ), S,(la’ﬁ ), C,S""ﬁ ) as boosted characters. In analogy with Sect. 2, the
interpolating model can be constructed from Eq. (48) by orbifolding with the Z; twist 7 Q. In this
case, 0 = Roc and the T action on the boosted characters changes the overall sign for 8 = 1/2.
Using Eq. (42), we find that under an § transformation, the boosted characters transform as

Oé‘;‘lsﬁ) 1 1 1 1 0(01 /3)
(a,B) (Ot B
wp |y 2 ST e o @) (50)
S o' p'=0,1/2 ! ! Son
i AT
We obtain
7O+ = Zg) Z e2mip { —0Og (Vl(o ﬁ)C + CI(O A) V16> + V3 <Oi%ﬂ)016 + Sl(g’ﬂ)Sm)
B=0,1/2

=55 (1" 116 + CleP Cie) + G (0(0 P16+ Si ‘%16) }

- = 1/2 1/2 1 2, 1 2,
£=0,1/2

S <0§16/2,ﬂ>016 4 51728 516) _ G <V1(61/2,ﬂ)cl6 4+ (/28 m)},

79 =20 Z 2B {_08 (Oﬁ,/z’ﬂ)Sm+Sfé/2’ﬁ)016) ¥ 7 (Vlu/sz +C(1/2ﬁ>c >
£=0,1/2

_Sg (0516/2”3)016+Sfé/2’ﬁ)S16)+C (Vf‘/”)c +C(1/2ﬁ)V )}
(51

As a result of these equations, we find the total partition function of the interpolating model:
&)} N (-9+ O+ - -
79 (a,4) = Z (20" +29% 4+ 207 +297)
zm{ (0152016 +5("516) = S5 (V10" V16 + 1§ C16)
0,1/2 0,1/2 = 0,1/2 0,1/2
+ Og (V( / )C16 + Cf() / )V16> — Cg (0§6 / )Sl6 +S1(6 / )016)
1/2,0 1/2,0 < 1/2,0 1/2,0
+ Vg ( 20y C1(6/ )C16> — S (056/ 016 +S1(6/ )S16>

+05 (0121 P51+ 2120,6) - &5 (VPP g4 PP )

Note that the only difference between Eq. (27) and Eq. (52) is that the momentum lattices are mixed
with one of the two left-moving SO(16) characters. Of course, it is easy to check that Eq. (52) is
equal to Eq. (27) when 4 = 0.
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3.1.1. The limiting cases
Next, let us see the limiting cases a — 0 and @ — oo of the interpolating model (52). In the partition
function (52), only the momentum lattices (38) depend on a, so we need to see the behavior of Agaﬂ))

in these limiting cases. As in the cases without a Wilson line, the non-vanishing contributions come

from the parts with zero winding number (momentum) in the ¢ — 0 (¢ — 00) limit, and AE;‘;}#)
(AE;@)’ﬁ)) vanishes as a — 0 (@ — 00). As a — 0, we find
,0 1 — 2 .
A @A) = @iy Y g e
nmeZ
N ’
x exp | —mwTa(l + 4% (a(n +a)+V2———(m+ y)>
[ V1442
) 0 g
— (nﬁ)_ln_l Z q(m+)’)2/2627”m(3/ _xe—ztrz(l+A2)x2
meZ —o0 @
Roo o1 14|V
- s 53
m(nn) U { s (53)

where x = a(n + ) + V24(m + ¥)/~/1+ A% and Ry, = R/~/1 + A2. Similarly as a — 00, we
find

0,8) ~ (=1 —1 (m+y)2/2 2mwims
A ,A) >~
(a )n:O mn)~'n E q e

(v,0)
w,meZ
4 (1+A2)<W+a R ))2
X exp | —4rn 1 - — m+y
P a V2 1+ 42
o0
N (nﬁ)—ln—l Z q(m+y)2/2ezmmaa/ dye—4m2(1+A2)y2
meZ -
va! 1.—1q|Y
= n nT Y , 54
2 VR (mn)~"'n 5 (54)

where y = (W + a)/a — A(m + y)//2(1 + 4%) and Ry = /1 + A?R. Note that Ry, (Rp) is the
physical radius at the large- (small-) R region. In fact, from Eq. (36) we see

1/ n\
(6 +PE) ez = P lmmumo = 3 (@) ’

1 /wRy 2
2 2 2
(€2 +P0) lpmnmo = PR lnmnmo = 3 (7) : (55)

Note that the effect of the Wilson line is found only with the physical radii in the limiting cases. In
terms of the boosted characters, Eq. (53) and Eq. (54) respectively imply

Reo  _ _y _
(Ons Vs Sy €)' — == i)™ ™" (O Vs S Ca) 8p0 - (@ = 0),
2
Va! 1
(O Vs S C) 1) = N ' (0 Vi Sp Ca) a9 (@ — 00). (56
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Thus, Eq. (56) shows that the interpolating model (52) provides the SO(16) x SO(16) model at
a — 0 and the supersymmetric SO(32) model at a — oo for any value of the Wilson line 4.

3.1.2.  The massless spectrum

Let us see the massless spectrum of this interpolating model for a generic set of values of a and
A. As is done in Sect. 2, we can identify massless states from the parts with zero momentum and
zero winding number of the partition function (52). By expanding the characters in ¢,* we find the
following massless states for a generic set of values of a and 4:

© the 9D gravity multiplet: graviton G, anti-symmetric tensor B, and dilaton ¢;

o the gauge bosons transforming in the adjoint representation of SO(16) x SO(14) x U(1) x
U2,

© a spinor transforming in the (16, 14) of SO(16) x SO(14).

Note that, compared to the first example in Sect. 2.2, the gauge symmetry is broken to SO(16) x
SO(14) x U(1) because of the Wilson line, and Np — N = 32.
There are some conditions under which the additional massless states appear:

D) T =n/vV2 (n €Z)

Using a and A4, this condition is rewritten as
V24 + 1+ A%an =0, (57)

for any integer n1. Under this condition, we find that the following additional massless states
appear:

© two vectors transforming in the (1, 14) of SO(16) x SO(14);

© two spinors transforming in the (16, 1) of SO(16) x SO(14).
These massless vectors and spinors come from Vg 0§2’0)016 and Sg Vl(g’o) V16 respectively when
(m,n) = (£1,£n1) and w = 0. This condition 4 thus enhances the gauge symmetry to SO(16) x
SO(16) x U (I)ZG, > and at the same time, the massless spinor is promoted to transform in the
(16,16) of SO(16) x SO(16) as well. In this case, the additional massless fermionic and bosonic
degrees of freedom are 256 and 224 respectively, and Ny — Np = 64.
Note that condition 4 does not mean an infinite number of gauge-enhanced orbits on the 7 plane.
Recalling the fundamental region (47) of the interpolating model, condition 4 implies that there
are only two inequivalent SO(16) x SO(16) orbits. One of them is the n; = 0 orbit, which
corresponds to the case 4 = 0. Thus, this orbit reproduces the first example in Sect. 2.2. The
otheristhen; = 1 (n] = —1) orbit, which is the new one that does not appear before considering
the constant Wilson line background.

)T =m/vV2 (meZ+1)2)

Under this condition, we find that the following additional massless states appear:

© two vectors transforming in the (16, 1) of SO(16) x SO(14);

© two spinors transforming in the (1, 14) of SO(16) x SO(14).
These massless vectors and spinors come from Vg Vl(é/ 20 Vi¢ and 5‘80%/ 2’0)016 respectively
when (m,n) = (£1,=£n) and w = 0. This condition 4 thus enhances the gauge symmetry to

4 We list the expansion of the boosted characters (49) in g in Appendix B.2.
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Table 1. We summarize the conditions under which the additional massless states appear.
The cosmological constant is exponentially suppressed when the gauge group is enhanced to
SO(14) x SO(18).

Conditions T=m/V2 (n €Z) T=m/V2 (meZ+1)2)
Gauge group SO(16) x SO(16) SO(14) x SO(18)
Nr — N positive Z€ero

SO(18) x SO(14) x U (1)%;’ - and at the same time, the massless spinor is promoted to transform
in the (18,14) of SO(18) x SO(14) as well. In this case, the additional massless fermionic and
bosonic degrees of freedom are 224 and 256 respectively, which means that Nr — Np = 0. The
cosmological constant is exponentially suppressed on these orbits.
Note that there are only two inequivalent orbits on which condition 4 is satisfied. For any half-
integer ny, all orbits are related either to the one with n, = 1/2 or the one with n, = —1/2 by
the shift (45).

(111) %fl —(B+F)w3=0 (W e2Z+1)
Using a and 4, this condition is rewritten as

1 PER
ﬁA 1+4 o= 0, (58)
for any odd integer w3. The additional massless states are

© two conjugate spinors transforming in the (1, 64) of SO(16) x SO(14).
These massless conjugate spinors come from CgSl(g’O)Om when (m,w) = (£1/2,£ws) and
n = 0. Note that these conjugate spinors are the remnants of the 8¢ ® (1,128) in the 10D
SO(16) x SO(16) model.

We plot these conditions in the fundamental region (47) of T plane in Fig. 1. Table 1 summarizes
the conditions under which the additional massless states appear in this model. The table shows only
the conditions with w = 0 because we are interested in the large-R region where Eq. (1) is valid.

3.2.  The interpolation between E3 x Eg and SO(16) x SO(16)

Next, let us include the Wilson line in the second example of Sect. 2.2. The starting point is the same
as in Sect. 3.1 but the Q action is Ry in this case. According to the construction in Sect. 2.1, we
find that the total partition function is

20 ) = 32 (20 4 20 1 207+ 7297)
=2 {75 (01" 016 + 58”16 ) = 55 (016”16 + 51" 016)
+ Os <V1(2’1/2)C16 + Cl(g’l/z) V16) — Gy <V1(2’1/2) Vie + Cfg’l/z)cw)
+ Vs <0§16/2’0)S16 + Sfé/z’o)Om) — Ss <0§16/2’0)016 + Sl(é/z’O)Slé)

+ 08 (Vl(é/z’l/z) Vie + Cfé/z,l/Z)Cm) - Cg (Vl(é/z’l/z)cle + C{16/2,1/2) V16> } (59)

Using the limiting behaviors of the boosted characters (56), we can see that this interpolating model
(59) reproduces the supersymmetric £g x Eg model and the SO(16) x SO(16) model as a — 0 and
a — oo respectively, for any value of 4.
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20 1

15+ e

0.5 - B

0.0 8
-1.0 -0.5 0.0 0.5 1.0

Fig.1. The shaded region is the fundamental region (47) and we plot the orbits on which the additional
massless states appear in the first example. The three red lines correspond to condition 4 under which the
gauge symmetry is enhanced to SO(16) x SO(16), and the one in the center implies the case of 4 = 0. The
two blue lines correspond to condition 4 under which the gauge symmetry is enhanced to SO(18) x SO(14).
The green semicircles correspond to condition 4 and we plot four orbits with w; = £1, 3.

3.2.1. The massless spectrum
Let us see the massless spectrum of this interpolating model for a generic set of values of @ and 4.
By expanding the partition function (59) in ¢, we find

© the 9D gravity multiplet: graviton G, anti-symmetric tensor B, and dilaton ¢;

© the gauge bosons transforming in the adjoint representation of SO(16) x SO(14) x U(1) x
U 55

© a spinor transforming in the (128, 1) of SO(16) x SO(14).

These massless states come from 17305%0)016 or SgOi%O)Sl(,. For a generic set of values of ¢ and

A, Nr — Np = —736, and the cosmological constant becomes negative. We find that there are some
conditions between a and 4 under which the additional massless states appear:

M) fi=n/vV2 (n€Z)
Under this condition, we find that the following additional massless states appear:
© two vectors transforming in the (1, 14) of SO(16) x SO(14).
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0.0 -
I . . . . I . . . . | . . . . I . . . . I

-1.0 -0.5 0.0 05 1.0

7

Fig.2. The shaded region is the fundamental region (47) and we plot the orbits on which additional massless
states appear in the second example. The red line corresponds to condition (I) under which the gauge symmetry
is enhanced to SO(16) x SO(16). The two orange lines correspond to condition (I) under which the gauge
symmetry is enhanced to SO(16) x Es. The two blue lines correspond to condition (I). The green semicircles
correspond to condition (I) and we plot four orbits with wy; = +1, £3.

These massless vectors come from 1780%0)016 when (m,n) = (£1,=£n;) and w = 0. This
condition (I) thus enhances the gauge symmetry to SO(16) x SO(16) x U (I)ZG, - Furthermore,
different additional massless states appear depending on whether #; is even or odd:
(I-ra) m €27
© two spinors transforming in the (1, 64) of SO(16) x SO(14).
These states come from g\ O16 when (m, n) = (+1/2,4n;/2) and w = 0. In the repre-
sentation of the SO(16) x SO(16), this is a spinor transforming in the (1, 128). Note that in
the fundamental region (47), this condition corresponds to the 7; = 0 orbit, which means the
case A = 0. The massless spectrum under this condition is thus the same as that of the second
example in Sect. 2.2.
(I-b)yny € 2Z + 1
© two vectors transforming in the (1, 64) of SO(16) x SO(14).
These states come from I_/gSl(é/z’O)Om when (m,n) = (£1/2,£n1/2) and w = 0. In represen-
tation of the SO(16) x SO(16), this is a vector transforming in the (1, 128). Therefore, under
this condition, the gauge symmetry is enhanced to SO(16) x Eg beyond SO(16) x SO(16).
Note that in the fundamental region (47), this condition corresponds to the 7| = +/2/2 (or

71 = —/2/2) orbit.
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Table 2. We summarize the condition under which the additional massless states appear. In this model,
there is no condition where the cosmological constant is exponentially suppressed.
Conditions 7, =m/v2 (m €2Z) THi=m/vV2 (m €2Z+1) T =m/J2 (meZ+1)2)

Gauge group SO(16) x SO(16) SO(16) x Eg SO(16) x SO(14) x U(1)
Nr — Np positive negative negative

(DT =m /2 (meZ+1/2)
Under this condition, we find that the following additional massless states appear:
© two spinors transforming in the (1, 14) of SO(16) x SO(14).
These massless spinors come from Sg 0§16/ 2’0)016 when (m, n) = (£1, £ny) and w = 0. Note that
in the fundamental region (47), this condition corresponds to the two orbits, which are 7; = +/2/4
and 7] = —\/5/4.
)57 = (F +5)ws=0 (w3 €2Z+1)
The additional massless states are
© two conjugate spinors transforming in the (16, 1) of SO(16) x SO(14).
These massless conjugate spinors come from Cs Vl(g’l/ 2 Vie when (m,w) = (£1/2,4w3) and
n = 0. Note that these conjugate spinors are the remnants of the 8¢ ® (16,16) in the 10D
SO(16) x SO(16) model.

We plot these conditions in the fundamental region (47) of the T plane in Fig. 2. Table 2 summarizes
the conditions under which the additional massless states appear in this model.

Finally, let us mention that in these models considered in this section, it is straightforward to
calculate tree and one-loop scattering amplitudes of massless particles to obtain signals of broken
supersymmetry [34-37].

4. Conclusions

We have constructed 9D interpolating models with two parameters by considering the compactifica-
tion on a twisted circle with a constant Wilson line background (31), and have studied the massless
spectra of these models. Furthermore, we have found some conditions between circle radius R and
Wilson line 4 under which additional massless states are present. In the 9D model that interpolates
between the 10D supersymmetric SO(32) model and the 10D SO(16) x SO(16) model, we find the
conditions under which the gauge symmetry is enhanced to SO(16) x SO(16) or SO(18) x SO(14).
In particular, under the second condition, the massless fermionic and bosonic degrees of freedom
become equal, which means that the cosmological constant is exponentially suppressed. Recent ref-
erences related to this point include Refs. [38—40]. According to Ref. [41], which is carried out in the
type I dual picture [42], the brane configuration with the gauge group SO(18) x SO(14) yields a 9D
non-supersymmetric model with N — Np = 0, although it has tachyonic directions in moduli space.
On the other hand, our interpolation between the 10D supersymmetric £g x Eg model and the 10D
SO(16) x SO(16) model did not produce a condition with Nr — N = 0. We have, however, found
the conditions under which the gauge symmetry is enhanced to SO(16) x SO(16) or SO(16) x Eg.
As part of our future work, we have to discuss the stability of the Wilson line as in Refs. [38—
41]. Even if the cosmological constant is very small on a certain point (orbit) of moduli space, it
is not clear that the Wilson line is stable on the point (orbit). Namely, we need to write down the
cosmological constant in terms of the Wilson line and find the stable points of the Wilson line.
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Appendix A. Notation for the partition functions

We summarize the notation for some functions that appear in the partition functions. The Dedekind
eta function is

n@ =q [T -9, (A.60)
n=1

where g = €27 The theta function with characteristics is defined by

o
9 [“} @.1)= Y exp(wi(n+a)’t +2mi(n+ )z + B)). (A.61)
p neo0
In particular, when « and 8 are 0 or 1/2 and z = 0, we use the following shorthand notations:
_1/2_
s =70 0,7)=0 A.62
1(7) 12 0,7) =0, (A.62)
]
o =v|"% 00, (A.63)
[0
P (1) =0 O} 0,7), (A.64)
z?(t)—z‘}_o 0,7) (A.65)
AR BV/R Il '

These theta functions satisfy the Jacobi’s abstruse identity:
93(0) = 04 (D) — 1 (D) = 0. (A.66)

We write the SO(2n) characters in terms of the theta functions as follows:

0y, = % (05 + 94). (A.67)
Van = ﬁ (95 — 94, (A.68)
Son = # (95 + 97), (A.69)
Con = ﬁ (95 —97). (A.70)
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In terms of the characters, the Jacobi’s abstruse identity is

Vg —Sg = 0. (A.71)

Appendix B. The expansions of the characters

In string theories, we can see the spectrum of each mass level by expanding the partition function
in ¢. In this appendix, in order to see the massless states, which are the coefficients of ¢°, we shall
expand the SO(8) and SO(16) characters, which appear in the partition function of some heterotic
models’.

Appendix B.1. The case with no Wilson line
For Sect. 2, we expand 17_8 (O2n, Van, Son, Co,) where 178 is the contribution from X and the SO(2n)

characters are from " orXLI, wherem=2,...,10and/ =1,...,16:
_ _8/24— 2n(2n — 1)
N t0y, =g ¥/HH (1 o ——q+ 8+ 0(q2>), (B.72)
N Van =g VT2 20+ O(9)), (B.73)
N S0 =0t Cop = g PR (27 1 O(g)). (B.74)

Note that the lowest-order terms of Egs. (B.72), (B.73), and (B.74) correspond to the degrees of
freedom of the identity, the vector, and the spinor (the conjugate spinor) respectively, and the second
term of Eq. (B.72) to the adjoint representation of SO(2n). The third term of =80, comes from
n~8, i.e., the contributions from X".

The right-moving parts of the partition functions are expanded as

780 = g~ /2 (1 + —2”(2';_ D85+ 0(212)), (B.75)

775 =8+ 0@, (B.76)

77885 = 717855 = 8 4+ O(@). (B.77)

The left-moving parts of the partition functions in some heterotic models might include

18016016 = ¢~ (1 +2- % +8q + (’)(qz)), (B.78)

n016V16 =g~ '/* 2n+ O(g)), (B.79)

n"8016S16 = 12 016C16 = 2" + O(g), (B.80)

¥ VieVis = 16 - 16 + O(q), (B.81)

N~ V16S16 = 1" V16C16 = ¢ /* (2n- 2" + O(9)), (B.82)

n"5S16816 = 0" "S16C16 = ¢ (22("71) + (9(61))- (B.83)

Note that all states that come from 17_8 V16S16 or n‘8S16S16 (n_8S16C16) are massive, and tachyons
can appear only from the combination (1777)_8 03016V 16 because of the level-matching condition.

5 There are five 10D heterotic models whose partition functions are expressed in terms of the characters SO(8)
or SO(16): the supersymmetric SO(32) model, the supersymmetric £y x Eg model, the non-supersymmetric
SO(32) model, the SO(16) x Eg model, the SO(16) x SO(16) model.
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Appendix B.2. The case with the Wilson line

As in Sect. 3, when the Wilson line is switched on, the left-moving SO(16) characters and the
momentum lattices are mixed. So, in such a case, we need to expand the boosted characters (49) in
order to see the spectrum. The boosted characters are expanded as follows:

@p) _ 1 (@) (@.B)
O = 277 (A(OO) 93 + A(01/2)194>

1 -3 0!7/2 ’
=)~ 'q 2“2{2‘126% (1+q+

nw \me2Z

14

13
q+ 0(613))

+ Y gty (14q%+0<q3>)],

me2Z+1

@p) _ |1 (@) (@.8)
e == (a§d ol = AT h o)

21 7 0,0) (0,1/2)
O EDD { > g5 g (1441 + 0
nw \me2Z

+ Z % Z/2+pL quR (1 +q+ 14
me2Z+1

1
3q+ 0(613))] ,

(@.B) @p) _ 1 @B) o7 4 A@B) o7
Sl =C = 2_777 (A(1/2,0)02 + A(1/2,1/2)191)

1 147 a (2 /
=) g Etey 4 Y g EDgEk (2171 1 o) L,
nw | meZ+1/2 (B.84)

where the sum is taken overn € Z+o andw € 2(Z + ). As we are interested only in the left-moving
parts of the partition function, we expand the following products:

777)_70( D0y = g Z {

nw

o (p 16-15 14-13
Y g g (1 +8q+( +——+ 1)q+0(q3))

me2Z 2 2

+ Z & (2+pP) ”7 <1 14q2 +O(q2))}
me2Z+1
10

—q? Z{ Z q% 72+p7) quR (16 -1+ O(g) + Z g T E+rD) g5k <16 4q? + o(q))},

nw \me2Z me2Z+1

701613)S16 _ 77 70( ﬂ)cl6

— Z[ S g1 @eDgai 51 og) + Y T @eiged (@(q;))},

nw \me2Z me2Z+1
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—7V( /3)016 — q IZ [ Z q% e,2+pL qZpR <1 . 14q% + O(q%))

me2Z

s 16-15 14-13
+ 2 2£5+”qupR(1+8q+< + +1)q+0(q3)>},

2 2
me2Z+1

i VP g

:q—iz{zq% (eF+07) 507 (16- 144" +0@) + Y g5 +D)g o (16 1+O<q>>}

nw \me2Z me2Z+1

i~ ViePs16 =i Vie P Cig

= Z [ Z q% €’2+pL q sz ((’)(qz)) + Z q%(e/z""pL)q sz (28_1 -1+ O(q))},

nw \me2Z me2Z+1
& 2 Lp
i 7s@P o =i @ Pos =43y Y ¢ S (EE)g5eR (1,277 4 0(g)),
nw meZ+1/2
o 2\_do 2
i S e =i O e =8 Y. Y. TR (0,
nw meZ+1/2

i~ 7Sie P S16 = i Cle P S16 = T S{e P Cre = i Cle P Cig

G Y gFEegeR o), (B.85)

nw meZ+1/2

Note that no states that come from Sl((g’ﬂ)S 16 (= S(a ﬂ)C = Cl(‘g’ﬂ)Slé = Cfg’ﬂ)Cm) or Sl(‘;’ﬁ) Vie
(= Cfa A V16) will ever be massless.
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