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BRS Invariance of Unoriented Open-Closed String Field Theory
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We present the full action for the unoriented open-closed string field theory which is
based on a = p* HIKKO type vertices. The BRS invariance of the action is proved up to
terms which are expected to cancel the anomalous one-loop contributions. This implies that
the system is invariant under the gauge transformations with open and closed string field
parameters up to the anomalies.

§1. Introduction

In a previous paper, ) which we refer to henceforth as I, we constructed a con-
sistent string field theory (SFT) for an unoriented open-closed string mixed system
to quadratic order in the string fields and proved invariance under the gauge trans-
formation with a closed string field parameter. It was pointed out that the infinity
cancellation between the disk and projective plane amplitudes® ~®) plays an essen-
tial role for the gauge invariance of the theory. This, in particular, implies that any
oriented string field theory containing an open string, where there is no projective
plane amplitude contribution, cannot be a consistent theory at least on a flat back-
ground. 9~ 1%):7) For the case of a light-cone gauge SFT, this implies the violation of
Lorentz invariance.

In this paper, we continue this task and present the full action for this unoriented
open-closed string field theory which is an a = p* HIKKO type theory 16) hased on
light-cone style vertices. (Recall that the « = p* HIKKO type theory is a HIKKO
type theory in which the unphysical string length parameter « is set equal to the
physical + component of string momentum p*; i.e., a = 2p* for open string and
a = pt for closed string. Hence, at the price of losing manifest covariance, this
theory is free from the problem of overcounting the moduli at loop levels, which
the original HIKKO theory 39):31) suffered from.) The BRS invariance of the action
is thoroughly proved, up to the terms which are expected to cancel the anomalous
one-loop contributions.

The SFT action for such an open-closed string mixed system is known in the case
of an oriented string in the light-cone gauge )" 20) and it has five types of interaction
terms, open 3- and 4-string vertices V3’, V?, a closed 3-string vertex Vi, an open-
closed transition vertex U and an open-open-closed vertex Uy,. In the present case of
unoriented strings, two additional quadratic interaction terms become newly allowed.
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Fig. 1. Seven interaction vertices.

They are self-intersection interactions Vi for open string and V,, for closed string, 21)
as studied in detail in I. Intuitively, the string interactions are of only two types if
viewed locally on the string world sheet; one is the joining-splitting type interaction
typically appearing in V3, and the other is the rearrangement interaction typically
appearing in V3. If this is true, these seven vertices already exhaust all the possible
interaction terms. They are depicted in Fig. 1. From our previous work, we naturally
expect that the full action of the present system is given by

§ =3 (@IQYT ) ~ 5 (@] G (b5 PIT) ()
g 10 9* o g |
+§ (V3(1,2,3)[|¥) 39, + T4y (V(1,2,3,4)| &) 430, + :v(xh? (Vac(1,2)[ )9,
2 2
Fach! /1S (VE(15,2°,89)| €)1 + el T (Voo(1%2°)[ )y

2
+ouil g (U(1L,29)] [B),10), + woh!* T Ua(1,2,39|18)518)y, (1)

where 4, T, ZTe, Too, Ty and g are coupling constants (relative to the open 3-
string coupling constant g), and we have explicitly shown the power of % (as a loop
expansion parameter) 19),22) for each interaction term for clarity, although we will
suppress them henceforth. For notation and conventions, we follow our previous
paper, I. The open and closed string fields are denoted by |¥) and |®), respectively.
Both of these are Grassmann odd. The multiple products of string fields are denoted
for brevity as
¥ 2t = @)y (@) [¥), (1-2)

The BRS charges Qg with tilde here, introduced in 1, are given by the usual BRS
charges Qg plus counterterms for the ‘zero intercept’ proportional to the squared
string length parameter o?:

Q% = Q% + Aog’’cp, Q% = Q% + Meg?dicy . (1-3)
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BRS Invariance of Unoriented Open-Closed String Field Theory 833

The ghost zero-modes for the closed string are defined by

cg = (co+@)/2, ¢y =¢o — 0o,
ba-Ebo-{—l—)(), b_E(bo—l_)o)/Z. ‘ (1-4)

The string fields are always accompanied by the unoriented projection operator I7,
which is given by using the twist operator 2 in the form IT = (1 + §2)/2, where 2
for the open string case means also taking transposition of the matrix index. The
closed string is further accompanied by the projection operator P, projecting out
the Ly — Lo = 0 modes

2T do ) _
P= / — expi6(Lo — Lyo), (1-5)
0o 27

and the corresponding anti-ghost zero-mode factor by = (bp — bg)/2.

The main purpose of this paper is to prove the BRS invariance of the action
(1-1) and to determine the coupling constants x4, T, Tc, Too, Tu and rp. As is
well known already in the light-cone gauge SFT, however, the open-closed mixed
system suffers from an anomaly '8)19:17) and thus the system is not BRS invariant
as long as we consider the tree action (1-1) alone. Ideally, we should also discuss the
anomalous loop diagram contributions here. But, since the BRS invariance proof
is a bit too long already at the ‘tree level’, we are obliged to defer the anomaly
discussion to a forthcoming paper. Therefore, here we do the following. First we
classify the terms appearing in the BRS transform dgS of the action into groups
according to the numbers of the external open and closed string fields and the power
of the coupling constant g. BRS invariance implies that those terms should cancel
each other separately in each group. Cancellation always occur between a pair of
the configurations in which the interactions at two interaction points take place in
opposite order. Then we can see which groups of the terms become the counterterms
for the anomalous loop diagrams; namely, those ‘loop’ groups contain the terms for
which the configurations become loop diagrams if the order of the two interactions
is interchanged. For all the other groups (which we call ‘tree’ groups), we prove
successively that the cancellations between such pairs of configurations indeed occur
and the terms in each group in dgS completely cancel out.

The paper is organized as follows. In §2 we explain in some detail how the SFT
vertices are constructed, since the signs are very important to demonstrate cancel-
lation for proving the BRS invariance. In §3 we calculate the BRS transformation
dpS of the action in a systematic way and classify the terms appearing into the
groups mentioned above. Section 4 is the main part of this paper, where we present
the BRS invariance proof of our action in a manner as explained above. The final
section 5 is devoted to summary. In Appendix A we summarize the general rule for
obtaining the BRS and gauge transformation laws from the action with a precise
treatment of the statistics of the open and closed string fields. In Appendix B we
explain how the “Generalized Gluing and Resmoothing Theorem” (GGRT) proved
by LeClair, Peskin and Preitschopf 23) and the present authors 24) for the pure open
string system case is made applicable to the present open-closed mixed system.
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834 T. Asakawa, T. Kugo and T. Takahashi
§2. Vertices

To discuss the BRS invariance of the action (1-1), we must show the cancellations
between various pairs of terms, as we will do in later sections. Therefore it is very
important to define the vertices correctly, including their signs and the weights.
Fortunately, the definition of the vertices in the manner of LeClair, Peskin and
Preitschopf (LPP),2% is very powerful and convenient also for this purpose. Each
vertex of our string field theory is defined in the form of a product of the LPP
vertex corresponding to a specified way of gluing of strings and the anti-ghost factors
corresponding to the moduli parameters (interaction points) of the vertices. The
GGRT 2324 for the LPP vertices makes it possible to treat the weights of the terms
without recourse to detailed expressions for the LPP vertices, and the signs can be
traced neatly by the anti-ghost factors contained in our SFT vertices.

Taking these into account, we give a definition of our SF'T vertices in this section.
For clarity, by taking the open 4-string vertex (V(1,2,3,4)| as a concrete example,
we first explain in some detail how our SFT vertices are constructed.

The corresponding LPP vertex (v§| is uniquely given once we know how the
participating strings are glued. In our case of @ = pT HIKKO type theory,16)
the gluing is specified by using the string length parameters «, as well as by the
moduli parameter og specifying the interaction point. Hence, for a given set of the
a parameters, (a1, az, a3, q4), the corresponding LPP vertex is denoted as

(vg (ool (q 9 3 4 59)), (2:1)
and is defined by referring to the conformal field theory Green function:

(vgerereed(1 9.3 4:00) O (0), O 0), OF |0), OV |0),

_ fI (dz,.>dor, (O4(2:)03(2:)02(22)01(21)). (22)
r=1

dw,

We call this type of vertex with string length parameters specified a ‘specific LPP
vertex’, as distinguished from a ‘generic LPP vertex’ introduced below. This open 4-
string vertex exists only for sets of the o parameters (o, ag, a3, a4) with alternating
signs, (+,—,+,—) and (—,+, —,+). The string configuration is explicitly depicted
in Fig. 2 for the case of sign(ai, a2, a3,04) = (+,—,+,—). An important property
of such a specific LPP vertex is

<,UZ ((111021031(14)(1, 2,3,4;0_0)| — <UZ(02,03,Q4;Q1)(2’ 3,4, 1, 0_0)1

— (vz (a3,a4,a1,az)(3’4, 1, 2; UO)I , (23)

etc. Namely, once the vertex type is fixed (now, (v§|), the specific LPP vertex
is uniquely given by specifying which string (i.e., Fock space label) r = 1,2,---
corresponds to which length parameter «,.. The order of the arguments is irrelevant
aside from the cyclic ordering among open strings (and totally irrelevant for closed
strings). This property is apparently trivial, since those LPP vertices correspond
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BRS Invariance of Unoriented Open-Closed String Field Theory 835

Fig. 2. The p plane of the open 4-string vertex V;’. The integration contours Co and Cj used in
Eq. (2-9) for defining by, and b, are also shown.

to the same mapping of the unit disks |w,| < 1 of strings r into the complex plane
z. But the equality including the overall sign factor is not so trivial in fact, and
therefore we demonstrate it from the definition (2-2):

(g eresanar)(g 3 4 1. 40)| O |0), O |0, O |0), OF |0),

=11 (%>dor' <01(Z1)(94(Z4)O3(Z3)02(Z2)>

r=1

4 Or
— (—1)HEHBD ] (;lir)d - {04(24)05(25)02(22)01(21))
r=1

= (=1)H2+BIHD o (erenesad(q 9 3 4. 60)| 0|0y, O5|0), O |0), O"|0),
= (lereresad)(q 9 3 4:40)| 0 [0), O |0y, O5 [0), OF |0),. (2:4)

Here |r| is the statistics index of the operator O, which is 0 (1) if O, is bosonic
(fermionic). Note that this simple property results from the fact that the Fock state
ol |0),. of string r and the conformal field theory operator O, obeys the same
statistics thanks to the convention that the SL(2;C) vacuum |0) is Grassmann even.

We now define a ‘generic LPP vertex’ (v3(1,2,3,4;00)| by integrating over the
~ length parameters «, as follows:

4
(v3(1,2,3,4;00)| =/Hdar<5 (Zar) (v (@120 (1 9 3 4.50)|.  (2:5)
r=1 T

This generic LPP vertex enjoys the cyclic symmetry property because of Eq. (2-3):

(v3(1,2,3,4;00)] = (v5(2,3,4,1;00)| = (v4(3,4,1,2;00)| = (v4(4,1,2,3;00)|.
(26)
Henceforth the term ‘LPP vertex’ will always mean this generic LPP vertex. Al-
though the integration is performed over the length parameters a, in this generic
LPP vertex, only a single specific LPP vertex is picked up if it is contracted with
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836 T. Asakawa, T. Kugo and T. Takahashi

the specific external string states 05” |0),; usually, the external state operator oﬁ)

takes the form (95” =or exp(ip, X)), so that the state
0L 10), = 0N X |0), = O |p), (27)

carries definite momentum p, = (p,,p;,p;") and hence a definite string length pa-
rameter o, = 2p; (o, = p; for closed string). Since the specific LPP vertex

(vy (e1.02,05.04)(1 9 3 4:60)| is constructed on the bra state I1, ,{or| and the bra
and ket states carrying different values of o, are orthogonal to each other, a single
specific LPP vertex can survive.

Finally, the vertex (V;(1,2,3,4)| used in the string field theory can now be
defined by

af
(Ve(1,2,3,4)| z/ doo (v3(1,2, 3, 4;.00) by [[ T, (2-8)

where o; and oy denote the initial and final points of the moduli op (interaction
point), IT is the unoriented projection operator, and bs, is the anti-ghost factor as-
sociated with the quasi-conformal deformation of the Riemann surface corresponding
to the change of the moduli o, 2%~ 27) which, in this 4-string vertex case, is explicitly
given by

_ (dpo (dpﬁ) _ [ dp _ 4 9

where Cy denotes the closed contour encircling the interaction point pg on the p-
plane, and C§ and pf are their mirrors (see Fig. 2). More generally speaking, this
anti-ghost factor by, is characterized by the property that its BRS transform,

dpo dpy
Too = {bog, @B } = (E;E) Ty + (__Q) TPS ) Ty =

dp
doo -—T(p), (2:10)

Co 271

(where T'(p) is the energy-momentum tensor), is a generator of the infinitesimal

transformation for the change of the moduli g; 28 2% ie., (v$(1,2,3,4;00)| Ty, =

(d/doo) (v§(1,2,3,4;00)| . We, therefore, have the following important relation using
the BRS invariance of the LPP vertex, (v$(1,2,3,4;00)| @ =0 with@p =3, Qg):

<U2(172’374; UO)I bUOQB = <Uz(1)(1> 2,3,4; UO)| {baoy QB}

= (v9(1,2,3,4;00)| Ty, = doo {{v§(1,2,3,4;00)| } . (2-11)

We come to another important point here: How do we define the moduli o9

explicitly? We can use as gg the value of the sigma coordinate aér) of any one

of the participating strings, r. (For convenience sake, we define the coordinate
a(()r) as 0(({) = |a,|ImInw,, although the original sigma coordinate of string r is
or = ImInw,, so that the distance measured by cr(()r) is equal to that on the p-plane

in magnitude independently of r.) But the point is that the directions in which o(()r)
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BRS Invariance of Unoriented Open-Closed String Field Theory 837

increase are opposite if the signs o, are opposite, which causes a sign change to the

definition (2-8). Indeed, if we take two adjacent strings 1 and 2 which carry opposite
() and 082 correspond

0 pond to the

(2) _ € represent

signs of a., for instance, and suppose that the points o
(1)
the same point. The contribution of this infinitesimal region to the integral in the

same point on the p-plane, then the neighboring points o’ +¢ and oy

SFT vertex (2-8) has opposite sign. Indeed, since da( ) = —doy (2) and hence
dpo dpo
b = (——) by, = — (—-—) bo, = —b (2, (2-12)
%0 da(()l) 7 do((f) P 70
we have
(1) (2) (2)
oy ' te (1) oy —€ ) oy )
/a(()l) doyg ba(()l) = /082) (—doy )(—bagz)) = —-/a(()z)“sdﬂo bo'éz)' (2-13)
Because of this, we generally have the relation
/ dor(r) (v3(1,2,3,4; a(() ))lb = 51gn(aTas)/ (v2(1,2,3,4;0[(]s))|ba(3).
0
(2-14)

So we must specify which string’s a‘gr) coordinate is used for the moduli in the
definition of the SFT vertex (2-8). We sometimes use notation like

( )
(V2(1,2,3,4)| = / & dot? (15(1,2,3,4;067) b, TT T, (2-15)
T

to denote explicitly which string’s o{") coordinate is used by putting a down arrow
0

on the string label. However, we take the convention that SF'T vertices with the
(r)

down arrow omitted always mean that we use the oy’ coordinate of the open string
which appears as the first argument in the SFT vertex; namely,

(
1
(VP(1,2,3,4) = (VP(1,2,3,4)| ::/ o (13(1,2,3,4;05) b o TT 1.
0 T

(2-16)
With this convention, the 4-string SFT vertex properly satisfies the anti-cyclic sym-
metry

("};10(17 27 3a 4)' = <V:10(27 3’ 41 l)l =+ <V40(3747 1’ 2)| = <V40(47 1’ 2, 3)l )

(2-17)
because of the alternating sign property of (a1, a2, a3, a4) and the cyclic symmetry
of LPP vertex. Note that this property should hold in any case as long as we take
the convention that the open string field |¥) is Grassmann odd. This is because the
SFT vertex appears in the action in the form (V(1,2,3,4)] |¥),|¥); (%), [#),, the
string label 7 is just a dummy there and so we should have

(V4°(1,2,3,4)| |gp>4321 = (V4°(2,3,4, 1)| \%1432 = <V4°(2,3,4, 1)‘ |q7>4321 . (2'18)
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838 T. Asakawa, T. Kugo and T. Takahashi

In a similar fashion to this Vj example, we can define all the vertices appearing
in the action (1-1). The quadratic vertices U, Vi and Vo, are defined explicitly in I.
For the other cubic interaction vertices, it has long been known how the strings are
glued (see, e.g., Refs. 30) ~ 33)). For clarity, we here cite the expressions for all the
seven vertices following our way of construction and notation. The cubic interaction
vertices V3 for open and V5 for closed strings and the open-closed transition vertex
U have no moduli parameters:

(V3(1,2,3)] = (3(1,2,3)] [] o,
r=1,2,3
(V5(1°,2%,3%] = (05(1,25,3%) J] (bgPm)®,
r=1¢,2¢ 3¢
(U(1,29] = (u(1,29)] (5 7)) ] 1. (219)
r=1,2¢

Note that the anti-ghost and projection factors (by PII) for the closed strings, each
being Grassmann odd, are always multiplied in the order as appearing in the argu-
ment of the vertex. The open-open-closed vertex Up and closed intersection vertex
Vo, as well as the open quartic interaction vertex V?, have one moduli parameter
specifying the interaction point:

(VP(1,2,3,4)] :/ doV (v3(1,2,3,4; 0! |b 8 HH(T)

T4

WUa(1,2,39] = [ dof’ (un(1,2,3% o) b, 0 IO T (3P

(o4

aym/2
Veel1%,29)] = [ o (o0, 2550 b,0 TT PO, (2:20)

r=1¢,2¢

Finally the open intersection vertex Vi« has two moduli parameters corresponding to
its two interaction points:

(Vae(1,2)] = / dordos(on(1, 200,08 b b, T[ IO (221)

<a(1)<0(1)<7ral r=1,2
§3. BRS Transformation

Once the action is given, there is now a standard procedure for obtaining the
BRS and gauge transformations.34)~37) In this procedure, if the action is invariant
under the BRS transformation, the invariance under the gauge transformation auto-
matically follows. Although this procedure is in principle well-known, details such as
signs are by no means trivial in this case of a mixed system of open and closed strings.
For this reason, in Appendix A we explain the details of this procedure by developing
a concise notation which can be easily translated into the present bra-ket notation.
Following this procedure, we calculate in this section the BRS transformation of our
action in a systematic way.
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BRS Invariance of Unoriented Open-Closed String Field Theory 839
Let us write the action (1-1) in the generic form
S = Spy + Sy + Z S
Sty = —5 WIGRIT8) = ~ 5 (R°(1,2)| Qa® T2,
Sty = —5 (@] Q405 PIT) [#) =+ (R(1%,2%)| @ (6 P @)
Sy = oL (Viy (s Jo@ I+ 1) 1@ 1e ot 190 gy e

c(i)! o(7)
|q§>lf(z) |'I’>Ji7(i) ) (31)

9@) 1 . gl
OO <‘/(i)(Jo(i)’Ic(i))

where c(i) and o(i) are the numbers of the closed and open string fields, respec-
tively, appearing in the i-th type vertex (V(;|, and vectors like J, 1() and If(z) are
abbreviations for the ordered sets of indices (J1,- -+, Jo;)) and (I oy JIf). Ac-
cording to Eq. (A-19) in Appendix A, the BRS transformatlon dp of the (ket) string
field is given by the differentiation of the action S with respect to the bra string
field. Using the rule of differentiation explained in Appendix A and, in particular,
noting that 6/8 (¥| is Grassmann even and /6 (@| is Grassmann odd, and using
(6/6 (@|) |#), = |R°(a,b)) and (§/8 (P|) |®),c = |R°(a%, b)), we find the following
BRS transformation law for open and closed string fields, respectively:

5
open _ open
), = 5gy$ =~V + L ETI)
. 5 g
S )g = |S<a ((JJ;! (Vi (B 13 K| 1@z RO, B)) 1) o,
6gosedba|¢>ac — 5 l = —Q%(b&’Pﬂ”@)ac + 261031?;()3dbal¢)ac
J
— —y(a® 6
SETS 00 1Phee = 57500 = (bo ) 555

— —(a%) 0] ) 1 . gl \{: C(C IC ) ) .
= 55 oy Vo (Biys K150 1R (@56) s 1) - (32)

Here we have used the fact that (§/d (®|)S(;) always contains the anti-ghost factor

b_( “) from the structure of our vertices, so that when we multiply it by the factor

of (by cg)(@) we effectively obtain 1 since by cy by = by . Moreover, the by ®) factor
contained in the vertex
1 gl — 1 gl —(5%)
<V(.'i)(Lo(j)’Kc(j)—1’bc)l = <V(j)(Lo(j)’Kc(j)-1ab )‘ bo (3-3)

has been eliminated together with cg (a) by using the equality

(55 )@ty @ |Re(a®, 5°)) = (b5 g )by 7 |RS(a%, %)) = b5 ) |RS(a°, 5°)) .
(3-4)
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840 T. Asakawa, T. Kugo and T. Takahashi

' JOP(?)‘ and 6°1‘(’5‘)*d are the parts of the BRS transformation coming from the S;y term
of the action. The free part of the BRS transformation, 0575)¥), = = -QY{M|¥), and
6C1°Sedb0 |P) —Q%(by PIT)|®) ., on the action S can be easily calculated to yield

(8573 + 95%5)S
= +(R°(1,2)| Q¥ QP 1T )y, + (Re(1°,2°)| Q57 Q87 (bg PIT) ) @) 5o
01 (1 9@
+Z( W+l c( )( )()< Vioy (Togiys Logay) Z QY|®) g ) goir 5 (3:5)

where use has been made of the commutativity of QB with the projection operators
IT and P. Note that 3 Qp acting on (V{;)| has become 3~ Qp. This holds since the
difference between them 3" Aa2co vanishes generally on the vertex (Viyl:

(i)
(Voo (Too c(z))|(Z a,ccg"k)+z,\oa )

<V<1( oty Loy [ A f —c(p ) =0. (3-6)

Here A = 2), has been used and C,, is a closed contour encircling all the interac-
tion points on the p plane. The presence of the anti-ghost factors b, sitting at the
interaction points pgp is potentially dangerous, since they yield poles (b(zp)c(2)) =
1/(z0 — z) on the z plane. But when going to the z plane, pro (dp/27i)e(p) be-
comes f_ (dz/2mi)(dp/dz)?c(z), and (dp/dz)? contains double zeros, (zo — 2)2,
there. Therefore the integrand is regular even at interaction points and hence
vanishes. Note that the squares of the tilded BRS operators in Eq. (3-5) become
~‘1’3 ~‘]’3 = Xa?g?{Q%, co} and Q%Q% = A0?g%{Q%, '} for the open and closed
string cases, respectively, by using the nilpotency of the usual () as well as of cp.

Now we calculate the j-th open BRS transformation part 6%"(‘;.’)' of the i-th ac-
tion term S(;. Noting that 8g(;) and [R°(a,b)) are Grassmann odd and that the
Grassmann even-oddness of (V)| is (—1)°0)+<l) | we find

5}031)(?)15(1) ((; <V(z)(a J (i)} c(z ’|¢ cMIW} o(l)( P(‘;‘;|w> )
C((; <‘/(1,)(a J(,L), c(z)) |¢>Ic(i)lsp).]o(i)
g
S (Vi (-1 )| 9) g R0 1)+
B 1 ; (0)9() . ;
= (e s (Vo a1 b Koy <V<i>(a’ Tot; Icw)

X|®) peto P) 500 P) ey |R%(a, b)) [) o1

14+0(j)+c(d g(l)g(J)
_ (—)He+ (J)m <V(J)(LO(J) b KC(J))‘ <V(z)(a 20 Ik
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Table 1. Coefficients ;7" of 6;"(‘;’35(1-). .
(®) V3(9) | Ulzug) | Vi(24g®) | Vx(zxg®) | Un(zng®)
ofi)+1 ]| 4=0 2=0 5=1 3=1 3=
e(i) 0 1 0 0 1
() cj)+1  o(y)
Vs (9) 1 3=1 | -¢° +xug® | +aag® +2xg’ —xag’
U(zug) 2=0 1 —Tug® | 729" | —TuTag® | —TuTog | +Tuiag’
Ve (zag”) 1 4=0 +24g° | —ZaTug® —z3g* —TaTog® | +TaZog"
V(x(:co(gz) 1 2=0 +rog® —Toalug® | —TocZag® —xr2g* +xocz0g”
Un(zng®) 2=0 2=0 +20g° | —Tazug® | +Torag’ | +ToTxg’ —z5g"
Table II.  Coefficients C5;°*? of 85755 S(s)-
(4) U(zug) Voo(Zoog?) | V5 ( 2.%9 %) | Ua( zng %)
ofi) +1 2=0 1 1 3=1
() c(y) o(4)
Vv .
U (xug) 1 1 —3312‘92 +muxoc>92 + %$u$cg3 + %acuzngg‘
Vv
V00 (00g?) 2=0 0 +ZocTug® +22.9* + %xmxcg‘* + %mwxng“
— 1 1 1 1
V3 ( ,a:cg ) 3=1 0 + Ezcxugs - —2—!zcxoog4 - ﬁxfg‘l — ﬁxcamg‘1
1 _ 1 1 1 1
UQ( 5%ng ?) 1 2=0 + Emgzugs - §xga:°og4 - mwnwcg‘l — Zw%;g"

x (—)e@+ol)=1+<l) | RO (g, b)) | )y c(z)( — )o@ 1)|¢) c(a)|!p> o@)ls[/) o=

o 1 e
= P (Vigy (L) 10 K| <Vm(b T2y L) | 1B (a,B)

X|®) et e 1) goti) ponr-1s

with the final coefficient given by

open __
C; =

(=)

(e(i)+1)(0(6)+1)+o(j)+c(3) _I@IG) _
c(i)e(F)!

(3-7)

(3-8)

Note that, in going to the last line, we have exchanged the arguments a and b of

|R°(b,a)) using the anti-symmetry property, |[R°(b,a)) = —

|R°(a,b)). This was done

for later convenience in applying the GGRT. In the same way we can find the j-th
closed BRS transformation part 6]‘53.1‘(’;.‘;‘1 of the i-th action term S;:

85122545,y = €518 (Vi) (B K k-1 09| (Vi) (Taays 0%, Togy) | 1RO (0, 6°))

B (4)

with the coefficient

closed
cs

= (=)o)

X|®) pets) g1 \!17) 90 L20)

9®H9G)

(e(i) = 1)}(e(s) — Dlo(i)o(j) -

(3-9)

(3-10)

The resultant coefficients C;7*" and CCIOSEd for 6089(6')‘5(1) and 65o% ) 45;) are summa-
rized in Tables I and II, respectlvely
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842 T. Asakawa, T. Kugo and T. Takahashi

It can be easily shown that &g ;yS(;) = 85 (;)S;) both for 6;‘?3 and 6°Bl‘(’j‘)ed, SO
that we need retain only half of the terms dg ()S@) for @ # j by using the coefficients
multiplied by 2. We thus can write the explicit form for the full BRS transforma-
tion 4S5 of the action by arranging the terms with the same number of open and
closed external states and the same powers of g as given below: there are 6 vertices
containing open string fields and 5 vertices containing closed string fields (including
the 2-point kinetic terms), so that 6 x 7/2 + 5 x 6/2 = 36 terms appear in total.
((U| 2 QB and (Ug|> Qp terms below should be counted as two terms each since
they contain both Q% and Qf;.) We have the following:

O(g):
(T1)  2(v2(1,2,3)| (Q(l)+Q(2) Q) 1), (311)
(T2) 22, (U2 (QF + Q%) 1@),e ), (3-12)
0(g?):
(T3)  32c (V(1%,2,39) (QF' + QF + QF) [®)gege1c (313)
(T4) |- J2a(v2(1,2,3,9) (QF + QP +QF + @)
—(V3(1,2,0)] (V3 (b,3,4)| |R*(a,b)) | 1) 43, (3-14)
(T5)  [20 (Ua(1,2,39] (QF + Q) + @F")
—224 (U(a,3%)] (VR(5,1,2)] |R°(a,0)) | [B)ge [y, (3:15)
L) |- ze (Va(1,2)] (QF + Q)
2 (U(1,0°)] (U(2,59)] |RS(a, b))
+X003 (R°(1,2) [ {Q, o™} | 199, (3-16)
(T6) [ = o0 (Vao(1%,2%)] (@4 + @F)
+2,2 (U(a, 1)| (U(b,2)] |R*(a, b))
+acade (RO(1% 2% {QE, o (b P) ™| [B)ere  (3:17)
0(g°%):
(T7) +224 (V(1,2,0)| (V}(6,3,4,5)] |R*(a,0)) 1¥)543 (3-18)

(T8) [2z0 (Un(1,a,4°)] (VS(5,2,3)] |R°(a,b))

~2zu@4 (U(a,4%)] (VP (5,1,2,3)] |R(a,)) | 18)4c 1939, (319)
(T9)  [aue (U(1,0°)] (Vi (5, 2°,5°)] |BE(a,69))

—2z0z, (Un(1,4,2°)| (U(b,3°)] |R*(a,b)) ] [8)gep: 1€),  (3:20)

(L2) [2xo< (V(1,0)[ (V3'(b,2,3)| |R°(a, b))
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taoz, (Ua(1,2,0)| (UGB [BG6N ]| Wy (320)
(T10) [— 22,2« (U(a, 1°)| (Vx(b,2)| |R°(a,b))

2400 (U(2,0)] (Vao(t,19)] [B(a,5) ] 90, [2),  (322)

O(g"):
(Tll) -—CE42 (‘/:10(1’2’37 a)| (Vf(b,4,5,6)| |R0(a’ b)) ‘lp>654321 (3'23)
(T12) 2z0z4 (Un(l,a,5)] (VP(b,2,3,4)] |R°(a,b)) D)5 [¥) 432, (3-24)

(T13) — Lo (Vo(1,25,a)| (V3 (5, 3°,4°)] |RO(a%, ) 1) segerene (3:25)
(T14) [ - 2a® (Ua(1,0,3°)] (Ua(b,2,4°)] |R°(a,b))
— Loz (Un(L, 2,0 (VS (5,354 |R(a55)) | [9) g |90, (3:26)
(L3) |- 200ma (Vu(1,0)] (V2(5,2,3,4)] |R(a,1))

~ 1202 (Un(1,2,0°)] {Un(3,4,5°)] |R(@,59) | [)ygy  (327)

(T15) oo (VS (15,25, 05)] (Vaolt, 3°)| [R(@,5%) [B)gepere (3:28)
(T16) [2139.1:0( (Uq(1,a,3%| (V«(b,2)| |R°(a,b))

2000 (Un(1,2,0°)] (Vaol6", 3] [R(a,6) | [@)5c [B)yy  (3:20)

(L4) o (Va1 )] (V(b:2)] |R(@,)) 12y (3:30)

(L5) 2o’ (Voo 15, )| (Vao(6, 29| [B(@,5)) [ ) e (3-31)

§4. BRS invariance

The light-cone gauge string field theory for an open-closed mixed system has
long been known to have an anomaly which breaks Lorentz invariance at the one-
loop level. 18- 20) This anomaly is present even in an oriented string system, and the
existence of an open-closed transition interaction U is required to cancel it. In our
framework of @ = pt HIKKO1®) type unoriented open-closed string theory, this is
reflected in the fact that the BRS (and gauge) invariance suffers from an anomaly.

The five terms labeled (L1) ~ (L5) in Egs. (3-16), (3-21), (3-27), (3-30) and
(3-31), do not vanish by themselves and will be cancelled by the anomalous contri-
butions of one-loop diagrams.*) More naturally, we should state this oppositely: if
we started with a theory possessing only the V@ V and V5 interactions, then the

*) In 1, we erroneously claimed that the (L5) term, (Voo| (Voo| | R®), cancels out totally by itself.
Actually, the configuration shown in (L5) in Fig. 3, which corresponds to the case where the two
crosscap cuts overlap, does not cancel and needs the loop counterterm.
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844 T. Asakawa, T. Kugo and T. Takahashi

theory is safely BRS invariant at tree level. At the quantum level, however, the
BRS invariance is violated by some anomalous one-loop diagrams, and the other
interaction vertices U, Up and Vi, Vo, are required to be introduced to cancel these
anomalies. Their coupling strengths are found to be of orders

U, Ug ~O(hY?),  Vy, Ve ~ O(RY) (41)

in h as a loop expansion parameter, as already shown in the action (1-1). 22) There-
fore, the non-vanishing nature of the (L1) ~ (L5) terms is by no means unwelcome.
Rather, it gives the very reason for existence of the interaction vertices U, Up and
Voo, Voo

In this paper we confine ourselves to proving the BRS invariance only at the
tree level and defer the proof of cancellations between the anomalous one-loop con-
tributions and the (L1) ~ (L5) terms to a forthcoming paper. We, therefore, do
not discuss the five terms (L1) ~ (L5) in any detail. But here, let us just see what
types of one-loop diagrams the five terms (L1) ~ (L5) will cancel. This is shown in
Fig. 3. There examples of string configurations which need loop counterterms are
given. In each diagram, there are two interaction points, and depending on which
interaction of the two takes place earlier than the other, two different intermediate
states appear for a given set of initial and final states; the upper paths correspond
to the ‘tree’ terms appearing in (L1) ~ (L5), respectively, and the lower paths to
the loop diagrams. (Whether the path corresponds to a loop or tree diagram can be
judged by considering whether the momenta of the intermediate states are uniquely
determined when those of the initial and final states are given.) Look at the first con-
figuration (L1), for example. The upper path represents a possible configuration for

the term (U(1, (;/C)| (U(2,b%)] |R%(a%,b°%)) in Eq. (3-16), and the same configuration of
the initial and final strings can be realized by choosing the other intermediate state
shown in the lower path of the figure, which corresponds to the one-loop (non-planar
but orientable) diagram constructed by using open 3-string vertices (V| twice. This
(L1) example is just the same as the Lorentz anomaly in the case of the light-cone
gauge string field theory mentioned above.

In this section, we prove that the theory has BRS symmetry at the tree level if
the parameters A¢, Ao, Ty, T, Toos L2, T4 and x. in the action satisfy

32nz?
Ac =2X, = — 21_{1(1) 2 ®, (4-2)
Too = NE2 = 4TiTc, (4-3)
x4 =1, (4-4)
Ty =T, (4'5)
T = 8mixg, (4-6).

where Eqgs. (4-2) and (4-3) are the relations derived in I.

The order g terms (T1) and (T2) in Egs. (3-11), (3-12) and the order g? term
(T3) in Eq. (3-13) vanish due to the BRS invariance of the vertices V3, U and Vy,
respectively; neither of these has moduli parameters, and hence each is essentially
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w Q\ {\
Q\Qﬁ/Q \®\ ﬁ&

Initial Final

(L2) Oriented (L3) Oriented

~ o ~
HORR )

(L2) Unoriented Q (L3) Unoriented >© <
QR0 O K

Fig. 3. Configurations requiring loop counterterms. The upper paths correspond to the ‘tree’ terms
appearing in (L1) ~ (L5), respectively, and the lower paths to the loop diagrams.

O

K

identical to the corresponding LPP vertex which is manifestly BRS invariant by
construction. The terms (T6) and (T10) in Egs. (3-17) and (3-22), containing only
the quadratic interaction vertices U, Vi and Vi, were proved to vanish in I if the
coupling relations (4-2) and (4-3) are satisfied. Thus we now discuss the remaining
eleven terms, (T4), (T5), (T7) ~ (T9) and (T11) ~ (T16), successively and show
that they indeed vanish.

In this section we often use the GGRT, which was originally proved in Refs. 23)
and 24) for the simplest cases of purely open string system. But here we need more
general formulas. Indeed we have various types of vertices containing closed strings
also and must treat the contractions of such vertices by the closed string reflector
|R¢(a%, b°)) as well as by the open one |R°(a, b)). We, however, show in the Appendix
B that almost the same form of GGRT formulas actually hold for all the cases we
need. So we use such formulas freely in the following.
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846 T. Asakawa, T. Kugo and T. Takahashi

4.1. O(g?) invariance

4.1.1. T4 terms

The cancellation of the two terms in (T4) in Eq. (3-14) has long been known,
since the first proof by HIKKO in Ref. 30). However, here we prove this again to
demonstrate how much the proof is simplified by the use of our present machinery
of the LPP vertex. This will determine x4 to be 1 in the present definition of the
vertex.

The second term of (T4) corresponds to the gluing of two 3-string LPP vertices
(v§]. For this simplest gluing, we have the GGRT formula

(v3(1,2,a)| (v3(b,3,4)| [R%(a, b)) = (73(1,2,3,4)]. (4-7)

Here (99(1,2,3,4)| is a generic LPP vertex for four open-strings, given by an inte-
gration of the specific LPP vertex (v, (al’az’aa'a“)(l, 2,3,4)| over the string length

parameters a1, a2, a3 and ay. The specific vertex (7, (al’az’as’a“)l represents the

LPP vertices which correspond to various ways of gluing the four open strings de-
pending on the set of the values of the parameters ay, as, a3 and a4. The possible
4-string configurations which can be realized by gluing two 3-string vertices for all
possible choices of string length parameters fall into three types, (a), (b) and (c),
drawn in Fig. 4.

Let us consider the type (a) configuration first, and name the four strings there
1, 2, 3, and 4, as drawn in (a-1) in Fig. 5. But this configuration can be realized in
two ways by using two 3-string vertices, as drawn in (a-1) and (a-2) in Fig. 5, where
the dashed lines denote the intermediate strings a and b which are glued together
by |R°(a,b)). Thus this vertex (6Z(a1’a2’a3’a4) (1,2,3,4)| appears twice in the second
term in (T4); namely, one term corresponding to the configuration (a-1) is contained

@ (b) ©
Fig. 4. The possible three types of configurations obtained by gluing two open 3-string vertices.

4 4
}—<3—| booeoes AR | . H-IZ ------- ! »—T—|
2 1 3 2
(a-1) (a-2)
3 4 3 4
e ——————|
foomomunnan B i b ]
L t -
2 1 2 1
(b-1) (b-2) '

Fig. 5. Two ways of gluing to realize the type (a) and (b) configurations, respectively. The dashed
lines denote the intermediate strings.
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Fig. 6. A unique way for drawing an intermediate string in (c).

in the second term of (T4) in the form

—(vglere2a) (1 2 q)| (vg(@29:24) (b, 3,4)| |R°(a, b)) |¥) 430,
= _<f)g (al,az,aa,aq)(L 2,3, 4)| |W>4321 , (48)

and the other term corresponding to (a-2) in the form

—(vg(e2en.9a)(2 3 q)| (v3(@ 1) (p, 4, 1)| |R*(a, b)) [¥) 439
= (3 20004 (2 3 4 1)] W) 4y = +(T5 TP (1,2,3,4)| ) 43y , (49)

where we have used the GGRT (4:7), the cyclic symmetry of the LPP 4-string vertex
(#3| similar to Eq. (2-3), and |¥) 43, = — |¥)430;, because of the Grassmann odd
property of the open string fields |#). We see that these two terms have opposite
signs and cancel each other. Consequently, we have proven that the second term in
(T4) actually contains no terms o (6Z(a1’a2’as’a4) (1,2,3,4)] corresponding to the type
(a) configuration. Similarly, the terms corresponding to the type (b) configuration,
realized in two ways, (b-1) and (b-2) in Fig. 5, can be seen to cancel out in the
second term in (T4). (Actually, the same Egs. (4-8) and (4-9) apply to the (b-1) and
(b-2) terms, respectively, if we name the strings as drawn in Fig. 5.)

Thus, now the only remaining terms are those corresponding to the type (c)
configuration in Fig. 4, called the ‘horn diagram’ by HIKKO. 30) In contrast to the
previous types (a) and (b), this configuration is realized by using two 3-string vertices
in a unique way, as drawn in Fig. 6. Therefore the terms of this configuration must
be cancelled by new contribution other than the second term in (T4). This is just
given by the first term in (T4), as we now see.

The first term in (T4) can be rewritten as

T4 0 r x4 [°F d o
- (V(1,2,3,4)| > QY 1¥)40 = 5 /ﬂ df’Oz&;((%(laz,?’A?Uo)l) ) 4321

X o r
= ——24—(<v4(1,2,3,4; of)| — <UZ(1727374;Ui)I) HH( ) 1) 4391 (4:10)
T

using the property (2-11) that the BRS charge Qp acts on the SFT vertex as a
differential operator with respect to the moduli parameter. Here we have omitted
the unoriented projection operators leﬂ (") for brevity, which we shall do also
henceforth without notice unless they become important. We immediately recognize
that the appearing surface terms, (v§(og)| at the end-points og = o5 and o, just
realize the same string-configurations as the horn diagram, as depicted in Fig. 7.
Figure 7 is drawn assuming that the string 4 has the maximal string length ||
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3 Y4
4 /
3 /! 4

= .
ﬂ/ﬁ G 2 1 2[/ 1
(S)

(of)

Fig. 7. Two configurations of the 4-string vertex (v§(oo)| realized at the end-points op = o5 and
oi. The dotted lines indicate the intermediate string in the case that they are realized by gluing
two 3-string vertices.

among the four. Note that these specific configurations with |a4| being maximum
are contained four times for each with o9 = o and o; in Eq. (4-10), since the labels
1 ~ 4 are dummy there and the vertex (vg] is cyclic symmetric. On the other hand,
in the second term of (T4) using two 3-string vertices, the (c) terms corresponding
to these horn diagram configurations appear twice for each of o5 and o;; indeed, in
view of Fig. 7, we have the following two terms for the configuration (o), (omitting
the superscripts like (a2, a3, a4) of the vertices for brevity here and henceforth),

—(v3(2,3,a)| (v5(b,4,1)| [R°(a,b)) [#) 1430 = +(v3(1,2,3,4;07)| |¥) 4301 »
—(v3(4,1,a)| (v3(b, 2,3)| |[R°(a,b)) |W>3214 = +(v3(1,2,3, 4; Uf)| |5p>4321 , (411)

by using the GGRT (4-7) and |¥),,5, = — |¥) 4301, €tc., and, similarly, two terms
of —(v3(1,2,3,4;0;)| |¥) a0, for the configuration (0;).*) Therefore, the terms corre-
sponding to these horn diagram configurations cancel between the first and second
terms in (T4), Eq. (3-14), if the 4-string coupling constant x4 satisfies

(—%) x4+ (+1)x2=0 = z4=1 (4-12)

4.1.2. T5 terms
The vanishing nature of the (T5) terms in Eq. (3:15) can be proved in a very
similar manner as in the previous case.
The second term of (T5) has three possible configurations, as depicted in Fig. 8.
The type (b) configuration can be realized by gluing the two vertices (U| and (V3|
again in two ways, as drawn in Fig. 9, and appear in the second term in (T5) in the
forms

(U(a,19)| (V3(b, 2,3)| |[R®(a, b)) |€) 1 [#)3y = (9(2,3,1)|[D) 1 [¥) 33
(U(a, 1) (V2(b, 3,2)| |R(a, b)) [B) ¢ [#) g5 = (¥(3,2,1)][®)1c [W)g3, (4:13)

respectively. Here (9(2, 3,1¢)| denotes the LPP vertex for one closed and two open
strings resulting from this gluing. This vertex is cyclic symmetric with respect to

*) Note that, although the first equation here in (4-11) and the previous Eq. (4-9) look the
same, they actually represent different quantities corresponding to different regions of string length
parameters; here the string fields |#), (i = 1,2, 3,4) have alternating signs of string length parame-
ters, i.e., {a1, @3>0, a2, 4<0} or {0, a3<0, az,as>0}, while, in Eq. (4-9), this is the case in the
region {a1,a2,03>0, as<0} or {on, a2, a3<0, as>0}.
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Q. OC

Fig. 8. Two types of configurations for (U| (V3| |R°).

1
0 (S (0

Fig. 10. Two configurations of (ug(co)| realized at the end-points oo = o5 and o;.

the two open string arguments ({7(2,3,1°)| = (9(3,2,1°)|) since the matrix indices
of the two open strings are contracted between the two. Since |#)y3 = — [¥)3,, the
two terms in (4-13) clearly cancel each other.

Remaining are the terms of type (a) configurations, which are again to be can-
celled by the first term in (T5). The first term of (T5) is rewritten as follows in the

same way as in Eq. (4-10):
o (U.Q(la 2, 3C)| QB |¢>3° |W>21
agf C
- —:m/_ (u(1,2,3%00)| { boy, QB }(bg P |B)5 |¥),,

= —z0{ (u0(1,2,3%07)| - (un(1,2,3%0:)| }(bg PIN) @)y (@), (414)

These surface terms (ug(1,2,3%0¢)| with o9 = o5 and o; have the same string-
configurations as the type (a) as drawn in Fig. 10. Each of these terms with the
string lengths specified and satisfying |ag| > |a1| appears twice in this Eq. (4-14).
The corresponding (a) terms in the second term in (T5) are given, by the help of
GGRT, as

—2z,, (U(a,3°)[ (V3'(b,2,1)[ |[R°(a, b)) |®)3c [¥);2
= -2z (un(2,1,3%0y)| (baPH)(:‘C) D) 3 1912
-2z, (U(a, 3] (V5'(b, 1,2)| |[R*(a, )) | D)3 [¥) 9
= —22, (un(1,2,3%04)| (bg PIT)CY) @) 4 (W) (4-15)
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Fig. 11. The unique configuration for (V3’| (V| |R°) and two ways of gluing realizing it.

where we have used the fact that both (V| and |R°) are Grassmann odd. Noting
that (up(2,1,3%00)] = (ue(1,2,3%00)| and [¥)y; = —|¥),5, we see that these
terms in (4-14) and (4-15) exactly cancel each other if

—ZoX24+2x,=0 = z,=2z0. (4-16)

4.2. O(g®) invariance
4.2.1. T7 term

In this case the generic configuration is unique and is of the type drawn in Fig. 11.
Let us name the five strings 1 ~ 5 in a cyclic order as shown there. Then, for any
single configuration with a definite set of string length parameters (a1, - - -, as), there
are always two ways to realize it by gluing the vertices (V| and (V|, as shown in
Fig. 11. The term corresponding to the (a) diagram is contained in (T7), Eq. (3-18),
in the form

<‘/30(1’2’a)| <V:10(b’3v4, 5)' |R0(a’b)> ‘W>54321
o o y o
=+ (V2(1,2,a)| (V(b,3,4,5)| |R°(a, b)) [¥) 54301

"5‘4) 4 (4)
=+ [ dot? 51,2, (0506,3,4,506")] bgo |R%(@, b)) W)sasn

4)

% 4) - 4
= - /a o dot? (5(12345; o ))|baé4) %) 54301 (4-17)
|
where 4 means that the anti-ghost factor b ol with string-4 moduli 084) is used as

explained in Eq. (2:15), and the identity (2-14) has been used. (©(12345; 084))| is the
LPP vertex for the five strings resulting from this gluing. Note that a sign change
has occurred for the last expression since we have changed the order of b ol and

|R°) before applying the GGRT. The term corresponding to the (b) diagram is, on
the other hand, contained in (T7) in the form

(‘/30(21 3: a’)‘ <V:10(b7 41 59 l)l |Ro(a’7 b)) |W> 15432

L
=~ ((2:3,0)] (VP(b6,4,5, )] [B(2,)) P15400
4 4
—— [ 48 (15(2,3,0)] (5(6,4,5, 30§ b0 |R(@,) 19) s

@
1
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(b)

©)

Fig. 12. Three configurations for (T8) terms.

(4)
—+ / ot (512345, 0")|b 0 1) 4301 (4-18)

where the cyclic symmetry property of the LPP vertex (©(12345; 0(4))| and the
property |¥) 5430 = + |¥) 54391 have been used. The negative sign here has appeared,
since the identity (2-14) implies

| |
(Vi(b,4,5,1)] = —(V{(b,4,5,1)]. (4-19)

Thus the two contributions (4-17) and (4-18) cancel each other, proving that (T7)
vanishes.

4.2.2. T8 terms

Generic configurations resulting from the contraction of two vertices (Up| and
(V#|], or (U] and (Vp|, fall into three types, (a), (b) and (c), depicted in Fig. 12.
Each of these is realized in two ways, as shown in Fig. 12; only the (c-2) diagram is
given by gluing (U| and (V|, and all the others are given by gluing (Up| and (V3.
As in the previous cases, cancellations occur between the two ways of gluing in each
pair. Denoting the LPP vertex resultant from this gluing by (#(123, 4°)| generically,
the pair of (a-1) and (a-2) is contained in (T8) in the following form:

(a-1) :
2z0 (Ua(1, a, 4°)| (V3(5,2,3)| |IR(a,D)) D) 4 [¥) 321

=220 [ dof? (ua(L,a, 4% o) b, (b )V (05(6,2,3)| IR0, 1)) 19),c 1)
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= 2m9/da #(123,4%)|b_ (1)(bo P4 18), %) 301 »

(-2)
220 (Ua(3,0, 4C)| <v3 0,120 (0,0 e )
= 20g [ dof? (ua(3,0,4% o) b, (6 P) ) 056, 1,2) IR(@, D) 18)c 9
=220 / dof? (3(123,49) b, (b P)*” 8) ¢ [¥) 15 (4:20)

Although the states have the same sign, |¥),,5 = + |¥),,, the anti-ghost factors have
opposite signs, [ dU(()a) b o = J da(()l)b FOR since the directions in which 0((33) and

1) . o . .
a(() ) increase must be opposite in order to keep a common configuration, similarly

to Eq. (2-14) in the open 4-string vertex case. Thus (a-1) and (a-2) cancel each
other. The same equations (4-20) also apply to the (b-1) and (b-2) diagrams if we
name the strings as shown in Fig. 12, so that the (b) configuration also cancels out.
Cancellation between (c-1) and (c-2), on the other hand, occurs if the condition

T = TyT4, (4-21)
holds. Indeed, the (c-1) diagram is contained in (T8) in the form
220 (Un(2,a,4%)] (V3'(b, 3, 1)] |R°(a, b)) [ D) 4 [¥) 139
=22 [ dof? (ua(2,0,4% 0§)] b, (b5 P) ") (05(6,3, DI IF(@, D)) 19,4 12)
= 20g [ dof? (5(123,4%)] b, (65P)“ 10)4c ¥, (+22)
while (c-2) is contained in (T8) in the form
—2z,74 (U(a, 4°)] (V7' (b, 1,2,3)[ [R%(a, b)) |) 4o [¥)39)

!
= —22,74 (U(a,4°)] (V{'(b,1,2,3)| |R°(a,])) |P)4 IW);m
— 27,24 / do$? (u(a, 49 (b5 P)) (w3(b, 1,2, 3: 08| b o | R(@,8)) )4 [¥) 35,

= ~2a,31 [ dof?? (5123, 4] b, (65P) " 1) 1¥)s - (4:23)

Here use has been made of the Grassmann oddness of (v3| and |R°). The required
condition (4-21) is actually satisfied by the relations z4 = 1 and z, = z already
determined in Egs. (4-12) and (4-16).

4.2.3. T9 terms

The generic configurations obtained by contracting the vertex (U| with (V|
or (Ug| are of two types, (a) and (b), depicted in Fig. 13. Again each of them is
realized in two ways, as shown in Fig. 13. As in the previous cases, cancellations occur
between (a-1) and (a-2), and (b-1) and (b-2). Denoting the LPP vertex corresponding
to the glued configuration (a) in Fig. 13 by (9(1, 2°3%; 09)|, the pair of diagrams (a-1)
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Fig. 13. Two configurations exist for (T9) terms.

and (a-2) are contained in (T9) in the following form:
(a-1):

\
zutc (U(L,a%)| (V5 (b°,2°,3°)| |R(a®, %)) [@) 3eqc ¥},

c coc —(b° dé if(L— L)) - ¢ cyc
= auze (u(10%)|05(6°253°) 8y ) [ DT (65P) 7 1R H)) ) geael ),
r=2,3

d9 . A (BE _ (KT c
= zuze [ 5 (W10 (w6239 2D |RE @) by O TT (0P 1@)gene ),
r=2,3

d9 - Coc —(bC _ rc
= zuze [ 5 @0, 2358)( 5, T 65P)" 1@)ge0e 1911 (4:24)
r=2,3
(a-2) :
220w, (Ua(l,0,2°)] (U(b,39)] [R(a,5)) [)5e5e 1),

= —2zqoz, / doo (ua(1a2%; 00) | be (b5 P) " (w(83%)] (5 P)*7 | RO (ab)) 19) sese 1),
= 12201, / doo (u(1a2%; 00)|(w(63%)|| B°(ab)) bee (65 P) 7 (b P) *718) 3epe 19),

- / doo (5(1,2°3%00) boo [T (05 P)" [@)geqe |9, - (4-25)
r=2,3

Here some of the commas in the string arguments of the vertices have been omitted

for brevity, and we have used the Grassmann oddness of |R°) and the GGRT. The

resultant LPP vertices for the glued configurations (a-1) and (a-2) are clearly the

same (see Fig. 14 at 7 = 0):

(B(1,2°3% 0)] = (9(1,2°3% 00)| for apf =o0p. (4-26)

We, therefore, have only to compare the anti-ghost factors b, ®) and by, appearing in
Eqgs. (4-24) and (4-25), respectively. This comparison is actually very similar to that
performed in I for the cancellation of (T10) between (U| (Vi| |R°) and (U| (Voo| |R°).
For this purpose, consider the p-plane diagrams drawn in Fig. 14, where the figures
represent the configurations which reduce to the present ones (a-1) and (a-2), re-
spectively, as the time interval 7 goes to zero. First, as done in I, the anti-ghost
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e

— 1 L2

1" a =
2!: H CO ; 30
r ; hf\/'\/\/\/\/\/\
* ; IAAARAAD
> " Co 3¢

17" [e))
AVAVAVAVAVAVAVAN

(a-1) (a-2)

Fig. 14. p planes for the diagrams which reduce to (a-1) and (a-2) in Fig. 13 at 7 = 0.

factor by *%) s replaced by by ) = by ®) 4 (e faxze )by @) 4 (e /axze Yoy %) This
is possible since b, %) and by %) are zero in front of the factors =23 (bg ’P)(rc)
present in Eq. (4-24). Then, note that

—(r€ L 'r dp p(r

= % ( %jﬁib(p) — a.h.) 3o (% dp —b(p) — a.h.) . (4-27)

where we have used the fact that the p coordinate is identified with p = a.p,.+const
—(b°)

in the region of string r. Hence 50 can be seen to reduce to the following expression
by making a deformation of the integration contour:

—ney 1
by ) = — e f —f )
o T ( C1+Ca— Cr+C3- 27m )
1
= ——abc (?20 f ) i b(p) = —5 0 (b - bp3> . (4-28)

The contours C; and C} here are shown in Fig. 14.
On the other hand, the anti-ghost factor b,, appearing in Eq. (4-25) can be
written in the form

dpo (dp?)) ?g dp .
=\53 . —b(p) =i by, — bpx 4-2
boy (dUo) Co 27” b(p) + dog cy 271 (p) Z( po pO) , (4:29)
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using dpo/dog = i and dpjj/dog = —i. Therefore, (4-24) and (4-25) cancel each other

if
2m 46 1 . arm
l‘u.’Ec'/O —2-:; (——Q-ch) e = _lenxu/O ng cee (430)

since the integrands are the same for a0 = 09 by Eq. (4:26). If we note the relation
ape = /2 (since the strings b° and 1 are closed and open strings, respectively, in the

(a-1) case), we see that the integration regions on both sides in Eq. (4-30) coincide
(e f02" df = [*" d(ae®) = ;' " dog), and thus the cancellation is complete if

1
47

The cancellation between (b-1) and (b-2) is also seen in quite the same way, and
thus (T9) has been proved to vanish.

T.= —2ixn = x.=8mixg. (4-31)

4.3. O(g*) invariance

- 4.3.1. T11 term

This (T11) term has already been proved to vanish by HIKKO.3® The config-
uration obtained by contracting two (V| vertices is unique and is of the type drawn
in Fig. 15. Name the six open strings 1 ~ 6 in a cyclic order as shown there. For any
single configuration with a definite set of string length parameters (a1, - - -, ag), there
are always two ways to realize it by gluing the vertices (V| and (V?|, as shown in
Fig. 15. The terms corresponding to the two configurations (a) and (b) are contained
in (T11) in the following forms, respectively:

(VP(1,2,3,0)] (VE(5,4,5,6)] [R*(a,b)) )543
- <—><v4°(1 3,3,0)|(-) <v4°<b 4,5,6)| |R°(,5)) %) 65321
— + [ doff o (w3(123: 6" b, (45 (6456: 0§ 0 R*(ab)) 1¥)gsasan
(V(2,3,4,0)] (VP(5,5.6,1)] [B(a,B)) [P)55000
— (VP(3,3,4,0)| (+) (V2 (5,5,6,1)] |R(a,b)) (—) 1) 654321
/dac()Z)dU 6)<U4(234a Uo )|b 2)<U4(b561 ‘70 )|b (6)|R°(ab)) 1¥) 654321 - (4-32)

Note that the minus sign in the last expression has come from |¥) 5430 = — [¥)gs54321-
giving the opposite signs for the two terms. Apply the GGRT to both terms there.
Then, clearly, they yield the same LPP vertex (t(123456; 062),00 ))| maintaining

opposite overall signs, so that they turn out to cancel each other.

N 7. DN b DN

.........................

7N 7Y %N

(@ (b)

Fig. 15. The unique configuration for the (T11) term.
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4.3.2. T12 term

There appear two distinct configurations when contracting the vertices (Up,| and
(V|, which are the types (a) and (b) given in Fig. 16. Again these are each realized
in two ways, as drawn in Fig. 16. The terms of the diagrams (a-1) and (a-2) are
contained in (T12) in the following forms, respectively:

(Un(1,a,5%| <V21°(b 2,3,4)| |R°(a, b)) |¢)5c 1) 4321

= (un(1a5% o) b, o (v§(b234; i)k, o |B°(ab)) [P)se [¥)g3m,  (4:33)
(Un(3,a,5%] <V4 (b 4, 1 2)| |R°(a, b)> |¢>5c %) 9143

= (un(3ab%; Uo )| b o (vg(b412; ‘70 )Ib ( |R°(ab)) |P)se [#)a1q5-  (4-34)

Here the common integration symbols [ daol)dcf,ga) have been suppressed, and use

{
has been made of (VP(b,2,3,4)] = + (V2(,2,3,4)|. In this case, the states are the
same (|¥) 30, = [¥)9143), and the GGRT gives a common LPP vertex for the glued
configuration (a), but the orders of the anti-ghost factor b (1)b o3 are opposite for

the two terms. They thus cancel each other. For the case of the (b) configuration,
(b-1) term is given by the same Eq. (4-33) while (b-2) by

Un(2,0,5] (V2(b,3,4, )] |R(,5)) |®)5c [9),430
= (un(205% 05 )| by (0§ (6341:067)| (b, 0) [R(ab)) [®)5e [ @) 1452, (4:35)

with the symbol [ d06(2)da(()3) suppressed again. Comparing the diagrams (b-1) and
(b-2), we see that the 1nteract10n point 0( ) here of (un(2,a, 5 06(2))| is the same

as that of (un(1,a,5 ‘70 )[ in Eq. (4-33), so that by = -b oV (directions are
opposite). Therefore the anti-ghost factors are the same for each, b o/ (—b U(()a)) =
b 40b 4@, but the states have opposite signs, |¥) 1430 = — |¥) 4399 Thus (T12) is

also proved to vanish.

(a)

o

Fig. 16. Two configurations for the (T12) term.
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(@)

(b)

©) (c-1) (c-2)

Fig. 17. Three configurations for (T13) term. In (c-1) and (c-2), the bonds connecting the solid
dots and solid squares denote the 1°-2° and 3°-4° interaction points, respectively.

4.3.3. T13 term

This term was already analyzed intensively and shown to vanish by HIIKKO. 31)
So let us show this fact in our terminology briefly.

The generic configurations obtained by gluing two closed 3-string vertices (V5|
fall into three types, (a) ~ (c), in Fig. 17. Each of these is realized in two ways of
gluing, as shown there. The (a-1) and (a-2) terms for (a) (and (b-1) and (b-2) for
(b) as well, if the strings are named as shown in Fig. 17) are contained in the (T13)
term, (3-25), in the following forms, respectively:

v
<"/3C(1C’2C’ac)| (Ve.c(bc>3ca4c)| |R(a®, %)) |¢>4C3C2C1C
— (¢ Oy . 7(6C
— (05172, a°)] (o500, 3%, 4985 ) [ et D R (ac, 1)

< I &P 1) ses0001c 5 (4:36)
r=1¢,2¢ 3¢ 4¢

\
(V$(4%,1°,¢°)| (V5 (d<,2°,3%)] |R%(c%, d°)) |B) 3e9c cqc
= (0§(4°,1°, ¢%)] (vg(de, 2°,3%)| by ™) / %ewd@‘f‘)(dc) |RC(c%, d°))

x I &P 1) 50100 - (4-37)
r=4¢1¢,2¢ 3¢
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The external states and the b, ™) factors associated with them are common as a
whole to these two terms; [],_jc gc e 4c (bap)(r ) _ TTr—se 1¢ 20 3¢ (bg’P)(r ) and

|P) gegegeic = — [P)3egeqeqe. Therefore the sign difference should come from by, ®*) and

by ’. By reasonirg similar to the (T9) (a-1) case, these anti-ghost factors can be
converted into

e 1 - —(d 1 7
by ) = to0ee(bo = by3),  bo = ~g0a(bo = bgg),  (4:38)

in the presence of b, (1c)b5 %) and of by (2c)b6 (3C), respectively, where by, = § (dp/27)
b(p) is the anti-ghost factor corresponding to the shift of the 1°-2° string interaction
points drawn in Fig. 17 (and BPB is its anti-holomorphic counterpart). On the other
hand, comparing the diagrams, (a-1) with (a-2) and (b-1) with (b-2), we easily see
that these pairs of diagrams realize the same glued configurations when the twisting
angles 6, and 64 of the intermediate closed strings satisfy the relation

abOb = —aded (4'39)

if the origins of the 6 are chosen suitably. Therefore, to keep the same glued config-
urations, the directions in which €, and 6, increase are opposite, and the opposite
signs (as well as their weights) of by ®) and by @) ip Eq. (4-38) reflect this fact.
Note that the (a) configuration, by definition, corresponds to the twisting angle re-
gions —onm < apfp < aam and —aum < agfy < ag7 for (a-1) and (a-2) diagrams,
respectively, and that the (b) configuration corresponds to the twisting angle regions
—(a1 — |ag)7m < opbp < (@1 — |ag|)m and —(a1 — |aa|)7 < g < (1 — |ou|)7 for
(b-1) and (b-2) diagrams, respectively. We thus have shown that (a-1) and (a-2)
terms, and (b-1) and (b-2) as well, cancel each other between these integration re-
gions.

If the twisting angle 6, in the (b-1) diagram exceeds the above limit and falls into
the region (a1 —|ag|)7 < ap |0s]| < (@2+]|as|) (note that (a1 —|a4|)+2a2 = as+|as)),
then the (b-1) diagram turns into the (c) configuration. The (c-1) and (c-2) diagrams
in Fig. 17 correspond to positive and negative 8, respectively, in this region. Then
it is clear from the figure that the 1°-2° string interaction point of (c-1) corresponds
to the 3°-4° string interaction point of (c-2) and vice versa. But, if the anti-ghost
factor by ) is expressed by by, of the 3°-4° interaction point, it has an extra minus
sign relative to the above 1°-2¢ interaction point case (see the (b-1) diagram), which
again reflects the fact that the directions in which 6, and —6, increase (realizing the
same configuration) are opposite. Thus (c-1) and (c-2) are also seen to cancel each
other.

4.3.4. T14 terms

There are 5 relevant configurations in this case, (a) ~ (e), shown in Fig. 18, each
of which is realized in two ways, as drawn there. The terms (a-1) and (a-2) for (a),
and (b-1) and (b-2) for (b) as well by naming the strings as shown in Fig. 18, are
contained in the first term in (T14) in the forms

(Ua(l,a,3%)| (Ua(b,2,4%)| |R°(a, b)) [D) se3¢ [¥)
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O _|O
@

()

O

N
(X

)

Fig. 18. Five configurations for (T14) terms.

= (up(1a3% oS bA, (<) (ug(b24% 050)] b2, |RO(ab)) 19) gege 19)31,

(1)
%
(UQ(2> a, 3C)| (U.Q(b': 1) 4C)| iRO(a[, b)> |¢>4C3C 1@)12
= (ua (203 059)| bn () (uo (V145 062)| %) [R(ab)) @)z [Pz, (4-40)

respectively, where the integration symbols [ do‘()l)da((f) have been suppressed for

brevity, (Un(b,r,4%)| = (—) (Ug(b,?l”,4")| with 7 = 1 and 2 have been used, and the
labels A and B have been attached to the anti-ghost factors to distinguish the two
interaction points appearing in Fig. 18. So despite the appearance, the anti-ghost
factors have the same signs for the two terms (b’z ((]l)bi @ = b’fy @ b[z_ o ), since we have

b’im = —b’i(z) and bi(z) = _bi(l)- The states, on the other hand, have opposite
0 0 0 0
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signs (|¥)y; = — |¥),,), and hence the (a) and (b) terms vanish in (T14).

The cancellations in the other two cases of (¢) and (d) are those between con-
tractions (Ug| (Ugp||R°) and (Up|(Vy||R®). The terms (c-1) and (c-2) (and (d-1)
and (d-2) as well, if the strings are named as shown in Fig. 18) are contained in the
first and second terms in (T14) in the forms

—.23?2 (Uﬂ(laa,3c)| <U~Q(ba 2,4c)| 'Ro(a” b)> ‘¢>4C3C |Sl7)21
- —x%l/dat(ll)dg(m (un(1,a,3%a5)| b (1)(5_7’)(30)

x(~ )(urz(b 2,4% 0] b, (b P) ™) |R(@,5)) 1) e5c 19),

= +ad, / do ol (512545 oo b b, 00 [ 65 P) @) gege )1
r—34

(4-41)
1 \%
g (Un(1,2,a%)] (VS (5°,3°,4°)] |RE(a, %)) 1) ege 9)

——xg:cc /da (un(1,2,a; 00 )|b @

C(hC aC —(b° daz A0 — re ¢
x (500,349 8 ) [ e D T (5P) 7 IRE(a%,69) 1) gege 19)s
r=3,4

do
— +yeaze [dof’5 ] (5125°4% a26)[ b by O T] (65 P)" 1) e ).
r=3,4

(4-42)

respectively, where care has been taken with regard to the signs, and identities similar
to (2-14) have been used for (Ug,|. Here the LPP glued vertices denote

(#(123°4% 052, 08| = (un(1a3% oY) (o245 0P)| |R(ab))
(#(123°4%0$2,0)| = (un(12a% )| (W§(6°3°4°)| LD |Re(a%b%)) . (4-43)

By drawing the p plane diagram corresponding to the present configurations (c-1)
and (c-2) as shown in Fig. 19, we see that the glued configurations, and hence these
LPP vertices, coincide when a(()l) and @ satisfy the relation

(0(123°4°; o(()z), 0)| = (v(123°4°%; 082), a(()l))l for apl+ |ag| T — 0'(()2) = o(()l) .

(4-44)

Thus, in view of Egs. (4-41) and (4-42), we must again compare the anti-ghost factors
b, and by @)
in the (T9) case above. Indeed, if we compare the p plane diagrams, Fig. 19 for the
present case and Fig. 14 for the (T9) case, we can see an exact parallel. Therefore,
from Eqs. (4-28) and (4-29), we have the equality

appearing there. This is actually the same situation as encountered

e 1 1

202 Iudy 0z uo 3sanb Aq +/9€281/1.€8/%/00 1 /0101He/d)d/Wwod dno-ojwapede//:sdly woly papeojumoq



BRS Invariance of Unoriented Open-Closed String Field Theory 861
0
4C

P g— P P P— Lo
” : 0(02)5 2' ” 1105)2) 2,
1 : RARRRARRARAAARR 1 5 ‘ RARRARAA
: : ‘ Ci |
MQMMMMN\,@ A £ -c
3¢ . c i ‘ ¢ c Ay 3
. ' ' C
L Lo ! 4 3 2 @/ 0 4
: : o8 Ci :
1 ; cél) ARRRARARRRARAR) 1 j A
; 2" |0t2|1t—0%2) 2"
(c-1) (c-2)

Fig. 19. p planes for the (c-1) and (c-2) diagrams in Fig. 18.

and we also see that the full region of (c-2) with 0 < # < 27 corresponds to a part

of the region of (c-1) with a(()l):

lag| m — 082) < a((,l) <l|ai|m— a((,z). (4-46)
(The same is true also for the configuration (d): the full region of (d-2) with 0 <
6 < 2m corresponds to a part of (d-1) in |ag| 7 — 082) < a(()l) < lap| 7w — O'(()Q).) Thus
the two terms in these regions in Eq. (4:41) cancel each other if

(2)

lay|m—og 1 2 de 1
2 n_ _ 2 24 .
+zH -/|a2|7r—cr(()2) doy’ = 5T0%c A 5 50 (4-47)

holds. That is, since apedf = dol", we find

o= —ia:csi7r = z.=8mizgn. (4-48)
This is the same condition as Eq. (4-31).

What happens, then, to the configuration (c-1) or (d-1) if a(()l) goes outside the
region of Eq. (4-46)? Consider the case (c-1) first. A little inspection of the diagram
(c-1) in Fig. 18 (or in Fig. 19) shows that it yields the configurations (e-1) and (e-2)
for the regions

(e-1): a(()l) <|oa|mw — 062) < a{()l) + || 27
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= (| - 2]e§l)r <o + 0§ < |ou |7,
(e-2): loq| 7 — 0'(()1) < 062) <lo|m— 0'(()1) + |ag| 27
=l <of? +0f? < (jou| +2|a§))r (4-49)

and the configurations (b-1) and (b-2) for the remaining regions, a((,l) < (loa] —

2|a§)m — 082) and 081) > (|lai| + 2|a§|)7 — 082). Consideration of the configuration
(d-1) shows that the whole region outside (4-46) yields (a-1) and (a-2). The config-
urations (a-1) and (a-2), as well as (b-1) and (b-2), have been shown to cancel with
each other already in the above.

Let us now show that the two configurations (e-1) and (e-2) also cancel each
other. We already know from Eq. (4-49) that the two configurations (e-1) and
(e-2) come from the single term (4-41) in different regions of the two parameters
(a((,]), 052)). Moreover, from the diagrams (e-1) and (e-2) in Fig. 18, they clearly
give the same glued configuration, (e), when

(0, o@) n(e1) o (laglm=0f?, Jaalm— oY) in (e2), (450)

which indeed gives a one-to-one mapping between the two regions (4:49) for (e-1)
and (e-2). And thus the anti-ghost factors also have the correspondence

(b, b @) in(el) = (=b o, —b w) in(e2), (4-51)
Q o} 0 0

where the minus signs come from the fact that the directions in which a(()r) increase are
opposite for the two cases. Therefore, the anti-ghost factor b U((J'z)b o) in Eq. (4-41)
is the same but has opposite order for the two configurations (e-1) and (e-2), so that
they exactly cancel each other.

4.3.5. T15 term

When contracting (V| and (Vi|, there appear two glued configurations, (a) and
(b), as drawn in Fig. 20. For the former configuration (a), it is easy to see the cancel-
lation between the two ways of gluing (a-1) and (a-2) giving a common configuration:
they appear in the (T15) term (3-28) in the following forms, respectively:

A\
(VE (1,25, )| (Voo(%, 3°)] |RE(@, %)) [)gegerc
df —(b) i (L~ L)) (= oy (5°
= [ G 515,25, )] (0 (6,35 0) By e 1))

x |[R(a%,6%) [] (b P |B) gege1e
r=1,2

(5(1°2°3% 00, 85) | booby ) [T o P)" 1B)gepere »  (452)
r=1,2,3

_ [
- 2r
V
(VE(2°, 3%, )] (Vo (%, 19)] [RO(cS, d°)) |B) jegeqe
DB 11523, )] (000 (d, 1 00) | by by B4 E=D® (3 p) (1)

- 2m
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W
pé).d

a )]9:: C
Po 7y 4

X
/\ (b-1)
z
<7/
b
() ®
(b-2)

Fig. 20. Two configurations for (T15) term. The diagrams (b-1) and (b-2) are drawn by decom-
posing the process into the initial-to-intermediate and intermediate-to-final transition parts, for

clarity.

x [R5, d)) [T 5P 19) csene

r=2,3

dé (a o
= [ 22 (5(1°2°3% 00,00) [ borobo ) [T 65P)" [B)gepere - (4:53)

2 r=1,2,3

Here the LPP vertices for the glued configurations are defined by

(1‘}(10203C; a0, eb)l = <,U§(1c, 20’ aC)l (voo(bc,:;c;o.o)‘ eiob(L—L)(bc) |Rc(ac, bc)> ,
(4-54)
and similarly for (#(1°2°3¢; g, 64)|. For the common configuration (a), the anti-ghost
factor by, coming from the (V| vertex is common to the two terms (4-52) and (4-53).

Therefore we have only to compare the anti-ghost factors by *) and by @), By the
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same method as used for the (T9) term near Eq. (4-28), they can be replaced by

—(bc 1 d 1
b(b)ﬁ_c(f «_,h,)_/’b L,

’ 2ab Cp+C1+C2 2 271 (p) +2 |a3 I (bPO bpo) s

—(d€ 1 dp 1

5 o Lo (§ “ah) & hp) = b (b 1), 0

’ 7 2ad Cgq+C2+C3 & 2‘R'ib(p) 20(1 (bPO bpo), (4 55)

where the contours Cy, Cyq and C; (i = 1,2,3) are drawn in Fig. 20 and b,, =
$c, (dp/2mi)b(p) with the contour Cy encircling the 3-closed-string interaction point
po = ionm. Here we have used the fact that ape = |a3] > 0 and age = —a3 < 0
(%)

(or oge - age < 0, more generally). Because of this, the anti-ghost factors b, ’ and

b @) with integration measures d(|as|6) and d{a;6y4), respectively, are equal but
have opposite signs. This reflects the fact that the intermediate closed strings in
the two configurations (a-1) and (a-2) must be twisted in opposite directions (by
amounts |asfy| = |a16y4]), in order to keep the common glued configuration as seen
in Fig. 20. Thus the two terms (a-1) and (a-2), (4:52) and (4-53), cancel each other.

Note, however, that this cancellation occurs between (a-1) in the restricted region

—om+og < |a3| 0y < aym — oy (456)

and (a-2) in the full region —w < 6; < w. If the twisting angle 6, comes into the
regions

Ry: a1m —op < |as| 0 < oy + 09,
R_:  —(oam—o00) 2 |as|bp > —(a17 + 00), (4-57)

then the cross cap occupying the region Imp € [|ag| 0, — oo, |a3| 0 + 00| on the
p plane overlaps with the 3-closed-string interaction point pp = Zic;m, and the
resultant configurations become of types (b-2) and (b-1) in Fig. 20, respectively. One
easily recognizes (b-1) to be the configuration in the R_ region, but (b-2), at first
sight, might not look like the configuration in the R4 region. However, if one redraws
the (b-2) diagram in Fig. 20 by exchanging the places of the two handles y and z,
then the self-intersecting point of string 3 originally present at the bottom comes to
the top in the diagram, and it can be recognized to be really the configuration in
the R, region.

From the (b-1) (or (a-1)) diagram in Fig. 20, the lengths of the handles x and y
of the (b-1) diagram in the region R_ are found to be

|z~ | = aam + o + |as| 6, , ly~| = —|as| 8, + 0y —aum, (4-58)

where we have put the superscript “—” on 6, and og in this R~ case to distinguish
it from the R' case below. Note that 6, < 0 in this region R_. Similarly, taking
account of the exchange of the y and z handles explained above, the lengths of the
handles z and y of the (b-2) diagram in the region R, are found to be

2% = aam + of — |as| 6, lyT| = 209 — (Jas| 6 —aam +0g).  (4-59)
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Hence, in order for the (b-1) and (b-2) to give the same glued configuration, these
lengths must coincide (|Jz~| = |z*| and [y~| = |y]|), from which we find the corre-
spondence

o) = i) —2ilas|m p2 = —plY,

with o) = i(las|6F — o),  p® =i(las|6E +0F).  (4:60)

Here p( ) = i(Jas| Oy — 0p) and p( ) = i(las| 6y + 00) are the coordinates of the
two endpomts of the cross cap on the p plane. However, we should note that the
LPP vertices with these parameter sets (o3, ;) and (g, 6, ) are not equal. This is
because the orientation of string 2° has been reversed in the above exchange process
of the z and y handles, and so the precise relationship between the LPP vertices for
these two configurations is given by

(9(1°2°3% o, 6 )| = (8(1°2°3% 07, 65 )] 23, (4-61)

with the understanding that the parameters (o7 ,6; ) and (oj,6, ) are related to
each other by Eq. (4-60).

Since both (b-1) and (b-2) come from the same (a-1) term, we have now only
to compare the relative sign of the the anti-ghost factor bs,b, ) in Eq. (4-52) for
the two cases of RT with the angle relations (4-60). As was performed explicitly in
I for the glued vertex (U] (Vio| |RS), the anti-ghost factor by,b, ) can be replaced
by b (1)b p® up to an irrelevant proportionality factor (independent of # and oy),
Where b (1) and b D are the anti-ghost factors corresponding to the shifts of the

()

two end—pomts Py~ and p( ) of the cross cap (see the diagram (a-1) in Fig. 20). This

can be easily understood: b, ) i essentially the anti-ghost factor for the shift of
8y, and hence by ) & (b o0+ b pé'z)). Also by, is the anti-ghost factor for the shift
of g, and hence by, x (b oM = b péz)). Thus the product gives x b p(()l)b pOR Coming
back to the comparison of the anti-ghost factor bs,by (6%)
(4-60), we are tempted to immediately write

, from the angle relations

b =+b o2
0 = b ab b b . 4-62
b = bp(n o 00 = HO,m0 (4-62)
0 0+

But these are not quite correct. This is because the p planes for the two cases RT and
R~ are equal only under the twist operation 22 as noted in Eq. (4-61). Therefore,
the precise form of Eq. (4:62) reads

Qe 2 = +b (2
Po- or L Q@7 1b 23 = +b b .
2Ny @ bl (277 = 0,00,
Po_ )
0 0+ (463)

These hold in the presence of the factor [,_c sc 3 (bg P ), Indeed, these relations
can be directly confirmed by comparing the integration contours (which take the

)
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shape of an ‘8’ across the cross cap cut) defining the anti-ghost factors b o (i=1,2)
on the two p planes for Rt and R~ cases. (See Figs. 21 and 22 to confirm the equality

P

Fig. 22. (a) Integration contour for bpél-) on the p plane of (#(1°2°3% 05,0, )|. Going to (b), the

p plane is rearranged first by twisting the closed strings 1° and 3° by an amount |z| (o length
of the z region), and then by exchanging the regions z+y < y*+z" of string 2° (i.e., acting
with £229). The resultant plane (b) becomes the p plane of (3(1°2°3% 0y ,6; )| 239, The
integration contour for b,,(l) on this plane is seen to coincide with that of bp(z) in Fig. 21 by

0- 0+
deformation after adding by .
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@)y e %) = 1p o2 for instance.) Hence, together with Eq. (4-61), we obtain
(9(1°2°3% 07, 0,;*)| b,b, ) = + (5(1°2°3% o, e;)] bwb, @) (464)

There appears no relative minus sign, unlike the cases considered to this point.
However, we should note that b(() ) is odd under £2°) (ie., 239 1b(2)(2(2c) b(2))
so that we have a relative minus sign:

(p(e2sof. ) bobe 1 (bgP)"
r=1,2,3
——<5(102°3C;ag,0;)yb<1>b o [ P0G (465)
r=1,2,3

The 22) on the right-hand side disappears in the actual vertex, since unoriented
projection operators I = (1 + £2("))/2 are acting on each external string. We
thus have shown the cancellation of (b-1) and (b-2) terms, finishing the proof for the
complete cancellation of (T15) terms.
4.3.6. T16 terms

The generic configurations resultant from the contraction of the two vertices
(Ug| and (Vi|, or (Ug| and (Vi|, fall into four types, (a) ~ (d), depicted in Fig. 23.
Only (b-2) is given by gluing (Up| and (Vi|, and all the others are by gluing (Ug|
and (Vi|. As always, cancellations occur between the two ways of gluing for a given

type configuration.
The type (a) configuration is realized by the (a-1) diagram at 7 = 0 in Fig. 23

in the restricted regions with 0 < o(b) < o(b) < 0( ) or 2aiem + a(l) < or(b) < a(b) <
|age| m, and by the (a-2) diagram in the region satisfying 0 < O'(d) < a(d) < 0(3)
a(()a) < agd) < aéd) < aq7. The terms (a-1) and (a-2) are contained in the first term
in (T16) in the forms

(Un(1,a,2°)| (V(b,3)| |R°(a, D)) |®)5c [¥)3;
= /da(()l)d0§b)dagb) (un(l,a, 25 a[()l))| ba(l)(ba’P)(Qc)
0
X (v(b, 3:08, 04”)] b, 2D, 00 [R°(:0)) 1) [Py, (4:66)
(Ua(3,¢,2°)| (Vu(d, 1)| |R%(c,d)) @) e [¥)13
= /da((]g)dagd)dagd) (un(3,c, 2C;a(§))|b ® (b_"P)(2C)
x (vc(d, 1017, )] b, b 0 [RO(€, ) [@)ge [ )5 - (4:67)
From the diagrams (a-1) and (a-2) at 7 = 0 in Fig. 23, we see that the directions in

which o increases are opposite for strings b and d, and also for strings 1 and 3, so
that we have b ol = —b R b ol® = —b o® and b o® = —b OB Thus the products

of anti-ghost factors have the same sign (b (x)b (b)b o = b <3)b Db (d)) but the
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868 T. Asakawa, T. Kugo and T. Takahashi

Fig. 23. Four configurations for (T16) terms. For brevity, oo, o1 and o2 on the p planes, denote
a((,l), agb) and agb) for (a-1), (b-1), (c-1) and (d) diagrams, and 0‘(()3), ogd) and Uéd) for (a-2), (b-2)
and (c-2) diagrams, respectively.

states have opposite signs (|¥),;3 = — |¥)3;), and hence the (a-1) and (a-2) terms
cancel each other.

Next consider the type (b) configuration. The (b-1) diagram corresponds to
(Ug!| (Vx| |[R°) and (b-2) to (Up| (Veo| |R®). The former (b-1) is just the (a-1) diagram
in the region with 0(()1) < agb) < aéb) < a(()l) + 2agew. In this region, the presence of
string 1 plays no important role. If we forget string 1, then the vertex (Ug| reduces to
(U], and in fact the diagrams (b-1) and (b-2) are the same as those we encountered in
I for proving the cancellation between (U| (V| |R°) and (U] (Voo !| |R®), that is (T10)
in Eq. (3-22). Therefore, the same calculation as I proves the cancellation of (b-1)
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and (b-2) terms here when the coupling relation
Too = 4TiT (4-68)

is satisfied. One may wonder about discrepancy of the relative weights of the co-
efficients, —27,T« : 2T4,T in Eq. (3-22), and the present one 2z« : ~T0Tx in

v
Eq. (3-29). However, from the second term (Uq(1,3,a%)| (Voo (b€, 2°)] |R%(a%,b°)) in
the latter, the specific diagram (b-2) with a definite set of string lengths appears twice

since the term with 3 and 1 exchanged in (Uqn(1, 3, J°)| also give the same diagram.
So the actual relative weight for the present case is also =2z« : 2Zo0 = ~Tx : ZToo,
thus leading to the same coupling relation (4-68).

Next is the type (c) configuration, which is realized in two ways of gluing
(c-1) and (c-2) at 7 = 0 in Fig. 23. These are nothing but (a-1) and (a-2) terms
with moduli parameters in different regions, respectively, and thus can be described
by the same equations as (4-66) and (4-67): with the LPP vertices for the glued
configurations

(01325 080,00, 0P| = (un(1a2%;05")| (vec(b3; 0§ ,am |R°(ab))
(#5(132% 08,00, 00| = (ua(3¢2% 08| (vx(dL; 0i?, o3P)| |RO(cd)), (4-69)

(c-1) and (c-2) appear in the forms
/ do§Vdo{ a0’ (51325 0", 01", o) b, b, wb,m B P)*,  (470)
(c-2) = /da(g)dagd)da(d) (0(1325 a((,g),al ,02 )Ib (d)b (d)b ® (by P) @) , (4-71)

where the common external states |®), [#),; are omitted. The minus sign of (c-2)
has come from |¥),; = — [¥)5,. Hence we have only to compare the anti-ghost factors
b a§b)b Ugb)b o) and b (d)b agd)b o®- Note that, since strings 3 and d carry negative

string lengths, Ugd), agd) and 083) represent distances on the p plane measured from
the opposite edge of the open string. Then the condition for these two diagrams (c-1)
and (c-2) to reduce to a common glued configuration at 7 = 0 is that the positions
of those interaction points coincide:

(b) (d) (& _ (3 (b) +a(b)

=T —0y lag|m—0oy’ =0y,

0'((]1) = |as| 7r—(7(()3). (4-72)

The left-hand side of the third condition means that the interaction point a((,l) a

pears at the place agb) + aéb) - a((,l) when crossing the cross cap cut [agb), Uéb)] on
the (c-1) diagram. As is clear from the diagrams, however, the configurations of
(c-1) and (c-2) at 7 = 0 are not quite equal to each other as they stand, since the
whole region of the closed string 2¢ in the (c-1) case is wrapped by the cross cap cut.
Therefore the glued vertices coincide with each other only when the twist operator

2(2°) acts on the (c-2) glued vertex:

(9(1,3,250 0,00, 00| = (9(1,3,25 0,01, 0| 0. (473)
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Similarly to the previous (T15) [type (b)] case, we can see from Eq. (4-72) the relation

b b wb o = 2 (=b w)(=b @)b @2 = —2C) b b b 52
g1 92 9y 92 7 9 o1 937 9

‘ (4-74)
in the presence of (by ’P)(2 ), and hence we obtain, noting also that by @) s odd
under 22, the relation

<U(1 3,25 0'(()1),0§b),0'§b))‘b (b)b (b)b (1)ba(2c)
< (1,3,2° 083),0'1 ,U2d))|b (d)b (d)b (3)9(2c)b (%) _
= +< (1, 3,25 0((,3),01d),02d))|b (d)b (d)b (3)b0 (29 09 (4-75)

This implies that the (c-1) and (c-2) terms cancel each other.
Finally consider the type (d) configuration, which corresponds to the (a-1) term
with the moduli parameters in the region

R: agb) < a(()l) < ogb),
R : las| T — (réb) < cr(()l) < |as|w — agb). (4-76)

This case is more similar to the (T15) type (b) case. Cancellation occurs between
the configurations in these two regions R and R’. These two configurations can be
seen to give the same pattern of gluing; indeed, if we redraw the (d-2) diagram in
the region R’ by exchanging the two handles 3’ and 2/, then it can be recognized as
possessing the same pattern as the (d-1) diagram in the region R. It is also the same
as before that the orientation of the closed string 2°¢ is reversed in this exchanging
process of ¢’ and 2’. Therefore, we find the conditions for these two to give a common
configuration:

the left leg : o) = oy,
the right leg : aym —op = |ag|® — of,
length of y and 2’ : oy —0p =01 —0p . (4-77)

Here we have omitted the superscripts (b) and (1) and added primes to denote the
parameters in the R’ region to distinguish them from those in R. The glued vertices
with these corresponding parameter sets coincide with each other when the twist
operator £2(2) acts:

(5(1,3,2% 09,01, 02)| = {#(1,3,25 0§, 01, 05)| 2. (4-78)

Noting the presence of the twist operation, we have the correspondence of the anti-
ghost factors,

borbosboo = 2397 (byg ) (boy )by )23 = + 2V by by 239, (479)
which is again valid in the presence of the (by ’P)(2c) factor. We thus find

(#(1,3,2% 00,01, 02)| bor bosboby
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= (0(1,3,2% 04, 01, 0)| by1 by ber 2305 %)
= — (0(1,3,2% 00,05, 04)| byr by bor by @V 02 (4-80)

implying that (d) type configurations also cancel between R and R’ parameter re-
gions. This finishes the proof for (T16) case.

§5. Summary

We have presented the full SFT action (1-1) for the unoriented open-closed
mixed system and determined the BRS/gauge transformation laws for open and
closed string fields. We have shown that the action (1-1) indeed satisfies the BRS
invariance at the ‘tree’ level; namely, all the terms (T1) ~ (T16) vanish provided
that the coupling constants satisfy the relations (4-2) ~ (4:6). Also, for the other
remaining terms (L1) ~ (L5) we have identified which one loop diagrams they are
expected to cancel.

The tasks to show that those loop diagrams are indeed anomalous and the terms
(L1) ~ (L5) really cancel them, are left to a forthcoming paper. Because of this, two
of the coupling constants, say z, and o = nxﬁ, are still left as free parameters at
this stage. We will show that these are indeed determined by the requirements of
anomaly cancellations in that paper. In particular, this determines that the gauge
group SO(n) must be SO(213) in this bosonic unoriented theory case. %
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Appendix A
——— BRS and Gauge Transformations

We here summarize the general rule for obtaining the BRS and gauge trans-
formation laws from the action with a precise treatment of the statistics of the
fields. 39 37) The BRS invariance of the action implies what is called a BV master
equation 38) and automatically implies the gauge invariance of the action.

A.1. Notation and differentiation rules

We introduce the notation #; and &, denoting the open and closed field uni-
fiedly:

l45>} — @, <¢|} e ol (A1)
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872 T. Asakawa, T. Kugo and T. Takahashi

As a convention, we take the SL(2; C) ket vacuum |0} to be Grassmann even, and so
the ket Fock vacuum |1) must be Grassmann odd. Then, the SL(2;C) bra vacuum
(0] must be Grassmann odd, and the bra Fock vacuum must be Grassmann even, as
enforced by the relation

<0| C_1CpC1 ‘0> = <1| Co Il) =1. (A2)

Taking this into account we have the following Grassmann even-odd property: we
cite here the statistics indices also for the quantities appearing below.

1)
by, 5o 1 (odd) always odd independently of open or closed,
1
& K 7= 0 (even) if &y is open,
Tepl T 11 (odd) if &y is closed,
Riy, RY . I+1=J+1 since no open-closed transition,
&, 87 0 (even). (A-3)

We next introduce a metric Rr; and R’ for lowering and raising the indices,
which are the same as the reflector

(@ = (R(1,2)||®) - I __ plJ

i(!lfl = (R°(1,2)|ysp)z} ¢ =FR"oy,

B), = ,(®]|R(2,1)) - |
) = §<W|\R°(2,1>>} =’ Rur, (A-4)

where the (pair of upper and lower) repeated indices imply contractions (or sum-
mations). Note that R;; and R!7 have only open-open and closed-closed diagonal
components. We have the following property of the reflector (or metric):

NI+l ] anti-symmetric for open,
Rij= (=" Rar { symmetric for closed ,
R =R . symmetric. (A-5)
This satisfies
RIJRJK — 511{ — (—-)I+15KI. (A6)

Care should be taken with regard to the order of the indices of the Kronecker deltas
) KI and 67 K, in particular, for the open string case, for which (=)*! is negative.
The Kronecker deltas § KI and 67 i are defined by the following property:
51J¢J = @7, but (5‘11 &5 = (—)I+1451,
&6, =&, but &6, =(-)tel (A7)
To make it easy to translate into the bra-ket notation, we always use the con-
vention:

5.%; ~ (sl;)l differentiation from right,
) é

— ~ —— : differentiation from left. (A-8)
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We have the following rule:

62 s0!

s J 0P _ 1y
b, o 60 B,
6451 ’ I 645[
S5T 8y 557 = Ryr. (A-9)

It should be noted that, as seen from 6®;/6%; x 8, and (§/697)® o 4,1, the
derivatives /69 have the same Grassmann even-odd properties as @ in the denom-
inator: that is, 6/6®; is always odd and §/6®' is I (even for open and odd for

closed).
Note that if we use the notation
OF I OF
— = — = F] Al
6@1 ) ST I, ( 0)
then, for any (Grassmann even) derivation §, we have
§F = Flé®;, - 6F =607 F;. (A-11)

For (Grassmann odd) anti-derivation § 4, we can convert d4 into the usual derivation
Ad 4 by multiplying a Grassmann odd constant A, and then we have

AN AF = FINGA®; = A(—)FTVFIs48;,  AOAF = A6497 F, (A-12)
from which follows
OuF = (—)FHVFIg8;,  84F = 64907 F. (A-13)

From this Eq. (A-11), we can also derive an identity which gives a relation
between Fy and F!. From Eq. (A-4),

567 = R1s®;, 66, =607 Ry (A-14)
Substituting this into
Fléd; = 667 F;, (A-15)
we have, noting ’FI’ =F+1and |Fj|=F+J,
Fl5¢; = 60’ F; = R 66, F;
— (_)F+JRJIFJ5¢I — (_)F+IRIJFJ545I
= FI — (-—)F+IRI']FJ,
667 Fy = FIs¢; = FI6&7 Ry
— (—)J(F+1)5¢JFIRJ1 — (—)I(F+1)(—-)I+16¢JF1R[J

= Fy=(=)""""F'Ry;. (A-16)
Let us introduce generic notation:
fo-“-fm B 5n+mF _ —5-m . ?m
heln = 5@l ... §@Ingdy - - - 60, 6BL ... 5B §By - 6d;,.
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874 T. Asakawa, T. Kugo and T. Tekahashi

Then, since the left and right derivatives commute, we clearly have
— -
é 1 ) )
Fl= —F—=—F/=_F :
L= 601" 60, — 60! 58, 1 (418)

A.2. BRS transformation
Define the “BRS” transformation from the action S by

08

ogP; = 3ol = = 5y, (A-19)

which actually stands for

0P, for open (I = 0)
] (A-20)

Op®r = {JBba &; for closed (I =1),
where JB‘is the true BRS transformation. This BRS transformation dg is an anti-
derivation, so that it obeys the rule (A-13). Using that rule, we have

oS = —5153@1. ‘ (A-21)

We note that S’ for I = 1 (closed case) always has a b; factor on the extreme right,
and so we can multiply it by ¢; b, from the right, since by ¢y by = by . So, inserting
(c5)!(by)! which is ¢; by for I =1 and 1 for I = 0, we obtain

885 = —51(c5) (b5 ) 8801 = -8 (~c5) (b5 )/ ¥1)
= —8'(—cy) b1 = -5 (—cp)"S1. (A-22)

~ So, if the action is BRS invariant, we have an identity, usually called BV master

equation:
S1(~cy) S =0. (A-23)

If the BV master equation is satisfied, the nilpotency of the BRS transformation
automatically follows as

éS
(88)%(b5 ) @1 = 8pdpd; = 5S; = (-)S 1 Lo6pd,

0by
4Sr, _ éS _
= ()M g () () 8p®y = () 52 (=) (8 (6)8)
68 _
= ()t (-c5) 0ady = ()] () S,
14 -
= ()15 597 (87 (=) ss) =0 (A-24)
A.3. Gauge invariance
The gauge transformation is defined by
3(0P
sy Yer = (B2 g st (a)

0D,
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Then, if the BV master equation is satisfied, the gauge invariance of the action also
follows automatically:

5(4)S = 5'8(A)B; = S (c5) (85 ) 6(A)r = S ()" 5(A)(b5)" 1)

= (=)' S (=c)ISA; = (- )J; &; (8'(=c5)"ST) A =0.  (A-26)

It should hold that
S (-cg) 'S =S1-S'(—¢5), (A-27)
since |Sy| = I and ‘Sl(—ca)I’ = I+ 1= 0. We can confirm this directly by the
lowering and raising index identities (A-16) which now read
ST = (=YRVS;,  S;=(-)'S'Ry,. (A-28)
Using these, we see
§'(—cg)'Sr
— (—)I+1RIJSJ(—CE)ISKRKI — (_)I+1RIJSJ . SK(+C(7)IRKI
= (-)T'RYS; - () K SK(—cg) Rir  — (+¢5) Rk = (—¢5 ) Rk
= RYRy1S; - SK(—)F | Sy8% (- )| =1+J+K=1+2I=1
= ()R RSy -85 (~cg)® < RY =R, Rir=(-)""Rix
= 0,78 SK(—cg)¥ = Sk - SK(—c5)* . (A-29)

Essentially the same procedures prove the identities used above:

. 16
S§(~CO) Sr = 2(5@‘7 (SI( CO) S])

_ 14 _
S'(-eg)'8] = 535~ oy (8"(~c )'S1) . (A-30)

A.4. Anomaly

If the integration measure is not BRS invariant, then the BV master equation
gets a contribution from it and is modified into

_ § 490 -
SH(—cy)sy = R(W(—co )IE)S = hS (~c5) Ryr. (A-31)

But this expression is too formal, and it needs a suitable regularization to properly
define the RHS. We shall discuss this point in a forthcoming paper.

Appendix B
—— GGRT ——

The GGRT formulas have been proved by LPP2®) and the present authors
(AKT).24) However, these proofs are restricted to the simplest situation in which
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876 T. Asakawa, T. Kugo and T. Takahashi

only open strings exist. To apply the formulas in this mixed system of open and
closed strings, we need some generalizations of the original GGRT, which we shall
give in this appendix.

In our SFT, there appear seven LPP vertices, which can be classified into the
following three different classes, depending on the type of CFT which is referred to
in the definition of the vertex:

I. tree level open-type vertices (vi| (Grassmann odd)

3'pt: <U§(1,2,3)| ’ <u(172C)‘ ’
4-pt: (v3(1,2,3,4;00), (veo(1%,2%00)|, (un(l,2,3%00), (B-1)

II. tree level closed-type vertex (vfj| (Grassmann even)
{v3(1°,2%, 3%, (B-2)
III. 1-loop level open-type vertex (vr,| (Grassmann even)
(vac(1,2; 01, 09)]| . (B-3)

Here the tree and 1-loop level vertices refer to the CFT on sphere and torus, re-
spectively. The closed-type vertex (which is now uniquely (v§(1¢,2¢,3%)|) refers to
a pair of CFT’s corresponding to the holomorphic and anti-holomorphic degrees of
freedom, separately, while the open-type one refers to a single CFT on a complex z
plane. (This explains why (vso(1¢,2%; 09)|, for instance, is classified into the open-
type vertex, although it is the vertex of purely closed strings.)

Because of this, the closed-type vertex is always given by a tensor product of
a pair of ‘open-type’ vertices representing the holomorphic and anti-holomorphic
parts: in the present case, the closed 3-string vertex takes the form

(v5(1°,2%,3°)| = (83(1,2,3)| ® (vs(1,2,3)]. (B-4)

The reflectors (R°(1, 2)| and (R°(1¢,2¢)| are, of course, 2-point vertices, and similarly
can be classified into the open-type and closed-type vertices, respectively. Indeed
the latter closed reflector, and its ket counterpart also, are given in the following
tensor product forms:

(R°(1%,2°)] = (R(1,2)| ® (R(1,2)],
IRC( 29)) = |R(1,2)) ® [R(1,2)). (B-5)

This can be confirmed by inspecting the explicit expressions (2-11) and (2-12) in I:
precisely speaking, Eq. (B-5) holds if the exponent EYf, in (2-12) of I is replaced by

= 3(=) n+1< Lop0a,® ¢ ¢, 05,@ _p, 0 n<2)> +ah., (B-6)

n>1

where the alternating sign factor (—)™ has been added. Although the reflectors
with and without this sign factor are equivalent in the presence of the closed string
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projection operator P, it is necessary for the equality (B-5) itself to hold in the
absence of P.
The 1-loop level vertex is defined by the CFT on the torus:

(wr({@:3:1)| []108.)g, = ([T ha.10a.] )

torus T

= _Tr l(_l)NFP q2L0 1_[};4sz [Otpl]:l , (B?)

where ¢ = " and (—1)™¥® is the FP ghost number defined by
Nrp = cobo + Y _(c—nbn — b_ncn), (B-8)
n>1

which counts the ghost number from the Fock vacuum. _
As was shown in LPP and AKT, we have the following tree level GGRT which
holds for any two tree level open-type vertices (vi({B;}, D)| and (vi(C, {4;})|:

(vi({B;}, D) (ui(C, {A: D |R*(D, C)) = (ui({Bj}, {Ai})] - (B:9)

The resultant LPP vertex (vi({B;}, {Ai})| for the glued configuration also becomes
a tree level open-type vertex.

We need another type of gluing already at the tree level, the gluing of a tree level
open-type vertex (vi({B;}, D)| containing at least one closed string D¢ and a tree
level closed-type vertex (vf(C¢, {AS})|, by contraction using |[R°(D¢, C*)). However,
applying the above GGRT twice, we can show that the same form of GGRT holds
also for this case:

(ui({B;}, D) (vii(C°, { AT DI |RE(DS, €°)) = (ur({ B;}, {A7})] - (B-10)
Indeed,rseparating the various closed string quantities into holomorphic and anti-
holomorphic parts and writing D¢ = (D, D), etc., we have

(ui({B;}, D) {wir(C*, { AT | R* (DS, C°))

= (u({B;}, D, D)| (3(C, {A:})| (v(C, {A})| IR(D, C)) |R(D, C))

= (u({B;}, D, D)| {(v(C, {4} |R(D, C)) - (8(C, {A:})| |R(D, C))

= (t1({B;}, D, {4:})| (v(C. {A:})| |R(D, C))

= (u({B;}, {4}, {Ai})| = (u({B;}, {ATHI. (B-11)
Next consider the gluing of two tree level open-type vertices each containing a

closed string by contraction using |R®):
{ui(D%, {B; D] {ur(C, {A: DI |R(DF, C°))
= (v(D, D, {B;})| (vi(C, C, {A:})| |IR(D, C)) ) |R(D,C)) . (B-12)

But this has exactly the same form as the 1-loop level GGRT proved in AKT:

(oi(D, F,{B;})| (vi(C, { A}, B)| |[R°(D, C)) |R°(E, F)) = {vr.({B;}, {Ak}(zg)llé)
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Therefore, we immediately obtain
(vi(D%{B; )| (vi(C%, { A I |[RY(DS, C°)) = — (wn({Bj}, {4} (B-14)

with (v,({Bj;}, {4:})| being the 1-loop level LPP vertex resulting from this gluing.
(Note, however, that there is actually a sign ambiguity here on the right-hand side,
since the exchange of the two vertices (vi| on the left-hand side gives rise to a sign
change, in contrast to the case of tree level GGRT formula (B-9).)

Finally, consider the gluing of a 1-loop level vertex and a tree level open-type
vertex by contraction using |R°):

(vL(D, {B; D] (ni(C, {A D] [R°(D, C)) = (v.({B;}, {A:})] - (B-15)

This can also be proved by using the tree level GGRT. To do this, we first note that
the loop level vertex (v, ({®;})| can generally be reduced to a tree level vertex in the
following form:

(L ({8:)] = (vi(F, (@}, E)| |[R°(E, F)) . (B-16)

This is clear since if we cut the loop of the 1-loop diagram corresponding to the
vertex (vg,({®;})|, then both sides of the cutting line correspond to the intermediate
(open) strings F and F', and the diagram becomes a tree level vertex (vi(F, {®;}, E)|
before contraction by |R°(E, F')). Then Eq. (B-15) is proved by the tree level GGRT
as follows:

(v ({B;}), DI (ur(C, {A: D] |R°(D, C)) -
= (u(F,{B;}, D, E)| |IR°(E, F)) (u(C, {Ai})| |R°(D, C))
= (u(F,{B;}, D, E)| (u1(C, {A:})| |[R*(D, C)) |R*(E, F))
= (u(F, {B;}, {A:}, B) |[R°(E, F)) = (u({B;},{A:})] . (B-17)

In summary, we have shown that we can apply the naive GGRT formula to all
the cases we have discussed in the text.
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