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We study the Lorentz invariance of D = 4 and 6 superstrings in the double-spinor
formalism, which are equivalent to the D = 4 and 6 superstrings in the pure-spinor formalism
in the sense of the BRST cohomology. We first re-examine how the conformal and Lorentz
anomalies appear in the D = 4 and 6 Green-Schwarz superstrings in the semi-light-cone
gauge in the framework of BRST quantization. We construct a set of BRST invariant
Lorentz generators and show that they do not form a closed algebra, even cohomologically.
We then turn to the construction of Lorentz generators in the D = 4 and 6 double-spinor
superstrings, and show that the Lorentz invariance is again anomalous. We also discuss the
relation between the anomaly-free Lorentz generators in the lower-dimensional pure-spinor
formalisms and that obtained in this paper.

§1. Introduction

Recently, it has been recognized that the covariant quantization of superstrings
using pure spinors?) can be naturally understood in terms of a Green-Schwarz-like
superstring with twice as many fermionic degrees of freedom, the double-spinor (DS)
formalism.?) The superstring in the DS formalism possesses an additional local sym-
metry, and is classically gauge equivalent to the ordinary Green-Schwarz (GS) su-
perstring. Imposing the semi-light-cone gauge condition on one half of the fermionic
variables, Aisaka and Kazama completed a Dirac/BRST quantization of the D = 10
DS superstring, finding that the resulting system is cohomologically equivalent to the
PS superstring.® In this way, they uncovered the “origin” of the formalism, and, in
particular, they derived the previously mysterious seventeen first-class constraints?
assumed to clarify the relation between GS and PS superstrings.

In a previous paper, Ref. 5), we applied this idea to lower-dimensional (D = 4
and 6) cases.%: 7 The primary motivation of that work was to understand how the
concept of the critical dimension emerges in the PS formalism. We have shown
that, starting from similar Lagrangians, D = 4 and D = 6 DS superstrings can
be BRST quantized to yield free CFTs similar to the semi-light-cone gauge GS
superstrings, along with additional conjugate pair systems and extra constraints.
The BRST charges again reduce to those of the lower-dimensional PS superstrings

*) See Ref. 3) for a different formulation which also relates GS and PS superstrings.
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560 H. Kunitomo and S. Mizoguchi

through similarity transformations.

Thus, the DS superstrings “interpolate” between the GS and PS superstrings,
but this raises some questions. The GS superstring theories have a Lorentz anomaly
in lower dimensional cases, while the PS superstring theories have anomaly-free
Lorentz generators.%>”) Where does this difference come from? Then, as a related
question, what do “quantum mechanically consistent D = 4 and 6 superstrings”
describe?

The DS superstrings are closely related to the GS superstrings in the semi-light-
cone gauge.2) The presence or absence of Lorentz and conformal anomalies for the
D = 10 semi-light-cone gauge GS superstring was a subject of great debate in the
late 1980s and early 1990s. In Ref. 8), it was revealed that, contrary to the prevailing
belief at that time,? the D = 10 GS superstring in the semi-light-cone gauge has a
non-vanishing conformal anomaly. Later, it was shown that this conformal anomaly
is canceled by introducing a certain local counterterm, and the Lorentz algebras
become closed with a suitable modification of the Lorentz generators.!?:11) This
local counterterm can be viewed as a coupling to a certain dilaton background. More
recently, the Lorentz invariance of the D = 10 GS superstring in the semi-light-cone
gauge has been re-examined and proved using the BRST method.

In this paper, we first examine the conformal and Lorentz anomalies of the
D = 4 and 6 GS superstrings in the semi-light-cone gauge. We BRST quantize
these lower-dimensional GS superstrings in a manner similar to that for the DS
superstring in Ref. 5). The key step in this procedure is the modification of the
quantum constraints, and we argue that it effectively changes the background from
a flat space-time to a linear-dilaton-like one. We then construct a set of BRST
invariant Lorentz generators and show that they are not closed, as expected.

Next, we turn to an examination of the Lorentz invariance of the D = 4 and 6
DS superstrings studied in Ref. 5). We present a complete set of BRST-invariant
Lorentz generators in both cases. We then show that they form the correct Lorentz
algebra, except for the commutators between the “i—” generators, which, again, are
not BRST exact. Finally, we investigate the relation between these charges and the
anomaly-free Lorentz generators in the D = 4 PS formalism described in Refs. 6)
and 7).

The organization of this paper is as follows. In §2, we study the conformal and
Lorentz anomalies of the D = 4 and 6 GS superstrings in the semi-light-cone gauge
using the BRST method. We derive the BRST-invariant Lorentz generators of the
semi-light-cone gauge DS superstring and compute their algebras in §3. In the final
section, we discuss the difference between the anomaly-free Lorentz generators of
Refs. 6) and 7) and those obtained in this paper.
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Lorentz Anomaly in Semi-Light-Cone Gauge Superstrings 561

§2. The Lorentz invariance of lower-dimensional GS superstrings in the
semi-light-cone gauge

2.1. The D =4 GS superstring in the semi-light-cone gauge

The Lagrangian of the D = 4 Green-Schwarz (GS) superstring is an obvious
generalization of the D = 10 GS Lagrangian,z) with an appropriate spinor structure
in four dimensions:

L=Lk+Lwz, (2-1a)
1
L = —5V=g9" I} T, (2-1b)
Lz = I (W — W) — €PWEW,,, (2-1c)
with
2
I = 0, X" = > Wi, (2-2)
A=1
WA = i94610,0° — 19,0404 (2-3)

Here, we employ the notation used in Ref. 5): p,v = 0,1, 2,3 are the flat space-time
indices with the metric n*¥ = diag[+1,—1,—1,—1], a,b = 0,1 are the worldsheet
indices, o* are the two-by-two hermitian off-diagonal blocks of the gamma matrices
in the chiral representation, #* are complex Weyl spinors, with A = 1,2 labeling
the left and right degrees of freedom after the semi-light-cone gauge fixing. We also
adopt the notation W' = WaA:L“, WE = Wfiz’“, etc.

The fermionic constraints are simply

D = ki — (k" + na (I} + W) (0,6%)a ~ 0, (2-4a)
DA =k —i(k* + na(IT} + W) (040,)a =~ 0, (2-4b)

where A = 1(2) if A = 2(1). Parameterizing the worldsheet metric as

—N?+y(NH)? N? >
ab — s 25
= (VAT (25)

in the ADM form, we obtain the Hamiltonian

N . s
H = WTO + N'Ty 4 64°D2 + 644 D2 (2-6)
where
1 1 "
Ty = 5(To+Th) = {10, (2:7a)
1

1 L
T = 3(Ty—T) = 1" M1, (2-7b)
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562 H. Kunitomo and S. Mizoguchi

IIH = kH + X' — 2w, (2-8a)
ITH = kP — X" 4 2, (2-8b)

In fact, all the above formulas can be derived from the corresponding ones in the
D = 4 DS formalism® by setting all the variables with tildes to zero. Assuming the
Poisson brackets

{X"(0), k" (o")}p = 0" 6(0 — o), (2:9a)
{04 (0), k5 (0')}p = —64P655(0 — o), (2-9b)
{64 (o), K (o)} p = —5‘4352‘5(0 —d), (2-9¢)

we find that two of the four fermionic constraints are first class, generating the kappa
symmetry, and the other two are second class. Imposing the semi-light-cone gauge
condition _

0% ~ 6% =~ 0, (2-10)

the kappa symmetry is fixed, and all the fermionic constraints become second class.
Then, the only first-class constraints are the left and right Virasoro constraints gen-
erated by (2:7).

The Dirac bracket can be computed straightforwardly, and the result is identical
to the DS superstring given in Ref. 5), with the variables with tildes replaced by
variables without tildes, and T'and IT* (= II°+II3) replaced by variables appropriate
for the GS superstring. In this case, unlike in the case of the DS superstrings, the
Dirac brackets among X* and k¥ remain canonical; the only necessary modifications
are the familiar rescalings

S =V201tet, 8= V2IIte, (2-11)

which satisfy the relations

{S(0),8(c")}p = i6(c — o), (2-12a)
{X"(0),5(c")}p =0, (2-12b)
{X*(0),5(c")}p = 0. (2-12¢)

We now turn to the quantization of the D = 4 GS superstring. As in Ref. 5), we
replace the Dirac brackets obtained above with appropriate OPEs. With some rescal-
ings, the left constraint, Ty + 71, becomes the energy-momentum tensor Tiatter(2)
composed of free fields:

1 1 _ _
T(z) = §8X“8X# - 5(585 —0S585). (2-13)
The OPEs for the basic holomorphic fields are

XH(2) X" (w) ~n* log(z — w), (2-14a)

(2-14b)
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Lorentz Anomaly in Semi-Light-Cone Gauge Superstrings 563

Because the central charge of T'(z) is 5, the ghost contribution —26 cannot be can-
celled in four dimensions. To compensate for the shortage, we modify the energy-
momentum tensor 7'(z) similarly to that in Ref. 5), as

y 1 1 - 7
T(z) — T(z) = §8X“8Xu — 5(565 —085) + 582 log0X ™, (2-15)
with nt~ =2, n¥ = —§Y. In general, a family of energy-momentum tensors
1
Tx+x-(2) = §8X+8X* + € 0*logdX T (2-16)

with a parameter & has central charge
c(§) =1+ 24¢ (2-17)

if X*(2)X ™ (w) ~ +2log(z — w). Therefore, the logarithm term correctly shifts the
central charge to 26. Using this modified energy-momentum tensor, we can construct
a standard nilpotent BRST charge:

dz , -
Qas = ?{ 57 (¢T + bedc) . (2-18)

Note that although this modification of the energy-momentum tensor may seem
ad hoc, it is required even in the D = 10 GS superstring in the semi-light-cone
gauge. Indeed, a one-loop analysis reveals the existence of a conformal anomaly of
¢ = —12, including the bc ghosts, which can only be canceled with a special dilaton
coupling introduced as a local counterterm.?:11) This causes a change of the energy-
momentum tensor as in (2-15), though with a coefficient of 1/2 instead of 7/8. The
inclusion of the counterterm also results in a modification of the spacetime Lorentz
transformation rules, which have been shown to have no anomaly.'9-11):4) Similarly,
we can add a local counterterm to the D = 4 GS action so that the total conformal
anomaly vanishes, and this gives rise to a change of the energy-momentum tensor
(2:15). The question is whether, with that counterterm, the rigid Lorentz symmetry
is preserved in the theory. Below we examine this point.

A Lorentz generator for the GS superstrings in the semi-light-cone gauge basi-
cally consists of a Noether current and, if it does not preserve the semi-light-cone
gauge condition (2-10), an additional, compensating kappa-symmetry current. In
addition, we need some extra terms for the BRST invariance of the generators. For
the D = 4 case, we find

- 1 ) ) ) ) o
NY =7 (—X'0X7 + X70X" + i€V SS) , (2-19a)
1

NT7 =2 (-XTOXT + X70XT), (2:19b)
) 1 . .

N = 2 (=X'0XT + XTox"), (2:19¢)
. 1 . . L OXT . 792XE
i— _ [ _yt - - ) ] _ .

N 1 X'0X™ + X 0X" + 2ie 8X+SS 28X+>’ (2-194d)
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where 7,7 = 1,2 and €!? = —¢2! = 1, €!! = €22 = 0. The third term in N~ (2-19d)
comes from the compensating kappa transformation, and the fourth term is required
for the BRST invariance.*) Lorentz generators constructed from these currents all
commute with (Jgg. Defining the charges as

MM = }[ d—Z,NW(z), (2-20)

27

it can be verified that they form the D = 4 Lorentz algebra, except for [M'~, M?~],
which is given by

Q 3 v+ 2 v+)2
-, MQ]:]{dz <Z S5 <%8X“6X#78X L T@X )>

omi \ (0X )2 80X+ 4 (9X+)2
30X'9%X? - 92°Xx'0X?
1 (8X+)2 ) (2-21)

Unlike the D = 10 GS superstring analyzed in Ref. 4), the right-hand side cannot be
BRST-exact. This can be proven as follows. Suppose that the terms proportional to
SS in (2-21) could be written as a commutator of Qag and some BRST “parent.”
Then, since T does not have such a term, the parent itself must contain SS. It is not
difficult to show that the only possible choice is % multiplied by some constant.

However, we have

[QGS, ?{;—;Z%(Z)]

3 v+ 2 v—+)\2 2Q 2QdQ
:fd_; .58 laXMaXM—laX _T@XIP 3595+ PSS
2mi \ (X 1)2 \ 2 89X+ 8 (0xN)2 ) T4 (9x+)?

(222)

which is inconsistent. Thus, we have shown that (2-21) does not vanish, even coho-
mologically, and therefore the Lorentz invariance is broken. This is a natural result,
because we know that the Lorentz algebra is not closed in the light-cone quantization,
and this should be independent of the gauge choice.

2.2. The D =6 GS superstring in the semi-light-cone gauge

The BRST quantization of the D = 6 GS superstring in the semi-light-cone
gauge is completely analogous, and therefore we give only a brief summary. Again,
the Dirac brackets for the D = 6 GS superstring are derived from the D = 6 DS
superstring® by similar replacements. The matter energy-momentum tensor is given

by

T(z2) = %GX“(?X“ — %SgaS?. (2-23)

*) ‘An analogous term is also needed for the D = 10 GS superstring. In this case, one must add

+22X0 46 N'~ in Eq. (3.6) of Ref. 4).
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Lorentz Anomaly in Semi-Light-Cone Gauge Superstrings 565

The relevant OPEs are

XH(2) XY (w) ~ n* log(z — w), (2-24a)
ab
S9(2)Sb (w) ~ —%. (2-24b)

Again, we modify the energy-momentum tensor to

T(z) = %BX“GX“ — %SgaS? + %82 logdX T, (2-25)
so that the BRST charge
Qas = j{ % (T + bedc) (2-26)
becomes nilpotent. The BRST-invariant Lorentz generators are found to be
N4 = % (—X’GXj + X70X" + %(sfyijsl)> , (2-27a)
Nt~ = % (-XToX~ + X 90X™1), (2-27b)
N = i (-X'0XT+ XToX"), (2-27c)

. 1 . . XJ g
Ni— == (XZ(?X_ +X0X 4 z‘a—(sfwsl) -3

(2-274)

4 oX+

92Xt
ox+ -

It can be verified that they form the correct D = 6 Lorentz algebra, except that

(M, M7
~ fdw (i (S5 (1., L o 303Xt  (92XT)?2
= f o (57@&)2 g OXIOX = SSi05) = 155w T ax )
_laXi(?QXj — 9?X19X7 3’(517”6251)
2 (0X+)2 4 (0X+)?
+8 X2 Sy ST - (2-28)
Again, the right-hand side is not BRST-exact: As in the D = 4 case, the S-bilinear

- I.ij
terms can only arise from a product of ¢I" and something proportional to %,

but we have

dw (i (STy9S1) (1 Lgawy 703Xt 3(02XT)2
— ¢ — [ L 2 [ ZHXHPX,, — = L _ 2
f{m <2 (0X+)2 ROXTOX, = 55051+ kT T 1 (0X+)2
(Sl’yijaQS])
(X))
which does not coincide with (2:28).

3
+5i (2-29)
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566 H. Kunitomo and S. Mizoguchi
§3. The Lorentz invariance of the lower-dimensional DS superstrings

3.1. The D =4 DS superstring

We now focus on the issue of the Lorentz invariance of the lower-dimensional
DS superstrings studied in Ref. 5). We first briefly review the relevant results in the
D = 4 case. The Lagrangian of the D = 4 DS superstring is

L=Lgx+ Lwz, (3-1a)
= f—\/_gabﬂ‘“ﬂ (3-1b)
Lywz = e“bﬂ“(W#b — W) — €PWHEW 4, (3-1c)
with
2 ~ R 2
I = 0, X" = i0a (610" — 64010 = Y W (3-2)
A=1 A=1
and
WA = i046+9,04 — i9,040"64, (3-3a)
O =04 —04, 04 =01 0N (3-3b)

Here, 04 and 64 are the spinors newly added to the GS superstring, and if they are
set to zero, the Lagrangian reduces to that of the GS superstring. Following Ref. 2),
we impose the semi-light-cone gauge condition only on the spinors with tildes and
compute the Dirac bracket. Then, we obtain a new set of canonical variables with
respect to the Dirac bracket, in terms of which the remaining holomorphic first-class
constraints read as follows:?)

Dy =dy —iV2rtS, (3-4a)

2 L2
=dy =iy =78 - W—+SS€)92, (3-4b)
Dj =dj +iV2rtS, (3-4c)
- [2 2
Dy =ds+1 7T—+7TS + 7r_+5589 , (3-4d)

l7hm, 1598 1088 . [ 2 - 15
T__§ & T3 Ta.r +WW—+(589 +00°5)

|2 5 ) 5569289‘?
+1 (7T+) (7?589 + 7T89 S) W, (3 48)
where
do = pa — 10X"(0,0) % ((65"08) — (065")) (5,48)a, (3-5a)
ds = pa — i0X"(00,,)4 % ((65"08) — (065")) (o), (3-5b)

7 = i0XH + 05+00 — 00*0. (3-5¢)
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Lorentz Anomaly in Semi-Light-Cone Gauge Superstrings 567

Here, the symbol 0 represents %. The quantities 7
7=l 2 are also introduced.

The relevant OPEs among the basic fields are all free:

=70+ 73 7 =7l +in? and

— T

XH(2) X" (w) ~ 0" log(z — w), (3-6a)
B

Pa(2)0° (w) ~ p i“w, (3-6b)
By 59

o)) ~ 2o (3:60)

5(2)8(w) ~ - ! —. (3-6d)

Again, the algebras of the constraints (3-4) are not closed, due to the presence of
multiple contractions in the OPEs, and this prevents us from constructing a nilpotent
BRST charge. To remedy this, as in Ref. 2), we modify the constraints as

D, — Dy = Dy, (3-7a)
D; — Dj = Dy, (3-7b)
Dy — D, = D2—8;f2+%8(7;++8)§2, (3-7¢)
Dy — D, = Dé—ajf_2+%a(7:+a)§2, (3-7d)
7 — T = T+0fj?j§28zgiﬁ)§2é821;§w+ (3-7e)

The additional terms above can be viewed as arising from the normal-ordering ambi-
guities of the constraints, and the precise values of the coefficients have been deter-
mined so that the algebras are closed. One can verify that these modified constraints
have the OPE 3

y > 47 (w

Da(z) D) ~ T, (38)

Z—w

without higher singularities, and is regular otherwise. In this way, we obtain a set
of first-class constraints which can be used to construct a nilpotent BRST charge in
a conventional manner as

- d 3 . . .
Q= f 2—; ()\O‘Da + XDy + T — 4)\2)\2b) : (3-9)
Here, b and ¢ are the usual fermionic ghosts, satisfying
1
b ~ 3-10
(e(w) ~ ——, (310)

while A% and A\* are unconstrained bosonic spinor ghosts, a part of which is identified
as the pure spinor ghosts after the similarity transformations described in the next
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568 H. Kunitomo and S. Mizoguchi

section.®
Let us now consider the Lorentz generators. All of them but N~ are obtained
by adding generators constructed from p, 6, A and w, the conjugate of A, with
o 9%
AN (2)wp(w) ~ —, (3-11a)
5
A (2)@g(w) ~ —2—, (3-11b)

zZ—Ww

to those of the GS superstring in the semi-light-cone gauge,

- 1 ) ) ) ) o
N9 = 1 (—-X'0X7 + X70X" +1ie?SS

+ieij(903p + P03 — Aosw + (I)Ug/_\)) , (3-12a)
Nt~ = i (-XToX™ + X" 0X+

+2(0o3p — po3l — Aosw — @o3\) + 4bc) , (3-12b)
N = i (-X'0Xt + XTox'

+2(Si02p1 + Eie_ipi — si)\2w1 — Eij\iwi» , (312C)
where

[ G=n o [ (=1 |
SZ_{z’ (i=2) d s {z (i=2) - (3-13)

The generator N7~ also contains a contribution from the be-ghost. This is because
that these ghost fields are not Lorentz scalars, which can be seen from the form of
the BRST charge (3-9). On the other hand, N~ involves extra terms coming from
the compensating x symmetry, and also other terms for the BRST invariance. The
result is

: 1 : : . .
N~ = Z (—X’@X‘ + X70X" + 2(5191])2 + 81'91}32 — §¢)\1w2 — si)\I(DQ)
At L iQd 5 02 0028 i
LA bc 49 T SS +4\/§ibc(s S0 +3S 06=5) 30r*
T Tt (m+)2 27t
3, 02 1 5.00%08 5.9902 1 5.002S
_2\/51,318560 + ?69 95 \/52,31589 + 3;(90 587r+
(mF)2 (mF)2
00200 500100 — 5,00290!
12i€Y . .
+12i¢ ()2 6 g
5. 9902 — 5.0\25
+4\/§ib(8258)\ fﬁ)x S) . (3-14)
(mF)2

*) Note that the D = 4 pure spinor condition implies A* = 0 or A* = 0, treating them as
independent quantities (rather than complex conjugates), as usual in the PS formalism.
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Lorentz Anomaly in Semi-Light-Cone Gauge Superstrings 569

With the exception of [M®~, M7~], these generators form the correct D = 4 Lorentz
algebra:

1
(MM, MP?) = =S (nPMM7 — MY — o CMPP gt TMP), (315)
y dz .,
" E%?W@'NH =) (319

The commutator [M*~, M7~] is given by

(M, MI™]
dz [1 ..7tne~ —77% - 3 —7'Ond + 1iont
— — | =9 13755’ _
?{m [2“ ()2 LV F=ap

(m)5/2 + (wt)3/2
Caiafbe\ SS L. d(bc)  beon™ 9 a7
_icig [ 25 ) 22 4 g6i [ 9
i€ 8<7r+> 7(++ 1€ ( (7r+)3+(7r+)4>8989

e <3 0TS99 — om06> S 170806° — 7d6%9S

_ 02 23a pi 1g
B (71'580 — 79625 508 — 96 S)

2 (@pr 2 ()

7(7S06° — 7062S)ont 105001 — 00108 1(590' — 90'S)ort
1 (m+)7/2 2 (nT)3 4 (rt)n

g (rt7 —277)96%06° 700100 +706%00" 06100
1€ (7T+)2 (7T+)2 7-‘-"!‘

i <a?aa?a289? on+0(06%002) 4(a7r+)2ae239?)

(m+)? (r+)? (m+)°

o (b(RSAE+ 7A2S)  b(SAL + ALS)
]
+V/2¢ < CEtE - o=
00°N% — 06202 | 9%0°N2 — 920222 092N% — 96°)2 +)

424l <2ab

s R oo G
e — (5862968 + 0(8625) 596>
¢ (r+ )3
10 8()2902 272
i PSSP 1 0023 | 517)
(mF)?

We can show that the right-hand side cannot be written in a BRST exact form
as follows. First, suppose that all the terms in (3-17) could be written in the form

[Q, f %(parent)} (3-18)
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570 H. Kunitomo and S. Mizoguchi

for some (parent). Then, note that (parent) cannot contain w, or wgs, because
(3-17) contains neither w, and wg nor p, and pg, which necessarily follows from the
contraction with A*d, + A%d4. In analogy to the previous section, let us focus on
terms that do not contain any of A, A, 99 and 96:

- : dz 4SS [17hx be 3 —7wiomd + wiont
M~ M)7] = — =1 = B - e
v = f o ( = (2 = 8<w+>>+4 CE )

+0O(98) + O(N). (3-19)

This contribution could only arise from contraction with ¢7, and thus (parent) must
contain b. Taking into account the 7+ dependence of (3-19), the SS terms can only
arise from the OPE between terms of ¢7 (= ¢7), that are independent of both 96

and 00, and € i—f However, we find

dz dw . bSS dz ( ;;iSS (1 7hx be
T | e == — ¢ = = | Z B -
[ omi 0 %27”' < - >] j{%’i (6 + (2 T 0 <7T+>>
_l’_

(3-20)

which is inconsistent with (3-19). Therefore, the commutator (3-17) is not BRST-
exact. Thus we have shown that the D = 4 DS superstring has only partial Lorentz
invariance, like the D = 4 G\S superstring in the light-cone or semi-light-cone gauge.

3.2. The D =6 DS superstring
The Lagrangian of the D = 6 DS superstrings is similarly given by

1
L= —5\/—ggmnﬂﬁlﬂun, (3-21a)
Lz = €™ I (Wn — W) — €™ WEW 1, (3-21b)
where
2 ~ 2
I, = 0 XH = " i0m (07410107 = Y Wik, (3-22)
A=1 A=1
WAk = i(0TACH",,07), (3-23)
o =64 — 0. (3-24)

Here we use the same convention as in Ref. 5), except that, for later convenience,
we put a bar on the lower component in the light-cone decomposition of a SU(2)
Majorana-Weyl (MW) spinor:

oy = (gf) . (ma=12) (3:25)
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where a and @ are the spinor indices of the transverse rotation SO(4) ~ SU(2) x
SU(2). The SU(2) MW condition is given by

(0)" = "7 0%era = 05, (3-26a)
(6) = €'7e;, = 0. (3-26b)

After some field redefinitions, we find that the constraint generators are classi-
cally given by

DI = dl 4+ Von+sk, (3-27a)
DI =df + \/gni(s%")d + %S{ S406!, (3-27b)
J a
Ty R
B \/WZ m(a(j:isj) N Qaegfﬁ)ig S}‘7 (3:270

where the super-covariant currents d and 7* are defined by
1
do = po + I0XH(Cyud")a + 5 (07 CY00.) (Cryud ") (3-284)
™ = idX" + (01 C~"00r). (3-28b)

The redefined fields are free and satisfy the relations

XH(2) XY (w) ~n* log(z — w), (3-29a)
108 0}
Pa(2)0;(w) ~ ——, (3-29b)
ab
a b . €1Jj€ X
St(2)S7(w) po— (3-29¢)

Including quantum corrections, we define DCIL , ﬁé and 7 as

DI = pI (3-30a)
7 5 0! 50b 557
Bl _ i _ 00 0mto6;  806,00,00 (3-30b)
€ ERE IS E
20J 97b 01 50a 47 J Hib
_—— 132 log 7+ - 28 0:00; N §69d89J8«95 007 (3:300
o 4 gt (m+)2 3 (nt)3 )

then they satisfy

DE(2) D} (w) ~ —M, (3-31a)

z—w
[all other combinations] ~ 0. (3-:31Db)
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The BRST charge can be straightforwardly constructed from this constraint
algebra as

~ d . . .
Q= jf 2—2’1 (AfDL + T —2X.X\%0) | (3-32)
T

with the unconstrained bosonic ghost pair A7 and w! and the fermionic ghost pair b
and ¢, with

c(2)b(w) ~ — _1 " (3-33a)
asJ
A (2)wf (w) ~ 55_5; . (3-33b)

The BRST charge given in (3-32) is exactly nilpotent.
Using the light-cone decomposition, it is convenient to use the rewritten forms

= i0X T 4 201064, (3-34a)
T~ =i0X ™ +20L06%, (3-34b)
7t =i0X" + (0014%0;) — (61~06;), (3-34c)
G = p§ —i0X 0 —i0X'(701)" + 0646707 — 6,007 6% + 0267965, (3-34d)
14 = p% — i0X 0% — 0 X (v'01) + 0050 0% — 65067 6% + 0°6] 96%, (3-34e)
where we have used the notation
vi =io; (1=1,2,3), 4 =19, (3-35a)
¥i = —10; (Z = 1,2,3), Fg = 19, (335}))

which are 2x2 blocks of the gamma matrices defined in Ref. 5).*) Their standard
index positions are (y;)%, and (9:)%;- Using these 2x2 matrices, we also define

(. _
(i) = =575 = 77) % (3-36a)
. i Y
(i) = =5 (0% = 1%) % (3-36D)

_ 1 ) ) ) ) o
(Vijk)*y = +5 (V% = 9T WY = WV + Wi — W) (3-36¢)

The Lorentz generators, except for N*~, can be easily obtained as

. 1 . 1 g . P
NY = - X'0XT 4+ 2 XI0X' + %(917”171) + i(eff‘y”m

—%(Awﬂ‘w}) - E(Xf*ijajf) + 3(5’ sy, (3-37a)
1 1 1
N*T =~ XFOXT 4 XTOXT 4 g aapf 5 0ai ——A1w1+ A[w?+bc
(3-37D)
it Lviovt o Lytavia Lograi L sri
N :_ZX 0X —i—ZX 0X —1—5(6’ ’ypI)—g(A ~Y'wr). (3-37¢)

*) These are denoted by % and 7; in Ref. 5).
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The remaining generator N~ is given by

. 1 . 1 o1 . 1 ;
N'= = X'0X™ +  X70X'+ —(91#;51) — 5(AW@I)
mibe 1 mj(Slviij) 107 bc(@@l S
+7T+ +Z 7wt 47T—+_\/_ (m+)3/2
_\/_5 (001415 ,)8] 59 1 ot (0014 Sy) B il (0015 00;)
3 (at)3 V2 o (n )52 (m*)?
(001~100r) 82 (00%~1S ;)00 064 b(A\~1S))
I B CER R o ER
The integrated generators
Mm _f 42 p () (3-38)
2mi

are BRST invariant, satisfying [@Q, M**] = 0, and form the Lorentz algebra, except
for

(2 207

= 7{ Az (1 (gt L) 7i0m — mOnt
27 2 ()2

2
STy ”S[)( wh, 15&785} 10%x+ B <bc>>

( - —_
+2 T 2 7t + 8 gt 4(7T+)2 pu—
(819928 i (81908,)S) S8
4 (7t)? ) ()2

+V/2b (A 5p) 7rJ‘(/_\I'YZ‘SI) TR (M yIRSE)i(MAS))
(m+)3/2 (n+)3/2 (7 )32 ()12

e (OO @018y | w00y Sy) | i(06'995))
(7+)5/2 (wt)5/2 ()52 EESETE

_i aﬂi(a‘gIVjSI) _ 387Tj<89_1'yi,5'1) B 487T+7Ti(8§’)/j51)

ontni(00v'Sr)  ontrk(001~1kSy)  iont (00141 Sy)
(x)72 (mt)7/2 O (rh)E2

_2b2‘87T+(5\I’_)/U69_[) é 8(5\17151)(80_"7]'SJ) B 8(5\1’)/]'51)(85‘]’)/1'5{])
<7T+)3 3 (7T+)2 (7T+)2
L OIS)©@07IS)) | (NAIS)@0F7YSy) | iONTI08r) | ot (V51908

(m+)? (m+)? - (m+)? (m+)3
i(}fwae])sgsg> V2 ( 70074755888 7 (00'18,)S] S
- (mr+)? 3 (7+)5/2 (m+)5/2

3
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7k (001+17%S,)SI S8 (967147 5,)S) Sa
(TP ()7

901 ~i3 97 JHah 2
i(00°5%901) <7T_ N S; 057 N 10%logn™ 4bac>

(mt)? Tt 2 7t T
in'Tk(06014%106;) ink7l (0015 00r) 7 (00141 007) 71 (0014 00r)
DA € LR o ik
OB i(06'91906;)  (00'9S)0(00751S) | (904751087 11S,)
(7T+)2 T+ (7T+)3 (7T+)3
_(9014'5,)0(0677S1) | (96'7751)0(06”Si)
(m+)? (mt)3
L HOBTI08,)S1S7 320 iNI00)00L085 | i (S"211S1)S1 57005 08
(7T+)3 3 (7T+)3 3 <7T+)3
Sﬂ( W (0SB0, w0 (001000 wk<a§fyia‘ksJ)a§gae‘Ia>
3 (7T+)7/2 (7T+)7/2 (7T+)7/2

2/2 (aél’}/iSJ)(aéj’}/jaej) (8§[7jSJ)(89_17i89J) 2@'(8917”&)65({65?
+ (w+)5/2 o (77+)5/2 o (7r+)5/2

| i(00'77061)0B]0°0 ,i(06'70°0,)08]0} 8 i(08"7061)06] 095 S 53
(7T+)4 (7T+)4 3 (7T+)4 :
(3-39)

In particular, we have

2 27

_%k 6zk5ﬂ zyk:l m 871' _ﬂ-laﬂ-k
) 2mi 2 (mt)2

1
2
SI ”SI 1 7T“7TH 157054 N 1 0?rt e
2 5t TR At 4 (mt)? Tt

i (517”8251) B | (S1~1998,)S7 54

4 (7F)2 ] (m+)2

) +O0(90) + O(N).  (3-40)
On the other hand, we find
dz dz i b(ST~9Sr)
{ 2 70 f o <_§T
_fﬁ i (87998;) (1 iz, N 15]085 18t +Z(87r+)2 (ke
S 2mi\2 ot 2 7t 2 gt 4(rt)2 4 (nt)3 Tt

3i(87479°Sr)
4 (7t+)2 ’

(3-41)
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where, as above, 7 is the df-independent part of 7. Then, repeating the same
argument as in the previous section, we find that the commutator is not BRST
exact.

§4. Conclusions and discussion

In this paper, we have shown that the D = 4 and 6 double-spinor (DS) super-
strings do not possess the full Lorentz symmetry, as in the light-cone and semi-light-
cone gauge quantizations of lower-dimensional Green-Schwarz superstrings.

We have emphasized that the modification of the energy-momentum tensor is
a common procedure employed to preserve quantum conformal invariance in the
semi-light-cone gauge quantization, even in the critical case. One can rewrite the
logarithmic term of the energy-momentum tensor (2-15) or, more generally, (2-16)
in the usual linear-dilaton form by bosonization. Owing to the relation

OX ()X~ (w) ~ ——, (4-1)

zZ— W

we can identify them as a (Bv-system. Therefore, we define
X" (2) =(2) = e X(a), (4-2a)
X7 (2) =2B(z) = 20xe 9 X(x), (4-2b)
where 7(2)3(w) ~ =L, ¢(2)¢(w) ~ —log(z — w) and x()x(w) ~ +log(z — w).
Plugging these into (2-16), we obtain

T (2) = —5008 + (5 +€) o g0+ (5-¢) P ()

where ¢ = L (D =4), 3 (D = 6) and § (D = 10). Therefore, the modification of
the energy-momentum tensor can be regarded as a change of the background from
flat to linear-dilaton, although the dilaton is only linear with respect to the special
bosonized coordinates. This way of viewing the modification is consistent with that
in recent works on the relation between the lower-dimensional PS and non-critical
superstrings.'?) It is also interesting that the y field becomes a normal scalar in the
critical (D = 10) case. However, the meaning of this observation is yet unclear.

We showed in Ref. 5) that the physical spectra of the D = 4 and D = 6 DS
superstrings coincide with those of the pure-spinor (PS) formalisms in the same
numbers of dimensions. Let us now compare the Lorentz generators given in Refs. 6)
and 7) and ours obtained in the DS formalism. In four dimensions, the necessary

similarity transformations relating the BRST charges of the two D = 4 theories are®
1 dz cD,
4 f omi N2’ (4-4)
1 dz =
Y=—=¢ —SSlogn™ 4
2%2#@'55 ogm", (4-5)

dz (i - - 002002
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Then, the BRST charge Q is transformed to

(e’ e)Q(eZ e X)) = Q + 0y + 0, (4-7)
dz
= e adon 4-

Q me')\ ( 8)
dz -5

8= —4 & — NN\ 4

b= g, (49)

5= \/517{ 4z jig (4-10)
271

where ;, and ¢ anti-commute with () and have trivial cohomologies of the BRST
quartets (b, c; A2, ;) and (S, S; AL, @;) (where @, is the field conjugate to A*). One
can alternatively decouple A\* instead of A%. Taking the quotients with respect to
the Hilbert space of these BRST trivial fields leaves precisely the D = 4 PS Hilbert
space with the BRST charge @ proposed in Refs. 6) and 7).

The D = 4 PS superstring has an anomaly-free set of level-1 Lorentz currents. If
they are similarity-transformed back to the DS theory by using the above X, Y and
Z, they do not coincide with the Lorentz generators we considered in the previous
section. This is obvious, because the Lorentz generators in the PS formalism do not
act on the BRST-quartet fields decoupled through the similarity transformations.
This can also be verified by an explicit calculation. Thus, we conclude that, although
the generators of the PS formalism realize a representation of the D = 4 Lorentz
group on the PS fields, they are not directly related to the symmetries of the DS
Lagrangian. A similar statement holds in the D = 6 case.
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