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The structure of a gaseous envelope surrounding a protoplanet has been investigated in 

connection with the formation of the giant planets. Under the assumptions of spherical 

symmetry and hydrostatic equilibrium, the structure has been calculated for the regions of 

Jupiter, Saturn, Uranus and Neptune. Energy transfer in the envelope has been taken into 

account precisely. 
When the core mass increases beyond some critical value, the envelope cannot be in 

hydrostatic equilibrium and collapses onto the core. The most remarkable result is that a 

common relation between the core mass and the total mass holds irrespectively of the regions 

in the solar nebula. Therefore, at the collapse, the core mass becomes almost the same 

regardless of the regions in the nebula. This is consistent with the conclusion obtained 

from the theory of internal structure of the present giant planets. The grain opacity in the 

envelope should be about 1 cm 2/g in order to explain the estimated core mass (about 10 

Earth's mass) of the giant planets. This value of the grain opacity is larger than that expected 

before. 

§ l. Introduction 

The internal structure of the giant planets has been investigated in detail 

recently owing to improvements in the equation of H 2 gas and developments in 

observations. A common feature to the four giant planets, namely, Jupiter, Saturn, 

Uranus and Neptune, is that each planet has a core inside it and a gaseous envelope 

surrounding the core. What we call the core here is composed of metal/rock and 

ice such as H 20, CH4 and NH3• Meanwhile the main components of the envelope 

are H 2 and He. A remarkable conclusion in the current theory is that all the 

giant planets have almost the same core masses of about lOAfE (1\JE: the Earth's 

1nass) .. 1), 2) 

Two ideas of the formation of the giant planets have been proposed until now. 

Firstly, a protoplanet grows through accretion of planetesimals and when its mass 

reaches some critical value the gaseous envelope surrounding the protoplanet 

becomes gravitationally unstable to collapse onto it. 3l,il Secondly, the solar nebula 

itself fragments directly because of gravitational instability to form a lot of giant 

gaseous protoplanets. sl, ol In the second idea, the core of a giant planet is considered 

to be formed in the giant gaseous protoplanet through sedimentation o£ grains 

toward its center.6l This idea premises the assumption that the solar nebula is 

massive (about 1 solar mass). Hovvever, it is apprehended that some difficulties 

appear in this model. For example, it seems to be difficult to dissipate the large 
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Formation of the Giant Planets 54;) 

quantity of the gaseous envelope of the inner planets. In the present paper, we 

will adopt the solar nebula model ~which is less massive (about O.OL1 solar mass?)) 

and gravitationally stable, and will discuss the formation of the giant planets on 

the basis of the first idea. 

Two studies have been made from the same standpoint as ours. Perri and 

Cameron3J have discussed the equilibrium solutions of the envelope, making an 

assumption that the envelope is wholly adiabatic. They have concluded that when 

the mass of the core (we call a protoplanet a core hereafter) becomes greater than 

about 70~i11E for the Jupiter's region, the envelope collapses onto the core. In 

this case, however, the core mass is too large in comparison with that of the 

present Jupiter estimated in the recent theory J) On the other hand, lVfizuno, 

Nakazawa and Hayashill (hereafter referred to as Paper I) have investigated the 

structures of the envelope, approximating it to consist of isothermal layers and 

adiabatic layers. The isothermal layers have been introduced because the outer 

region of the envelope is optically thin. They have pointed out that the core mass 

at the time of the collapse of the envelope is considerably smaller than the value 

found by Perri and Cameron,') though its value depends on the grain opacity in 

the envelope. However, their core mass at the time of the collapse depends on 

the distance from the Sun, which makes it difficult to theoretically unclerstilnd 

the common core masses to the four giant planets. This is clue to their O\ ersu11-

plification in the thermal structure of the envelope, namely, in the energy transfer. 

The purpose of the present paper is to investigate the structure of the envelope 

1n precise consideration of the energy transfer and examine the formation processes 

of the giant planets. At the same time, we will discuss the infl ucnce of outer 

boundary conditions on its formation processes. In § 2, vve \Yill describe the as­

sumptions, the basic equations and the boundary conditions. The opacity, which 

is essential in the energy transfer, will be described in § 2 and Appendix. In § 3, 

it vvill be found from the numerical results that the relation between the total mass 

(core mass plus envelope mass) and the core mass is identical in all the regions 

of the giant planets. An analytical argument for this identity will be given in § 4. 

In § 5, we will discuss the history of the formation of the giant planets. 

§ 2. Basic equations and assumptions 

The situation considered here is as follows. A protoplanet grows in the solar 

nebula through accretion of planetesimals. Hereafter we call the protoplanet a 

core. Since the gravity becomes strong with the increase of the core mass, the 

nebula gas is attracted more and more inside the Hill sphere and the core-en,-elope 

structure is formed. Our present purpose is to investigate the structure of the 

envelope in order to know the relation between the core mass 111c and the total 

mass Jllt inside the Hill sphere; J.lf, is the sum of the core mass and the enve­

lope mass. In this section, we will describe the basic equations, the assumptions, 
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546 H. Jlfizuno 

the boundarv conditions and the opacity. However, considerable part has 

been described in Paper I and vve will only touch on such a part briefly. 

essary, the reader should refer to Paper I. 

already 

If nee-

a) .!lssumPlions 

The following assumptions are made for simplicity. 

1) The envelope is spherically-symmetric and in hydrostatic equilibrium. 

2) The growth rate of the core mass, namely, the mass accretion rate M, is 
constant with the value of 10]tfE/107 yr. 8l 

3) The luminosity L is supplied by the gravitational energy which accreting 

planetesimals release. Also L 1s constant throughout the envelope. 

4) The mean density p of the core 1s 5.5 g/cm\ i.e., the mean density of the 

Earth. 

5) The equation of state for ideal gas 1s used (X= 0.7:1, Y = 0.25). 
Among these assumptions, assumptions (1), ( 4) and (5) are the same as m 

Paper I. Against assumption (2), in actuality the mass accretion rate may be a 

function of not only time but also distance from the Sun, but it has not been 

determined precisely yet. Hence, we simply regard it as a constant. We will 

discuss the effect of Me on the results in § 3. As to assumption ( 4), we have 

confirmed that the effect of the value of p is very small. 

Next, we will comment on assumption (3). There are two possible ways 

for planetesimals to dissipate the gravitational energy into the thermal energy. 

One is dissipation through gas drag force acting on the planetesimals. The gas 

drag force is proportional to the gas density and, hence, the dissipation dominates in 

the regions near the core. The other one is dissipation at the time of the colli­

sion of planetesimals with the core surface. Anyway, dissipation near the core 
surface is greater and it is expected that the luminosity is constant throughout 

the envelope. As an alternative source of the luminosity, the gravitational energy 

clue to the gravitational contraction of the envelope can be considered besides 

the sources mentioned above; we will argue the effect of the additional source 

lil § 3. 

b) Basic equations 

The structure of the envelope 1s determined by the following equations under 

assumption (1): 

and 

1 dP 
p dr 

(1) 

dMr __ , 
--=47rrp, (2) 
dr 

vdtere p and P are the density and the pressure, respectively. The mass inside 
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Formation of the Giant Planets 547 

a sphere of radius r (including the core mass) is denoted by 1'11r and G is the 

gravitational constant. 

Next, we will express the equations governing the thermal structure of the 

envelope. Let us divide the envelope into two regions according to the optical 

depth ~ measured from the Hill radius r 0, where ~ = f;'Kpdr and /C is the opacity. 

In the region where ~<2/3, that is, outside the photosphere which is defined by 

r = 2/3, radiation transports energy. According to Hayashi et al. 91 the temperature 

distribution in such a region is given by 

T4=To4+_~_l+JE 
8nr2 2- %r 

(3) 

In Eq. (3), T and T 0 are the temperatures at radius rand the Hill radius r 0 , respecti­

vely. Inside the photosphere, the energy transfer is dealt with as follows. Let us 

define the radiative and adiabatic temperature gradients by Prad = (3KL/ 4na8cGlJ1r) 

X (P /T1) and Pad= (a In Tja In P), respectively. In these equations, a,, c and 

s are the radiation density constant, the speed of light and the specific entropy 

of the gas, respectively. If Pact<Pract, the energy is transported by convection and 

we have 

ds =O. 
dr 

(4) 

Inversely, when Prad<Pad' radiation carnes energy and the temperature gradient 

is given by 

(5) 

Since the radiation pressure is negligible, the equation of state is simply given by 

h P=-- -pT 
Ji.H ' 

(6) 

where h and H are the Boltzmann constant and the mass of a hydrogen atom, 

respectively. The mean molecular weight,/!, is a function of p and T because we 

take account of dissociation of H 2 molecule and ionization of H atom. 

c) Boundary conditions 

The boundary conditions at the Hill radius r 0 are giVen by 

T=To, at r=ro=( JYI, ) 113a, 
3M0 

(7) 

where Po and T 0 are the density and the temperature of the solar nebula at the 

distance a from the Sun, respectively, and ivf0 is the solar mass. As for the 

model of the solar nebula we adopt the model given by Kusaka et al.;n p0, T 0 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/64/2/544/1869898 by guest on 20 April 2024



548 H. ]Jfizuno 

Table I. Physical quantities of the solar nebula given by Kusaka et al.'l 

Region 

Distance from the Sun a (A. U.) 

Density po(g/cm 3) 

Temperature To (K) 

Jupiter 

5.20 
1. 5X 10-10 

97 

Saturn Uranus 

9.54 14.6 
6.2x10-' 2 6. 9 X 10-13 

73 54 

Neptune 

17.2 
3. ox 10-13 

45 
~-----

and a are tabulated in Table I. Furthermore the total mass },f, is given prior 
to the calculation. 

The inner boundary conditions are obtained as follows. From assumption (4), 
the core mass 1\11, is defined by 

where rb is the core radius. The luminosity must satisfy with the following equa­
tion according to assumption (3), i.e., 

(9) 

where rp (rb) Js the gravitational potential at ru and g1ven by 

(10) 

Since there are five boundary conditions for three equations, it 1s nec:essary 
to find the suitable values for J11, and L in order to fulfill the boundary condi­
tions. That is, the problem we have to solve is mathematically an eigenvalue 
problem. 

d) OjJacity 

There are two opacity sources. One is due to grains and the other one ts 
clue to molecules and atoms in gas phase. 

If the wave length of radiation is larger than the size of grains, the grain 
opacity is proportional to the mass of floating grains. 10 l The mass depends on 
temperature owing to evaporation of grams. First, let us consider the outermost 
region of the envelope where the temperature T is lower than 170 K. If the 
abundance of grains relative to hydrogen (by weight) in this region is f times that 
in interstellar clouds, the grain opacity tc0 in this region is given by 

(11) 

~where (tc0h.c. is the grain opacity in interstellar clouds and about 1 crn'/g. We 
call f simply a grain depletion factor hereafter. Owing to the low temperature 
of the solar nebula in the regions of the giant planets, the grains in the outermost 
region of the envelope consist of not only metallic/ rocky grains but also icy grains 
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Formation of the Giant Planets 549 

(H,O, CH, and NH3). According to Podolacl<: and Cameron,w the mass ratio of 

metallic/rocky to icy grains is 0.22: 0.78. In the region where 170 K <T <1600 

K, icy grains evaporate and the grain opacity drops to 0.22 ](leu) r.c.· lf T> 1600 K, 

metallic/rocky grains evaporate and the grain opacity vanishcs.12l 

Therefore, if the grain depletion factor f in the outermost region o£ the 

envelope is given, the grain opacity can be determined throughout the envelope. 

However, f has not been evaluated precisely yet, for some con1plicated processes 

govern the factor f as will be mentioned in § 5. Accordingly we regard f as a 

parameter and change it over the range from zero to unity. 

As to the opacity due to molecules and atoms in gas phase, the foll(xwing 

sources are taken into account; H 2 pressure-induced absorption, molecular absorp­

tion clue to H 20, CO and OH, Rayleigh scattering of H 2 and H, electron scattering, 

and atomic absorption. The argument about the gaseous opacity will be summa­

rized in Appendix. The gaseous opacity for the case f= 1 X 10-2 is shown in 

Fig. 3. 

§ 3. N umcrical results 

a) Total mass (l"Ht) and core mass (lvfc) relation 

In Fig. 1 the ~~1,-111c curves are shown for Jupiter's region. Let us consider 

first the curve with the fixed grain depletion factor f. When }.1, is small, the 

mass of the nebula gas attracted within the Hill sphere, namely, the e1welope 

mass is very small and 1\1, nearly equals 1\/Ic. As .ilf, increases, the .il1c-Jl.fc curve 

deviates from the line of lvf, = 1\lfc. Then "~1c reaches the maximum and finally 

decreases. In the case f = 1 and 1 X 10-\ J\l{c has the second maximum and sub­

sequently .i11c decreases (hereafter we call the maximum of 1'\;fc-the first maxinum1 

if there are two maxima-the critical core mass and also call the corresponding 

model the critical model). The qualitative character resembles those of Perri and 

Cameron') and Paper I, but quantitatively speaking, J11c derived in the present 

calculations is smaller than those of their results. This is because of the difference 

in the treatment of energy transfer. In other words, the reason is that the entropy 

in the envelope is smaller because of the existence of the radiative region. 

Next, let us consider the models with the same Jlvf,. As seen in Fig. 1, 

Jfc becomes greater vvith the increase of f. This is because the larger f gives 

the larger entropy in the convective region which contains most o£ the envelope 

mass. Since the larger entropy increases the thermal energy of the envelope, 

the gas density becomes smaller. This leads to the increase of the core mass. 

In comparison with the Jfc-ilfc relations computed for the regions of Jupiter, 

Saturn, Uranus and Neptune, the follovving remarkable feature is found. The 

Jfc-111c relations for the four regions are almost identical while the densities and 

the temperatures of the solar nebula are considerably different from region to 

region. The ]\f,-1\fc relation for Neptune's region where the outer boundary con-
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100~--.----.----.----,----,---.----.----, 

Jupiters region 

10 

lo·;oL_,_., ----'--------'------'----~'-o----'----1--"o-o---M-'-,-/-M-E_, 

100~--.----.----.----,--~,---.----,----, 

Neptune's region 

10 

Fig. 1. The relation between the total 
mass M, (abscissa) and the core 
mass M, (ordinate) for Jupiter's 
region. The masses are measured 
in units of Ms (Earth's mass). 
Figures attached to the curves 
denote the grain depletion factor 
f. The dashed portion of the 
curves shows the models whose 
envelopes are unstable against 
small adiabatic perturbation. 

Fig. 2. Same as Fig. 1, but for Nep­
tune's region. 

ditions are most different from those for Jupiter's region 1s shown in Fig. 2. 

The identity can be seen in comparison of Fig. 1 with Fig_ 2. As an example 

let us compare the four critical models for the case f = 1 X 10_2_ In units of ME, 
the critical core masses are 3.9, 4.0, 4.0 and 4.0 for the regions of Jupiter, Saturn, 

Uranus and Neptune, respectively. Moreover, the 1 uminosities are nearly equal 

to each other. For the above critical models, they are 3.44 X 1026, 3.55 X 1026, 

3.55 X 1026 and 3.54 X 1026 erg/sec, respectively. We will discuss this identity m 

more detail in § 4. 

b) Structure of envelope 

The envelope is divided into three regions_ They are, inward from outside, 

the optically thin and nearly isothermal region, the radiative region and the con­

vective region. For example, Fig. 3 shows the structures on the density-tempera­

ture plane for the critical models in the regions of Jupiter and Neptune for the 

case f = 1 X 10-2 as well as the contours of the gaseous opacity. In Fig. 4 the 

temperature and mass distributions are shown for the same models. 
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Formation of the Giant Planets 551 

The following important point 1s found from Fig. 3. The structures on the 

p-T plane for the models are considerably different outside the photosphere, reflect­

mg the difference of the outer boundary conditions. However, as one goes into 

the radiative region, the structure lines converge to one structure line, which 

depends only on .Af, and J, within the accuracy of about one percent. The same 

behavior 1s found for T-distribution (therefore also (!-distribution) in Fig. 4; the 

accuracy 1s within about ten percent. Furthermore, as noticed fron'l ~Z\1r-distribu­

tion in Fig. 4, most of the envelope mass is contained in the inner part of the 

radiative region and m the convective regwn. This means that almost all of the 

envelope mass is contributed from the regwns vvherc the structure lines converge. 

As a result of it, the core mass becomes almost constant independently of the 

region in the nebula when ]',1, and f are fixed. 

"' ~ 
"' 

Fig. 3. The structure lines of the critical 

models on the density-temperature dia­

gram for the case f= 1 >< w-z_ The 

models for the regions o£ Jupiter (de­

noted by J) and Neptune (denoted by 

N) are shown by the bold curves. The 

subscripts, 0, p, c and b denote the 

Hill sphere, the photosphere, the outer 

boundary of the convective region and 

the bottom of the envelope, respective­

ly. Contours of gaseous opacity for 

the same value of fare also represent­

ed by solid curves. Figures by the 

solid curves are the common logarithm 

of gaseous opacity. 

0 .... 
4 -I 

0 

-12 -6 

fog T(K) 

4 b 

3 

2 

9 

liog PI g/cm' I 

10 

p 

\ 
log T Mr/Mt 

/ 

II 

Rag r (em) 

M, 

0 0 
Mt 

p N 

0.8 

0.6 

0.4 

PO N 0.2 

0 

12 13 

Fig. 4. The temperature and mass distributions versus radius r for the same models as 

in Fig. 3. The left and right ordinates are temperature T and mass fraction (Afr/1~1,), 

respectively. The other notations are the same as in Fig. 3. 
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552 H ~1izuno 

By the way, we can see in Figs. 3 and 4 that there exist the regions where 
the temperature gradient becomes small abruptly at T= 170 K and 1,600 K. This 
is because the evaporation of grains reduces the grain opacity and, hence, the total 
opacity 

Finally the data of the critical models for Jupiter's region are tabulated in 
Table II for the cases f = 0, 1 X 10-", 1 X 10-2 and 1. As mentioned above, the 
quantities at a point inside the convective region are nearly independent of the 
regions in the nebula. Therefore we can use these values tabulated in Table 
II for the cases of the other regions in the solar nebula within sufficient accuracy 
(say, ten percent). 

Table II. The critical models with various value of f for Jupiter's region. Figures in 
parenthesis represents powers of 10. In the left column, " convection" and " bottom " 
represent " outer boundary of convective region 

, 
and "bottom of the envelope", 

respectively. 

Grain depletion factor 0 1 x w-• 1 x 10-' 1 
Total mass (ME) 2.5 2.5 7.0 20 
Core mass (ME) 1.5 1.6 3.9 12 
Luminosity (erg/sec) 1. 70 (26) 1.85 (26) 3. 4,1 (26) 7.32 (26) 
Density (g/cm') 

photosphere 1.95 ( -6) 8.46 ( -7) 1. 83 ( -10) 1. 50 ( -10) 
convection 5.28 ( -5) 4.64 ( -5) 1. 02 ( -3) 7.66 ( -5) 
bottom 1. 87 ( -1) 1. 74 ( -1) 3. 24 ( -1) 2. 17 ( -1) 

Temperature (K) 

photosphere 148 146 97. 1 97.0 
convection 317 326 2100 2060 
bottom 5980 6120 10100 19800 

Radius (em) 

Hill sphere 1. 06 (12) 1. 06 (12) 1. 49 (12) 2.11 (12) 
photosphere 2.46 (10) 2.66 (10) 1. 08 (12) 2. 11 (12) 
convection 1. 35 (10) 1. 30 (10) 6. 69 (9) 1. 68 (10) 
bottom 7.34 (8) 7.55 (8) 1. 01 (9) 1. 46 (9) 

~---- ---

c) Examination of assumptions 

In order to see the sensitivity of the results to the accretion rate, we have 
calculated the l'vlt-1Vfc relations for f = 1 X 10-4 and 1, changing Me by a factor of 
ten. The resultant change of the critical core mass has been only within a 
factor of two in the same direction as the change of J}fc. 

Now, let us evaluate the effect of the other source of luminosity, that is, 
the gravitational energy due to the contraction of the envelope. To do so, we 
pick up two models with the same \-a! ue of f but with the different core masses. 
We can roughly estimate the energy generation rate from the difference of the 
gravitational energy of the envelope and the time interval between the two models 
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(the time interval can be computed from the mass differences and Me). For ex­

ample, the estimated energy generation rate has been about a half of the luminosity 

due to the accretion of planetesimals near the critical model for f = 1 X 10-2• In view 

of the dependence of the solution on Me mentioned in the preceding paragraph, 

the effect of the additional I uminosity on the critical core mass is expected to be 

very small. 

§ 4. Identity of the Mt-Mc relation 

In this section we will concentrate on the identity of the ]1,1,-l'vfe relation 

obtained in § 3. 
As mentioned in § 3 b), when M, and fare fixed, the solutions in the radia­

tive region approach to an asymptotic solution independent of the outer bundary 

condition. This can be understood as follows. First, it is to be noticed that 

there are two features in the outer part of the radiative region. One is that 

Mr approximately equals M,, i.e., ]l,![r=M,. The other is that the opacity is 

nearly constant. When f>1 X 10-<, the gaseous opacity in the region is smaller 

than the grain opacity IC9 (see Fig. 3). Hence, the total opacity IC is nearly equal 

to !C9 and constant as long as we are concerned with the region where T> 170K. 

Even in the case f<1 X 10-<, the structure line in the region runs almost parallel 

with the contour of gaseous opacity and we have again the constant opacity. In 

view of these two features, we can obtain the following asymptotic solution for 

large T using Eqs. (1) and (5): 

(12) 

This is what is called radiative zero solution and indicates the structure of polytrope 

with index 3.13) It is also found from Eqs. (1) and (12) that for enough large 

T, T-distribution can be approximated by 

T = pH(JM, __!_. 
4k r 

(13) 

These asymptotic equations do not depend on the outer boundary conditions (i.e., 

Po and T 0) but only on the luminosity. Even when the conditions that Mr=M, and 

IC=constant are broken in the inner region, it is clear that the solution in the 

inner region does not depend on Po and T 0 and can be expressed as a function 

of only r and L; lvlr = 1'11r (r,L), etc. 

Then the asymptotic solutions must satisfy the inner boundary conditions (8) 

and (9), i.e., we have 

M ( - L)- 47Crba- (~M.) 
T J b, - 3 p (14) 

and 
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(15) 

In Er1. (15), i11r is expressed explicitly by A~- (r,L) and the upper limit of the 

integration is omitted because the inner region of the envelope contributes mainly 

to the gravitational potential. Since Eqs. (14) and (15) do not incl ucle the qmm­

tities related to the solar nebula, the equations determine rb or 1\fc as well as 

L regardless of the regions in the nebula. This is the identity of the 111,-i.lfc 

relation. Of course, the distribution of the density and temperature of the envelope 

do not depend on the regions in the solar nebula, as long as we are concerned 

with the inner region of the envelope. 

Clearly, the identity discussed here is not true in the case of Perri and Ca­

meron3J and Paper I. The structure is directly influenced by the boundary con­

ditions because the temperature is drawn with the adiabatic temperature gradient 

from the outer boundary or if the adiabatic solution is joined with the outer 

isothermal one. In our case, the radiative region exists between the nearly iso­

thermal and the convective regions, and lvlr and /C do not change so much there. 

These are essential for us to have the identity. 

§ 5. Conclusions 

Let us consider the situation where a protoplanet 1s growing m the solar 

nebula. The M,-l'vf, relations shown in Figs. 1 and 2 indicate that when the 

protoplanet grows beyond the critical core mass, the gaseous envelope in the Hill 

sphere cannot be in hydrostatic equilibrium. Then the gaseous envelope collapses 

onto the protoplanet to form a compact and tightly bound object, which is to 

be called a proto-giant-planet. The qualitative description of the formation process 

of the giant planets is the same as those in Perri and Cameron3J and Paper I. 
However, in quantitative respect, an important point can be concluded from the 

present calculations. That is, if Me and f do not change very much throughout 

the solar nebula, the protoplanetary mass at the time of the collapse of the enve-

14 

12 

10 

-4 -3 -2 

log I 

-I 0 

Fig. 5. The critical core mass, ltf, *,as a func­

tion of the grain depletion factor f The 
mass is measured in the unit of the 
Earth's mass ME. 
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lope does not depend on the regwns 1n the solar nebula. 0£ course, this is 

because of the identity of the ilf,-ilfc relation. This conclusion is in good agreement 

with those obtained by Slattery11 and Hubbard and MacFarlane. 21 They showed 

recently that the four giant planets have almost the same core mass regardless 

of the differences of the total masses. 

In Fig. 5, the critical core mass is shown as a function of ]. As seen in 

Fig. 5, when f<1 X 10-', the critical core mass does not change very much with 

f. vVhen f changes from zero to unity, the critical core mass changes from about 

lllfE to about 102\fE monotonically. A limiting case with f= oo corresponds to 

a wholly adiabatic envelope investigated by Perri and Cameron. 31 It is to be 

noticed that the critical core masses calculated in the present paper become smaller 

than those in Paper I. For example, the critical core masses for the case of 

f= 1 X 10-4 and 1 X 10-2 are 4.8 and 541\JE in Paper I, respectively, but they 

decrease to 1.6 and 3.91'\:JE in our present case. 

It is found from Fig. 5 that the grain depletion factor in the envelope should 

be about unity, which corresponds to the grain opacity of about 1 cm'/g, in order 

to fit the critical core mass to the core masses (about 10il18 ) of the present 

giant planets. This means that the concentration of grains in the envelope was 

considerably large during the growth of the protoplanet. In contrast, the theory 

on planetary formation41 assumes that the concentration of grains in the en,·elope 

has been very small as compared with that in interstellar clouds, because almost 

all of the grains in the solar nebula has already been contained in protoplanets 

and planetesimals.41 However, this simple consideration is not sufficient to de­

termine the actual concentration. Because grains can be supplied through some 

mechanisms; for example, accreting planetesimals sprinkle grains into the envelope 

and materials which evaporate from the core surface recondense in the upper 

region of the envelope. 11> It is probable that the concentration of grains increases 

considerably in the envelope more than that expected earlier. 

As mentioned previously, the core mass is about 10iv1E at the time of the 

collapse of the envelope. At that time the total mass does not necessarily reach 

the present mass of the giant planets as seen from Figs. 1 and 2, especially for 

the case of Jupiter and Saturn. Hence it is expected that the nebula gas con­

tinues to accrete onto the protoplanet even after the collapse. It is a future 

problem to examine hm,v far the protoplanet gathers the nebula gas and how 

long it takes to reach the present mass of the giant planets. 

Finally we will remark on the stability of the envelope for the regions of 

the inner planets. It is expected that the identity of the J.1,-ilfc relation is also 

valid for these regions. In fact, \Ne have ascertained from the calculation for 

the case f = 1 X 10-2 for Em·th's region that the .!11,-c\fc curve agrees \\·ith that 

for Jupiter's region. As seen in Fig. 5, the critical core mass is always greater 

than lilf£. This means that the growth of the inner planets stopped before the 

collapse of the envelope. Therefore the inner planets did not becon:tc the giant 
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planets. 
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Appendix 

--Gaseous Ojxccity in the EnvelojJe Surrounding a Protoplanet---

As mentioned in § 2 d), vve have taken account of the following sources 
of gaseous opacity; H 2-pressure induced absorption, absorption clue to H 20, CO 
and OH, Rayleigh scattering of H 2 and H, electron scattering and absorption clue 
to atoms. The abundances of molecules, atoms and electrons are computed on 
the assumption of chemical equilibruim and ionization equilibrium. 15J The abundance 
of heavy elements in gas phase has been determined as follows. For the case 
T <170 K, heavy elements do not exist in gas phase because they all condense 
into grains. Since evaporated icy grains supply C, N and 0 when T>170 K, 
their relative abundance to solar abundance is f, where f is the grain depletion 
factor (relative to interstellar clouds) in the region where T<170 K. Moreover, 
the other heavy elements are supplied by metallic/rocky grains only in the region 
where T>1600 K and their abundance is f. 

As to the H 2-pressure induced absorption, we have calculated its opacity by 
the use of the band profile of Linsky when T>600 K and by the use of the 
line profile of Linsky and Trafton when T <600 K.I6l.17) As to absorption of I-120 
molecule, we have followed Cameron and Pine 18l when T<lOOO K and have used 
the approximate formula of Keeley when T>1600 K. 19l In the region where 
1000 K<T<1600 K, linear interpolation has been performed. Absorptions due 
to other molecules and atoms have been calculated according to the approximate 
formula of Keeley19l only in the region where T>1600 K. When T<1600 K, 
absorption due to molecules other than H 2 and H 20 is negligible. 
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