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Gravitational Lens Effect on the Images of High Redshift Objects
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Solving numerically the null geodesic equations in an inhomogeneous model universe consisting
of galaxies, we study the gravitational lens effect of galaxies on the images of high redshift objects.
Morphological studies are done as well as quantitative analyses for the image deformation. For the
spatial distribution of galaxies, it is assumed that the present correlation length is about 54~ Mpc
(the Hubble constant Ho=100% kms "Mpc™). It is shown that the images of the objects with z>2
can be much deformed in angular sizes of several arcsec. This result shows that the warped structure
of radio images in high redshift quasars may be explained by the gravitational lens effect.

§1. Introduction _

The light rays emitted by high redshift objects like quasars propagate through the
intergalactic space, the neighbourhood and sometimes the inside of galaxies before
they reach us. Their paths are more or less deflected by the gravitational forces of
galaxies. In the recent observational studies on the morphologies of high redshift
quasars, many interesting.distorted or warping images were found.”? It seems to us
that they originate in gravitational lensing by galaxies. In this paper we study what
deformation is aroused by the galactic lens effect on the images of high redshift
objects. Theimage deformation was once investigated by Blandford and Jaroszynski,”
who took into account the inhomogeneous distribution of lenses by using the
two-point correlation function. In the present treatment we consider also the in-
homogeneity of mass distribution in individual galaxies as well as their spatial
distribution. Both of these two inhomogeneities are important factors for image
deformation. :

The deflection angles depend on the galactic masses and radii, the number
density, the birth time of galaxies and the background cosmological model. If we
take into account the dark matter in the galactic halo region, the galactic masses are
by a factor 10—100 larger than the standard mass (~10" M,). In this paper we adopt
the rather large value for the galactic mass and the Einstein-de Sitter background
model. For the galactic distribution we assume that the present correlation length is
about 547" Mpc (the Hubble constant Hy=100% kms™*Mpc ™), but for a comparison the
case when all galaxies are put always at the grid points is also discussed.

In § 2 we explain briefly the method in which our inhomogeneous model universe
is derived and the null geodesic equations are solved. In § 3 we treat the propagation
of ten ray bundles in the ten different directions. Each bundle consists of 900 rays.
By analyzing the deflection of the ray bundles the image deformation is mor-
phologically studied in various cases. In §4 two quantities representing the image
deformation are defined and they are quantitatively analyzed. In §5 it is shown that
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some characteristic behaviors of deformation can be derived in a simplified model of
multiple deflections. In § 6 concluding remarks are given. In Appendix our numeri-
cal methods are shown.

§ 2. Equations of light propagation in inhomogeneous models

The background model is assumed to be spatially flat and, in the Newtonian
approximation, the line-element of inhomogeneous models is expressed as
ds?=—(142¢/c®) dr*+(1 —2¢/¢2)a(t)2dx2 , (2-1)
where a(t)=(#/t)*"® and # denotes an initial time. The gravitational potential ¢

satisfies

2
a5 G =4G(o(z)— 0s), (2-2)

where o5 is the background density satisfying 67Gost*=1. In our treatment the
inhomogeneities are spatially periodic in the sense that the physical situation at x is
the same as that at x+ 4in, where n(=(#}, #%, n®)) are integers. In an arbitrary box
with coordinate volume Vi(=142) there are N particles representing galaxies with the
same mass . It is assumed that the force at an arbitrary point is the sum of forces
from N particles in the box whose center is its relevant point, and that the forces from
outside the box can be neglected. This calculation method was used in Miyoshi and
Kihara’s work? and our previous paper.” If the size of the box is smaller than the
characteristic size of inhomogeneities, this method is not good.

In our model the present length of a box is (1+z) Vi"*=33.3%4"'Mpc and the
particle number N is 113, so that the mass is

m=g o B Vi(1+ 2 IN=T9X10% "M, , (2-3)
where z1 is the redshift at an initial epoch # and is taken as 1+z=100 in the
following. It is assumed that the particles are formed at epoch ¢, such as 1+2z,=2
and their physical radii are constant from the formation time to the present. The
above mass is the one which includes the mass of halo gas existing outside the
optically seen region.

The matter density distribution in a particle is introduced by means of softening

of the Newtonijan forces, as in the previous paper,” and the effective radius /ers is here’

taken to be 60, 80 or 1204 'kpc (see Appendix). This radius is rather larger than the
standard galactic radius because the extended halo region is considered. '
The light propagation is described by use of the ray vector

_dx* .
- o . (2 4)

satisfying the null condition

FEu=0 ’ (25)
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and the null geodesic equations
k¥ kY =0 (2+6)

Now let us introduce the dimensionless time r and spatial coordinates y*(i=1, 2, 3)
defined by

Z‘E%l <Ti> , yivai/R , . 2-7)
where |
R=(VA/N)™ | - (2-8)
and the range of v*is [— L, L] with L=0.5N"®, Then the line-element is rewritten as
ds*=—(8ct)?e*" (1+ ag)dr*+ R2e** (1—ad)dy?, : (2-9)
where |
—ZC7_24x107  and =4 (2-10)

Moreover let us define K7 and K by

4 (770 i) — a* | .
K*=(K° K°) v (2-11)
Ri=cile™ g; , (2-12)

where y*=r and cr is the dimensionless light velocity defined by
=258 —180, (2+13)
.and K*=K;. Then the equations for light paths are reduced to
‘g =R (2-14)
d[zi__ -1?[ 0 _ b1 55 Ni] ﬁﬁ' .

dr —reRe ZGyjKK +aaTK , | (2-15)

KK=1+2a¢, : (2-16)
where
ry=ac?=1.9%x107 ' (2-17)

and the definition of ¢; can be seen in Appendix. In the background model, K’ is a
constant unit vector (=K5’) and light paths are given by

v =ca(e®—e")Ks , (2-18)

where 7 denotes the present epoch. If we coﬁsider the propagation from an epoch zr
to the present epoch, we obtain
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I8 7 1
(v Ki)B=CR(1+21)”2[1—W] , (2-19)

where n1=0, ¢®*=1+2z and €’=(1+2)/(1+2;). The deflections of light paths in
inhomogeneous models from the background paths at arbitrary epochs are defined as

Sy'=yi—ysi, OK'=K'—Ky. - (2-20)
The parallel and vertical components of the deflections are given by
3r|yi:5yjKBjKBi ) 3Lyi=5yi—(5yjKBj)KBi . ' (2'21)

In inhomogeneous models Egs. (2-14) and (2-15) are solved in the past direction
from the present epoch n to a past epoch z;. We set up the initial condition for rays
as follows: First we consider the rays reaching the observer with (vs'),, i.e.,

(¥)o=(v5)  for all rays. (2-22)

These rays are shot in the directions of (K?), which satisfy Eq. (2-16), and compared

with corresponding rays with (Ks')o such as (K%< (Ks)o. For r< 1y the evolution of -

inhomogeneities is linear and the lens effect is comparatively small. It is not possible

to take into account the evolution of particles at the stage r<r;. Accordingly we

give z; as a parameter for simplicity and assume that at <z (or 2> z5) light streams

freely through the background space. Here we take four values z,=1, 2, 3 and 5.
For r<7r we get

L~ oot (R, o (2-23)
or

¥ =)+ ca(K)s(e"—e™), (2-24)

where (v%); and (K?); mean v* and K? at epoch .
§3. Morphology of image deformation

Now we consider an observer who is at the origin of a periodic box and receives
the ray bundles incoming from many arbitrary directions. As shown in Fig. 1, each
bundle consists of 900 rays which are put in the same separation angle (=1 arcsec) in
a square region of 30 arcsec X 30 arcsec at the present epoch. If we go back in time,
the cross sections of ray bundles are deformed from the square to complicated forms.

In order to express angular positions of rays, we introduce two orthonormal
vectors ey and ef) in the plane perpendicular to the first ray vector, which satisfy the
relations ‘

en'evi=em’en:=1, ew'em:=0, ewy'Kei=ew)'Ke=0. (3-1)

Even if for the above plane we take the planes perpendicular to any other rays, the
difference which will appear in the following analyses is very small. Then the
angular coordinates (X, Y.) of 900 rays (@=1—900) relative to the first ray (¢=1) are
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defined by
Xe=[(Fewd)a—(Flewnl/(veh + Xi,
=[(Jew)a—(F'e@)il /(v + Y1, (3:2)
where
Ji=yiteyt  and  yR=ysve, (3:3)

and (X, Y1) is taken to be (1,1) in the arcsec unit. So far we have calculated light
paths in ten ray bundles. - The bundles are denoted as A, B, --- and J. The cross
section of a bundle is expressed for instance as Aso2s. This means the bundle index
=A, lesr=80/""kpc, zr =2 and z.=3, where z. denotes the redshift at the emission time.
In Fig. 2 we show the examples of our calculations in the first ray bundle (A4) for zr
and Zezl, 2, 3 and 5 and the radius Zefi:80h_1kpc, that iS, iS, Aso,1_1, Aso,l,z, A30,1_3, Aso_1,5,
Aso.z.z, Aso.z.s, Aso.z.s, Aso.s.s, Asgoss al’l,d Aso.s.s. Here Aso.z.l, Asos1 and Asesa are equal to
Aso.m, and Aso.a.z and Aso.s.z are equal to Aso.z.z. In Fig. 3 we show Bso.z.z, Cso.z.z, ty
Jso.22 to see the dependence on directions. In Fig. 4 we show Aso.2.2, Beo.z2, Ceo2.2, Deo.2.2,
Aizo22, Bizoz.2, Cizz2, and Diz.z2 to see the dependence on the particle size.

From Fig. 2 we find that there is some morphological difference in the deforma-
tion of ray bundles in the following two cases:

Case 1(zr=1). Rays stream freely at z=1,
Case 2(zr=2). Rays stream freely at z2>2.

This means that galaxies at epoch 2<2 play dominant roles in the lens effect on high
redshift objects. This trend is quantitatively analyzed in the next section and the
explanation in a simplified model is given in § 5.° Moreover it is found from Figs. 2
~4 that often ray bundles focus and have caustic points or planes at epochs z2~1 and
reexpand thereafter.

Next, we derive the deformed
images which are brought by the lens
effect to originally circular objects (with
various layers) put at epochs z.=1—5.
Figure 5 shows the undeformed circular
object. For this purpose we use the
correspondence between the present and
past positions of rays. Figure 6 shows
deformed images in Aso.i.z, Asoz.z, Asesz
and Asis.z for z=1—5, where the circu-
lar objects are put in the central region
of the cross sections such as in Fig. 2.

o T T T T T gl
6.00 .- 10.00 20.00 30.00 . . .
¥ Figure 7 shows the images in Bso.2.z,
Fig. 1. Angular coordinates of rays in the ray CSO'Z'Z.’ .."’ ] 80.2.2 Slr.nllarly. .The layers
bundle at the -present epoch. The horizontal are dlStlnnghed with the different Sym-

and vertical axes give the coordinates X and bols: *, X, O, and ] deno_te the regions
Y, respectively.
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S T . | T 1
0.060 " 1Di0D..""20.00 30.00

(h)

(=

Fig. 2. Ahgular coordinates of rays in (a) Asoi1, () Asorz, () Asors, (d) Asons, (€) Asoza,
(f) Asoas, (g) Asozs, (h) Asoas, (1) Asoss and (]) Asoss.

of »<1,1<r<2, 2<»<3 and 3<»<5, respectively, where r=|r—r.|, r=(X, Y) and
rc denotes the center. From the images in the ten ray bundles we find as general

properties that the circular images are deformed to long and narrow shapes in most -

cases, and that for » <5 the deformation in various layers is comparable.
Moreover let us consider linear objects with various parts put at epochs ze=1—5.
Figure 8 shows the undeformed linear object. Then Fig. 9 shows how the lens effect

warps the optical images of these objects in Asozz Bsozz ', Jssz These mor-

phological changes are interesting when we compare them with the warping structure
of high redsift quasars.”?
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- 20000 - 30,000 0.00 16300777 20.96 . 30.00

(h)
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Fig. 3. Angular coordinates of rays in (d) Bsozz,

T T 1 (b) Caozz, -, (i) Jaoza
10.00 """ 2000 30.00
N X
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(@) Fig. 4. (continued)
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Fig. 8. Linear regions. *, X, O, | denote the
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<15, 15< X <17 and 17< X <20, respectively.
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Fig. 9. Images of the linear objects in (a) Asoz.z, (b) Bsozz, (¢) Caozs -+, (i) Je2.x at epochs
z=1, 2, 3, 4 and 5 (from left to right). ’

§4. Quantitative analyses of image deformation

In order to represent the characteristic behaviors of image deformation we
introduce the following two quantities. One of them is the root of mean squares
(B(8)) of the difference of deflection angles of two rays with a separation angle &
divided by 6, which is equal to 8 and vG in previous works.®~” It is defined in the
present notation as

BO)=(gy 56— ), | (4
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Fig. 10. Mean values of 8(0) for lex=60%""kpc and
z;=2. Real lines show the values in the
simplified model.’

B
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1.0. 222
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Zi=1
0
0 _ 1 2 3 4 5 Ze
Fig. 12. B(0) in Aso..z, Asoz.z and Asos. at epochs z

=1-5.
|rs—re=|ry—r.=6.

The quantity z is defined as
w(@)=cos[es(6)],

[es(O) =gy 2, [(rs—ra)-(rr— ) F 167,

\| (8n/m)2 90_“

60 t
(Sn/n),,z =35
30 } TonymZ =0
0 2 1 i 1 "
0 1 2 3 4 5 Ze
Fig. 11. Mean values of 90— x(0) (in the degree

unit) for lee=60%""kpc and z,=2.

8.=[(0y’eqys, Ov'ew:)[vela, (4:2)

where the indices @ and 8 represent the
a and B-th rays with the separation
angle 9=1, 2, 3, --- arcsec, and N(8) is
the number of pairs of rays with the
angle 4 in a ray bundle. §. and hence
B(8) are also functions of z.

Another one is the average angle
£(8) between two vectors rs—rq and r,
— re, where 1o is (X., Y.) in the previous
section. These two vectors are chosen
so as to be perpendicular to each other
at the present epoch, that is,

(re—ro)-(r,—rJ)=0, '
and satisfy

(4-3)

(4-4)

(45)

where N'(8) represents the number of trios of possible rays such that the above
conditions (4+3) and (4-4) are satisfied at the present epoch. To express the change
in angles we had better use 90— () for (8). Here () is expressed in the degree

unit.

cs(8) and u(8) are also functions of z.
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First we derived ten sets of quantities 8(#) and 90— ¢(8) at epochs z=1—5, which
correspond to the ten ray bundles, and next the mean values and the dispersions for
the ten sets. They are shown in Tables I, IT and III for /ex=60, 80 and 1204 'kpc,
respectively. For a comparison these quantities were calculated for another 5 ray
bundles also in a case when galaxies were always put only in the grid points and there
was no correlation in their positions. Their values are shown in Table IV. It is
found that B(@) and 90— (@) in the correlated case are larger than those in the
non-correlated case, and that also the dispersions in the correlated case are larger.
As for B(6) the values are larger by a factor of about 3. The behaviors A(6) and 90
—u(8) are shown in the cases lesr=60%4'kpc in Figs. 10 and 11, respectively.
Moreover the mean values of 8(0) in Aso.1.z, Ase.- and Asos.z are given in Fig. 12, which
shows that there is a quantitative difference between their behaviors for zr=1 and
those for z=2—5. A

Table I. Mean values of BSH) and 90— (@) and Table II. Mean values of (@) and 90— (8) and

their dispersions 48(8) and 4p(8) in the case their dispersions 48(8) and 4u(8) in the case
lesr=60%""kpc and zr=2. # and @ are in units ler=804""kpc and zyr=2. g« ahd @ are in units
of degree and arcsec, respectively. of degree and arcsec, respectively.
z 0 B a8 90—pu A z 6 B 4B 90— A
1 1.038 0917 27.844 12.851 1 0.693 0471 26.795 12.431
2 1.027 0.933 28.142 13.333 2 0.691 0.482 27.029 12.886
1 3 1.016 0.956 28.396 13.775 1 3 0.684 0.485 27494 13.399
4 0.965 0.865 28.667 13.721 4 0.668 0.458 27.273 13.150
5 0.895 0.772 28.899 14.662 5 0.657 0.461 27.013 13.852
1 1.810 1.137 41.194 7.891 1 1.200 0.574 139.945 8.121
2 1.735 1.123 41.338 7.944 2 1.179 0.578 39.997 8.259
2 3 1.684 1.176 41.171 8.013 2 3 1.147 0.574 40.420 8.530
4 1.578 1.043 41.454 8.623 4 1.113 0.538 40.139 8.500
5 1.444 0.906 40.616 7.602 5 1.080 0.542 39.840 7.045
1 2.275 1.238 44.041 7.212 1 1.495 0.613 42.713 7.259
2 2.149 1.183 44.139 6.873 2 1.464 0.612 42.863 6.885
3 3 2.074 1.240 44.065 6.403 3 3 1418 0.599 43.023 6.740
4 1.923 1.090 44528 7.197 4 1.373 ’ 0.568 43.265 7.533
5 1.768 0.940 44.101 6.575 . 5 1.328 0.564 43.055 6.530
1 2.538 . 1.305 44.877 6.923 1 1.660 0.637 43.655 6.987
2 2.381 1.223 44910 6.481 2 1.623 0.632 43.839 6.408
4 3 2.291 1.280 45.048 6.426 4 3 1.569 0.613 43.816 6.094
4 2.115 1.118 44.925 7.166 4 1.518 0.535 43.527 6.354
5 1.949 0.961 45.079 5.165 5 1.466 0.575 43.955 6.240
1 2.706 1.350 45.260 6.719 1 1.765 0.654 44,042 6.649
2 2.529 1.251 45268  6.150 2 1.724 0.646 44.180 6.303
5 3 2.430 1.307 45.362 6.256 5 3 1.665 0.623 44.310 5.858
4 2.237 1.136 45338 = 7.086 4 1.611 0.596 43.877 6.161
5 2.065 0.975 45416 4912 5 1.555 0.583 43.849 5.530
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Table III. Mean values of 8(8) and 90— () and Table IV. Mean values of 8(8) and 90— x(6) and
their dispersions 48(8) and 4u(8) in the case
ler=60k"'kpc and z,=2, when galaxies are
always put at the grid points.

their dispersions 48(8) and 4x(8) in the case
less=1202""kpc and z,=2. p and @ are in units
of degree and arcsec, respectively.

K. Towita and K. Watanabe

# and 8 are in

units of degree and arcsec, respectively.

z 0 B a8 - 90— pu Ap
1 0419 0.193 23.069  10.706
2 0422 0.200 23128  11.109
1 3 0423 0.206 23.247 11432
4 0417 0.198 23.064 11.362
5 0421 0.212 22.781 11.837
1 0711 0.216 36.788 8.624
2 0.709 0.225 36.851 8.746
2 3 0705 0.234 36.758 8.518
4 0.69 0.223 36.979 9476
5 .0.691 0.245 35.951 9.008
1 0869 0.220 40.317 7.679
2 0866 0228  .40.605 7536
3 3 0860 0.237 40.972 7.291
4 0848 0.227 40477 7.836
5  0.840 0.251 40.185 6.422
1 0.958 0.223 41.606 7.440
2 0.954 0.232 41.607 7.385
4 3 0947 0.241 41.638 6.822
4 0933 0.230 41.708 7.534
5 0924 0.254 41.231 6.603
1 1014 0.227 42.314 7.247
2 1.010 0.235 42467 6.985
5 .3  1.003 0.244 42,555 6.603
4 0.987 0.233 42.766 7.138
5  0.978 0257 142472 6.657

In this section metric perturbations are considered in the form of gravitational
deflection angles dueito the nearest individual galaxies and comparatively small
gravitational forces from surrounding galaxies are neglected for simplicity. More-
over it is assumed that the distribution of galaxies are approximately uniform, in such
a way that their spatial correlation length is about 54 'Mpc at present.
average deflection angle is derived as follows: First let us denote the average coordi-
nate distance between two nearest galaxies as 7, and.the average number density of
galaxies as #(=1/(7a)°), and consider the deflections by galaxies in the time interval
th=>t>=1%,. Because the individual deflections and the deviation of galactic number

§5. A simplified model of multiple.deflections

g B 48 90— dp

1 0.269 0.111 15.092 6.891
2 0.252 0.090 14.311 6.046
3 0.235 0.072 13.818 5472
4 0.242 0.080 14.029 5.722
5 0.201 -0.031 12.494 4.066
1 0.912 0.384 30.126 6.296
2 0.808 0.244 29.683 5.958
3 0.697 0.152 29.145 5.693
4 -0.689 0.137 28.944 5.234
5 0.542 0.098 28.282 7.173
1 1.312 0479 35.830 5.807
2 1.170 03306 35482 5.636
3 1.021 0.221 34.589 5.535
4 0.988 0.182 34.427 4.875
5 0.795 0.176 32.046 7.609
1 1.552 0.551 37.800 5413
2 1.381 0.349 37.222 5.064
3 1.211 0.260 37.029 5.570
4 1.163 0.213 36.837 4.622
5 0.943 0.212 34.339 5.717
1 1.707 0.600 38.859 5.056
2 1518 0.378 38.143 4.532
3 1333 0.284 38.126 5.102
4 1.276 0.233 38.078 4432
5 1.038 0.232 34.900 5.772

Then the

density from the mean value are random, the mean deflection angle is given by
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szo‘mn(xe,m / erﬂr(na3)[1+< >]<4Gm

where A is the coordinate length from the observer to a lens object at epoch ¢ given
by

njen, 6D

aoA=ao[tocdt/ai(2c/Ho)[1—(1+z)‘”2] , | (5-2)

ao=alt), and @ is a factor transforming the angle at epoch ¢ to the angle at the
present epoch f and expressed as

O(1)=(Ae= D Re=[(1+2)"2—(1+22)"]/[1=(1+2.)7""] (5:3)

with Ae=A(t=4te). f.isthe emission time. Moreover m is the total galactic mass and
{4Gm/(ac®)}f(r)r/r is the deflection angle vector around a galaxy with the mass
distribution m(7/R) which is given in Eq. (A-8). Its functional form is derived using
the formula of deflection angles for an extended lens® and expressed as

A= (e (-4

Since the coordinate length between two rays with the separation angle 8 is 04,
on the other hand, the relative deflection angle-angle ratio 8 is given by

e (naa)[1+< 5”) ]aﬂt)

27\ cta l 7

where the position vectors of the two rays in the perpendicular plane are r and r’ and
the angle between the vectors r and r—r(=180) is ¢ (cf. Fig. 14). Then we get the
following relations among r, ¥’ and ¢:

r’2¥72+(A6)2—27(A6)cos¢, | (5-6)
rr’[(r¥")=(r —AlOcosd) [+’ . (5-7)

Equation (5-5) can be rewritten as

- g AN e/ (1), » (5-8)

L=ll=ta) ™ [ a1+ )
X[1=(1+2)"P[(1+ 27" =1 +2) 7T, : (5:9)

Min(ze,zr)
L=[1—(1+2.)""] f dz(1+2)"

x[1—(1 +z)‘1’2]2[.(1 +2) 12— (1+2.) P (on/n)T , (5-10)
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T

Aed
0 NV

Ae

Fig. 13. Transformation of angles.
-2

Fig. 14. Vectors in the perpendicular plane.

To/{Re 27 ’ 2p 1——-cos ¢) '
_ IA¢ ) d 2

where y=0A/(Re), p=r/(Re) and p’2=p2+ yE—2ybcos .

The integration of J is complicated, but nearly independent of 7, because of
75> 0A in the present case. By numerical calculations we find that, for 222, J is
nearly equal to 0.4 and roughly independent also of z. In a separate paper the
accurate treatment of this integral will be performed and the behaviors of 8 and ¢ will
be shown. Here 8 is estimated assuming that J is 0.4.

If J is constant, the integrals, /1 and I are performed as follows: For /1 we obtain
in the case z. <z

11=1l5u631 (5-12)

and in the case z. >z

L=%uf3ue—2(6uf2—15ufue+10ue2)] , (5-13)

where #.=1—(1+2.)""* and u,=1—(1+2z,)""2 For I, we must specify the time
dependence of (8n/n)®>. Here for simplicity we assume that (6%/%)*=(Sn/n)®(1+2)72,
as if always in the linear stage. Since (8%/n)s° ~1 in the scale of 54 'Mpc, we get
(8n/n)e® ~5 in the scale 7 of the unit box per a galaxy (=3%4"'Mpc), if we assume the

Poisson law v (dn/n)*cc(n#®)""2. Then in the case Re<Zr

3[1—2242 172 Ue —%u?—i—%uﬁ}](@n/ﬂ)f (5-14)

1

]zzﬁue

and in the case z.> 2z

1 5 _2[ 10

Izzﬁuf Ue ~3—uf6—1—25(ue+2)uf5+370(ue2+8ue+6)uf4—20(ue2+3ue+1)uf3

—i—6(6zte2-|-8ue-+-1)uf2—15ue(2ue-}-1)\7,tf-i-10ue2:|](3n/n)o2 . (5-15)

Moreover the coefficient of Eq. (5:5) is
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B’=B*/(L+ L)

_ m 104 'kpc >2 .
‘580( 79X 10247 M, >< aRe ) (5-16)

where we used 70=po/m and 87Gpo=3H,>. In Fig. 10 the behaviors of 4% in the case
6Re=60/""kpc, J=0.4 and zr=2 are shown together with the values of 5* derived in

-the previous section. Here we consider the case (dn/n)" =5 and 0. The latter case
corresponds to the case when galaxies are put only to grid points. It is found that the
values of A? in this simplified model are consistent with those in our simulation shown
in the previous section, though some deviations can be seen at 2<1. These deviations
come from that the approximate relation J=constant is not good at z<1. The
similar situation is found in deflection angle (50).

For given z;(=1, 2 and 5), the relations between § and z. are shown in Fig. 15. It -

is found from this figure that the relations with z,>2 are similar to each other, but
different from those with z,=1. A similar situation was found in the result of the
numerical calculations in §§ 3 and 4. This situation is explained as follows: Galaxies
at earlier epochs arouse more deflections, because their number density # is ldrger.
On the other hand, as lenses are nearer to the emitters, the deflection angles measured
by the observer (at epoch %) are smaller. This effect is represented by @ for the
equations for B. Because of the above two effects, the main contribution to the
integrals I; and I> comes from the redshift interval 2=0.3—1.0 and 0.3—1.5 for z,=1
and zr=>2, respectively. Accordingly, the integrated behaviors are different in the
case z2r=1 and the case z,>2.

Moreover it is interesting to notice the dependence of 8 on m. Because #oocm ™,
the radius>~6aRe and observationally #/(the radius)ocm® (¢=0.3—0.4),” we obtain

Boocm™ 579 (5-17)

- This means that £ is larger for smaller m, if the mass density of lenses is constant.
For instance, put ¢=0.35. Then B and G are by factors 1.4 and 2.0 larger, re-

B . : A0

w2

Ze=5
Ze=2
2.0
Zs=1
1.0
\]7 =5
(8n/n), Fig. 16. A light cone. .
0
0 1 2 3 4 5 Ze

Fig. 15. Dependence of 8 on zr for 0<z.<5.
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spectively, as m is by a factor 10 smaller. Though we assumed the comparatively
larger mass for galaxies, therefore, the image deformation will be larger, when we
assume smaller masses. As for the 8 dependence, on the other hand, the lens effect
in this case will arise in smaller angles.

Next let us consider how many galaxies are included within the angular area 6.
The number of galaxies in a cone, whose cross section is a square such as in Fig. 16,
is

*no(aode)’/3 . (5-18)
Accoi‘dingly the number of galaxies is given by

N(20)=55(6/307[1~(1+20)7F, 19
where @ is in the arcsec unit. For z.=1, 2, 3 and 5, we get respectivel-y

N=(14, 4.2, 6.9 and 11)(6/30)2. v (5-20)
§6. Concluding remarks

We have studied the gravitational lens effect due to galaxies on the images of
high redshift objects and found that the deformation is so large to explain the
observed warping of high redshift quasars. Quantitative analyses of the deformation
and the explanation of their results in a simplified model also have been performed.
As a result we have found that 8- depends sensitively on the particle size but the
dependence of ¢ on the size is smaller, and that the contrlbutlon of (Bn/n)o to B is
significant. :

On the other hand there are some problems in our inhomogeneous models. First
we assumed that all matter in the universe consists of galaxies with the same mass
and the existence of uncondensed matter was neglected. If the latter matter is
dominant, our results must be modified, so that the lens effect is weaker. Second,
because the size of the periodic box is 33.3%4 'Mpc, larger inhomogeneities such as
groups of clusters and superclusters could not be taken into-account.

If we consider microlensing due to lens objects with smaller mass m, 8 and the
image deformation will be larger in smaller scales. The deformation for 225 may
therefore be large enough for small objects with a few arcsec to be discriminated
observationally. This situation may explam also why quasars with z=5 cannot
easily be found.

Moreover it is important in our work to clarify the mass and radius of the halo
component of galaxies. These problems will be examined in future works.
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Appendix
—— Numerical Methods ——

Inhomogeneous models were derived using the same method as in the previous
paper,” that is, our code was made on the basis of Aarseth’s individual time step
method, except for that the size of the periodic box was contracted by a factor 6.
The calculated positions of particles were kept in a file and next used for the
calculations of light paths. For the latter calculations the Adams integration method
was used.

The Poisson equation is replaced by

¢ _ 8aG
v’ i

(aR)o(¥)— psl=4me *[0l¥)/os—1]. (A-1)

Here the inhomogeneity is inside a periodic box such that the relevant point is the
center and the region outside the box is assumed to be homogeneous. In the box there
are N particles. If o(y) is given by delta functions as

p(y)=maZZ‘,16(aR(y—ya)) , (A-2)
we obtain
p=¢1+ ¢,
—_—— 27 ul 1
h=-e “z=:1|y_ya| ’
pr=e [dy [y . | (A-3)

The latter potential ¢. comes from the homogeneous background density, so that its
gradient gives no force to particles. Now in order to take into account the finite
particle size, we modify the expression of ¢: in Eq. (A-3) as

b= Zlly—pd+ )], | (A-0)

whére the softening parameter e(r) gives the size of the core of the particles in
comoving coordinates. Since for 0<z<5 the physical size of galaxies is constant in
the present treatment, we have

6(2'0)265/6, . (A°5)

where € is € at the epoch z=5. The mass density distribution corresponding to the
potential (A-2) is given by

o(y)=m aZZIIf(y —¥a) ' (A-6)

with
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f(y—ya)=%(%;)a[ly—yalz+ e, . (A-7)

The mass distribution for each particle, therefore, is defined by

) Ry [ p)dty =3 [ st [+ D=0 0+ 1 e, (A8)

where m(y) is the mass within a sphere of the radius v. For y=¢, m(y)/m=0.35 and,

for y=

(3 and 6)e, m(y)/m=0.86 and 0.97, respectively. Hence /let:(=6a0Re) can be

regarded as the effective radius of a particle. We assume that the present radius of
galaxies, 6Race(m), is (60, 80 or 120)4 'kpc, so that we get e is 0.02, 0.0267 or 0.04,
respectively, because aoR=(33.3/11)% 'Mpc.
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