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ABSTRACT 
In the context of cosmological models for gamma-ray bursts where the energy is 
extracted from a thick disc orbiting a stellar-mass black hole we discuss the stability 
of accretion when the specific angular momentum is increasing outwards in the disc. 
Discs with constant angular momentum are known to lead to a runaway instability, 
with catastrophic accretion taking place on a dynamical time-scale. We find that 
even a slight increase of the specific angular momentum outwards has a strong 
stabilizing effect on the accretion process. We finally comment on the limitations of 
our results, which are obtained with classical physics and neglecting the disc self
gravity. 

Key words: accretion, accretion discs - black hole physics - instabilities - gamma
rays: bursts. 

1 INTRODUCTION 

Since 1991, the BATSE experiment on board the Compton 
GRO satellite has detected more than 1000 gamma-ray 
bursts (hereafter GRBs) and these results have generated a 
considerable amount of activity aimed at understanding the 
origin and physical nature of GREs. One of the most strik
ing observations of BATSE is that GRBs have an isotropic 
but non-homogeneous distribution on the sky [see Fishman 
& Meegan (1995) and references therein]. The number 
density of GRBs is seen to fall down beyond a certain dis
tance as indicated by the <V/Vmax) test or the 10gN-IogP 
(peak flux) curve. However, the data alone are not yet suffi
cient to :fix the burst distance scale and two main possibili
ties still remain: GRBs can be located either in an extended 
Galactic halo or at cosmological distances. In the first case, 
the halo must have a core radius Rc > 23 kpc to avoid a 
dipole component in the burst distribution arising from the 
position of the Sun, 8.5 kpc away from the Galactic Centre 
(Briggs et al. 1996). This halo could be populated by high
velocity neutron stars, ejected from the Galactic disc by the 
kick received at their birth in supernova explosions (Janka 
& Muller 1994; Burrows & Hayes 1995; Podsiadlowski, 
Rees & Ruderman 1995). In the second case, the inhomoge
neity of the burst distribution is a cosmological effect, the 
sources being located at a redshift z-0.3-1 (Piran 1992; 
Mao & Paczynski 1992; Fenimore et al. 1993). The energy 
released in a burst then reaches Hr1/41t erg SCI and the 
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corresponding luminosity is orders of magnitude larger than 
the Eddington limit. Most cosmological models of GRBs 
therefore involve a wind emitted from a compact object, 
generally a stellar-mass black hole surrounded by a thick 
disc. Such a configuration can be formed after the merging 
of two neutron stars (Eichler et al. 1989; Paczynski 1991; 
Narayan, Paczynski & Piran 1992), the tidal disruption of a 
neutron star by a black hole (Narayan et al. 1992; Mochko
vitch et al. 1993) or the collapse of a massive star (Woosley 
1993). To produce gamma-rays the wind must become rela
tivistic with Lorentz factors r - 102_103, depending on the 
models. The wind kinetic energy is then dissipated in shocks 
with the interstellar medium (Meszaros & Rees 1993) or 
internal to the wind itself (Rees & Meszaros 1994): Several 
severe constraints have to be satisfied by these s~enarios: 
the 'baryonic load' at the origin of the flow must be very 
small to produce a relativistic wind and the energy extracted 
from the disc and injected in the wind must reach the fidu
cial value of 1051 erg (assuming a 100 per cent efficiency for 
the conversion of kinetic energy into gamma-rays). 

Different mechanisms have been proposed to transfer 
some fraction of the disc gravitational energy into the wind. 
The huge neutrino emission expected from the ,accretion of 
disc material on the black hole has led to the idea that 
neutrino-antineutrino annihilation along the system axis 
could power the wind (Meszaros & Rees 1992) and at the 
same time prevent baryonic pollution (Mochkovitch et al. 
1993, 1995). Recent detailed calculations (Janka & Ruffert 
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1996) have shown however that vv annihilation does not 
. provide enough energy for cosmological GRBs, except 

maybe for very massive discs and if the efficiency for the 
production of gamma-rays is close to unity. Other models 
therefore rely on the Poynting flux emitted from the disc 
where the magnetic field is supposed to have reached equi
partition values of 1014_1015 G (Meszaros, Laguna & Rees 
1993). In any case, these scenarios all make the initial 
assumption that the disc is a sufficiently long-lived structure, 
so that some mechanisms for the transfer of energy into the 
wind can operate. This supposes that accretion from the disc 
to the hole is a stable process, its time-scale being controlled 
by the mechanism responsible for the transport of angular 
momentum. However, a different possibility would be that 
accretion leads to a runaway instability, the disc falling into 
the black hole on a dynamical time-scale of a few milli
seconds. 

Most models of cosmological GRBs then critically 
depend on the possibility of forming a stable disc. The 
stability of mass transfer was first discussed in the context of 
AGN models by Abramowicz, Calvani & Nobili (1983) who 
used the pseudo-potential q) = - GMBH/(r - rg) to represent 
the black hole (of mass MBH and gravitational radius rg) and 
made their calculations with classical physics. They assumed 
a constant specific angular momentum in the disc and found 
that it is unstable for disc-to-hole mass ratios larger than a 
few per cent, the effect of self-gravity being included or not. 
Wilson (1984) performed his analysis in general relativity 
but neglected self-gravity. He obtained a stable disc, again 
assuming a constant specific angular momentum. In order 
to get a fully reliable result, Nishida et al. (1996) recently 
repeated the calculation now taking into account both self
gravity and general relativity. In the whole range of disc-to
hole mass ratios explored they found a runaway instability, 
therefore casting some doubt on the possibility of powering 
a cosmological GRB by mass transfer from a thick disc to a 
stellar-mass black hole. 

The result of Nishida et al. (1996) was, however, limited 
to a disc with a constant specific angular momentum which 
may not apply to neutron star mergers or massive star col
lapse. In the first case the outcome of numerical simulations 
(Rasio & Shapiro 1992; Davies et al. 1994; Ruffert, Janka & 
Schaefer 1996) using Newtonian gravity consists of a mas
sive (~2-2.5 Mo) core in uniform rotation (which would 
probably collapse and form a black hole in a relativistic 
calculation) surrounded by a thick disc (0.3-0.5 Mo) in dif
ferential rotation with a specific angular momentum 
j(tlJ)OCtlJ°.2 (tlJ being the distance to the rotation axis). 

The collapse of a massive star to a black hole has been 
studied less and the distribution of angular momentum in 
the disc is not known. However, the simple constraint given 
by the Rayleigh criterion imposes dj /dtlJ;::: 0 both in the star 
before collapse and in the resulting disc. A constant angular 
momentum then represents a limiting case, which we 
believe to be rather improbable. 

It is suspected on very simple grounds that an angular 
momentum increasing outwards should have a stabilizing 
effect on the disc. Assuming that catastrophic accretion 
takes place on a time-scale sufficiently short to neglect the 
transport of angular momentum, it would bring to the hole 
material with more and more angular momentum and 
therefore larger centrifugal support at a given radius. We 

then believe it is reasonable to consider again the stability 
problem, to see whether a non-constant angular momentum 
could prevent catastrophic accretion. 

2 METHOD OF CALCULATION 

We have adopted a very simplified approach using classical 
physics and the pseudo-potential 

GMBH 
q)(tlJ,z)= -----

.JtlJ2 +Z2 -rg 
(1) 

to represent the black hole as in Abramowicz et al. (1983). 
Moreover, we also neglect the disc self-gravity and all these 
limitations clearly give to our study an exploratory character 
only. We nevertheless believe that it can still provide some 
insight about the effect of a non-constant distribution of 
angular momentum. 

To construct an initial disc model we use the results of the 
smoothed particle hydrodynamics (SPH) simulation by 
Davies et al. (1994). The total mass of the system is 
MT = 2.8 Mo' The final SPH configuration consists of a core 
in uniform rotation of mass 2.44 Mo surrounded by a thick 
disc with M D =0.36 Mo' In a relativistic calculation it is 
expected that the core would become a black hole. The 
distribution of angular momentum in the disc is close to a 
power law of index 0.2. In our model we therefore adopt 
MBH = 2.44 Mo' MD = 0.36 Mo and 

( 
tlJ )0.2 

j (tlJ) = j (tlJin) tlJin ' (2) 

where tlJin is the inner disc radius. The value of j (tlJin) is 
obtained by the condition that the disc just fills its Roche 
lobe, i.e. j (tlJin) = jK (tlJin) where jK (tlJ) is the Keplerian value 
of the angular momentum at a distance tlJ 

jK(tlJ)=[~~;;3r· (3) 

The equation of state in the disc is dominated by the con
tribution of degenerate relativistic electrons (the typical disc 
density is p ~ 1011 g em -3) so that the pressure is given by 

(4) 

with K ~ 1.2 X 1015 c.g.s. and where Ye is the number of 
electrons per nucleon. We have taken Ye=0.5 even if a 
somewhat smaller value can be expected in a material com
ing from the decompression of neutron star matter;-Jhe disc 
structure can be obtained from the equilibrium condition 

4KP 1/3 = q) (tlJin , 0) - q) (tlJ, z) + f10 E dtlJ. 
tlJ3 

10m 

(5) 

The position of the inner radius tlJin is adjusted so that the 
total disc mass is equal to MD' The total angular momentum 
JD of this initial configuration is then computed together 
with the mass distribution m (tlJ), where m (tlJ) is the mass 
within an axial cylinder of radius tlJ, normalized to the total 
disc mass MD' We need m ( tlJ) to compute the disc structure 
after a transfer of mass to the black hole because instead of 
(2) the angular momentum must be known in this case as a 

© 1997 RAS, MNRAS 285, L1S-L19 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/285/3/L15/1446499 by guest on 19 M
ay 2023

http://adsabs.harvard.edu/abs/1997MNRAS.285L..15D


1
9
9
7
M
N
R
A
S
.
2
8
5
L
.
.
1
5
D

function of the Lagrangian coordinate m. We write 

J 
j(m)=j[m(w)]=~ ,$ (m), 

MD 

with 

(6) 

(7) 

We assume that a mass flMD (located between Win and 
Win + ~w) is transferred to the black hole while the remain
ing disc material keeps its original angular momentum. The 
amount of angular momentum carried by flMD is 

fMfDIMD 

MD=JD ° ,$(m) dm, (8) 

and the change from MD,!D to MD - flMD,!D - flMD leads 
to a new distribution of specific angular momentum after 
mass transfer 

J-M 
j'(m')= D D ,$'(m'), 

MD-flMD 
(9) 

where ,$' (m ') is given by 

,$'(m') D D,$ 1 ___ D m,+ __ D. 1 - flM 1M [( flM ) flM ] 
1- MDIJD MD MD 

(10) 

After mass transfer, the location of the Roche lobe changes 
as well as the position of the inner radius of the disc. Two 
cases are then possible: either (i) the new disc overflows its 
Roche lobe, no equilibrium configuration can be con
structed and the runaway instability takes place or (ii) the 
new disc is inside its Roche lobe. Accretion is stable and 
occurs on a time-scale controlled by the transport of angular 
momentum [for a more detailed description of the mechan
ism of the runaway instability, see Nishida et aI. (1996)]. 

To test the stability of the accretion process we therefore 
try to construct a disc of total mass MD - flMD' total angular 
momentum JD - MD and with a profile of specific angular 
momentum given by (9). We use for that purpose an itera
tive procedure which works in the following way: for a given 
value of the inner radius Win we make a first guess of the 
density distribution in the disc. From this distribution we 
compute the mass distribution m ' (117 ') and we use (5) to 
obtain a new estimate of the density distribution. We iterate 
the process until the maximum relative difference between 
the density profiles of two successive configurations 
becom~s less than 10-5• A reasonably fast convergence is 
obtained if, for the first guess of the density distribution, we 
take the result given by (5) when the wrong profile of 
specific angular momentum 

j'(w')=~,$ __ D _, , J (flM )(117' )0.2 
MD MD Win 

(11) 

is used instead of (9). We finally try to adjust 117:" so that the 
mass of the disc built by this procedure is M'n =MD - flMD. 
In this case, the angular momentum automatically has the 
correct value J'n=JD - MD' 
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If a disc with the right mass can be constructed, accretion 
is stable: the new disc lies inside its Roche lobe and the 
continuation of mass transfer requires the transport of 
angular momentum outwards. Conversely, if the disc mass is 
always smaller than M D - flM D (even with the disc filling its 
Roche lobe) the runaway instability occurs. 

3 RESULTS 

The method described in Section 2 has been used to test the 
stability of discs with distributions of specific angular 
momentum given by j(w)ocw". We first considerd 0:=0 
(constant angular momentum) to check that we indeed 
obtain a runaway instability in this case. The results are 
shown in Fig. 1 for flMDIMD =0.01. Before mass transfer, 
the disc fills its Roche lobe and its inner radius is located at 
win =2.105Tg • After mass transfer the equipotentials cross 
themselves at the 'Lagrange point' w~=2.113Tg and the 
maximum disc mass M;ax = 0.284 Mo, corresponding to 
117 :" = 117 ~ , falls well below the required value, M'n = 
0.356 Mo' Accretion is therefore unstable, in agreement 
with the previous calculations of Abramowicz et al. 
(1983). 

For 0: = 0.2, Fig. 2 shows the distribution of specific angu
lar momentum as a function of the mass coordinate m in the 
initial configuration and after the transfer of 1 per cent of 
the disc mass. In the initial configuration, which just overfills 
its Roche lobe, j (m) starts with a vertical derivative at m = 0 
because dm/dwlmin =0 [more precisely for W~Win' dm/dw 
behaves as (117 - Win)8]. The consequence of this rapid 
increase of j with m is to keep the inner radius of the disc 
inside the Roche lobe after mass transfer as shown in Fig. 3. 
In the initial model, the cusp is located at wo=2.80Tg while 
the inner radius has moved to 117:" = 4.07 Tg for flMDI 
MD=O.01. 
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Figure 1. Mass of the disc as a function of the position of its inner 
radius (in units of the black hole gravitational radius) for a constant 
specific angular momentum and an increase of the black hole mass 
corresponding to a transfer of 1 per cent of the disc mass. The dot 
represents the initial model. The horizontal and vertical dashed 
lines indicate the new disc mass and the new position of the 
'Lagrange point' after mass transfer. Even when the disc fills its 
Roche lobe its mass remains below the required value. 
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o 0.2 0.4 0.6 
m 

Figure 2 Distribution of angular momentum f (m) in the disc 
before (full line) and after (dashed line) the transfer of 1 per cent 
of the disc mass. The initial distribution corresponds to 
j (TlJ) OCTlJO.2• 
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Figure 3. Disc profiles before and. after mass transfer for 
j(TlJ)OCTlJO.2• Before mass transfer the disc fills its Roche lobe and 
the cusp is located at TlJo=2.80rg • The profiles after mass transfer 
are shown for ~D/MD=O.Ol, 0.1 and 0.5. The radial and vertical 
coordinates are given in units of rg, the gravitational radius of the 
black hole before mass transfer. 

We also tested the stability for larger amounts of mass 
transfer because the increase ofj becomes less pronounced 
for m > 0.05 (see Fig. 2). We found that stability is main
tained in all cases: a disc having the correct mass can always 
be constructed inside the Roche lobe and the resulting pro
files corresponding to LlMD/MD=O.1 and 0.5 have been 
represented in Fig. 3. 

Finally, we have looked for the critical value of IX separat
ing stable and unstable discs (for our choice of the disc and 
black hole masses). For IX < 0.07 the disc is stable only if the 
amount of mass transferred remains below a certain limit. 
This is a consequence of the rapid increase of j at small m 
which first opposes a centrifugal barrier to catastrophic 
accretion but cannot prevent the runaway instability if the 

amount of mass initially transferred is sufficiently large. For 
IX> 0.07 the disc becomes stable for any fraction of mass 
transfer. This low critical value of IX illustrates the efficiency 
of an angular momentum increasing outwards to stabilize 
accretion. 

4 CONCLUSION 

We have shown that a non-constant specific angular 
momentum can prevent catastrophic mass transfer from a 
thick disc to a black hole. A distribution j ( fjJ) oc fjJ. with 
IX = 0.2, found in numerical simulations of merging neutron 
stars, leads to stable accretion and the transition from 
unstable to stable discs appears to occur for IX '" 0.07 with 
our choice of the disc and the black hole masses. 

Our calculations, however, suffer from several limita
tions: they have been performed in classical physics and the 
disc self-gravity has been neglected. General relativity 
appears to have a stabilizing effect (Wilson 1984) contrary 
to self-gravity which, when it is included in general rela
tivistic calculations with constant angular momentum, can 
destabilize otherwise stable discs (Nishida et al. 1996). 

However, the difference between discs with constant and 
non-constant specific angular momentum is that in the first 
case the Lagrange point is at a larger distance from the 
black hole after mass transfer (which favours instability) 
while in the second case it moves inwards. WithjocfjJo.2 a 1 
per cent mass transfer leads to an increase ofj by '" 15 per 
cent at the inner radius of the disc. The Lagrange point 
corresponding to this new value ofj is even inside the mar
ginally bound orbit. The effect of a non-constant distribu
tion of angular momentum is then to provide a strong 
centrifugal barrier to accretion and we expect that the inclu
sion of self-gravity would not drastically change our basic 
results. 

It is therefore likely that the runaway instability can be 
avoided in discs formed in the coalescence of two neutron 
stars or the collapse of a massive star. The growing of non
axisymmetric modes in the disc (corresponding to the Papa
loizou-Pringle instability) is also probably suppressed by 
the accretion process itself (Blaes 1987). The disc could 
finally survive and transfer part of its energy to a relativistic 
wind on a viscous time-scale of a few seconds (Narayan et al. 
1992) in reasonable agreement with the observed burst 
durations. 
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