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ABSTRACT 
We examine the statistics of giant luminous arcs using the galaxy luminosity function 
suggested by the Canada-France Redshift Survey. We choose 16 clusters of galaxies 
in the Einstein Medium Sensitivity Survey (EMSS) sample with z ~ 0.2 and 
Lx~4 x 1044 erg S-12 for a sample of clusters that contain six giant luminous arcs. 
We find that the observed evolution of the galaxy luminosity function increases 

. appreciably the predicted number of giant luminous arcs. In particular the predicted 
number is comparable to the observed one in the case where all the observed blue 
galaxies are assumed to be irregulars. 

Key words: galaxies: evolution - gravitational lensing. 

1 INTRODUCTION 

In the last decade, more than 30 giant arcs, which are the 
gravitational lensed and distorted images of the distant 
background galaxies, have been discovered in rich clusters 
of galaxies. Moreover a large number of arclets is also dis-. 
covered (Fort & Mellier 1994; Wu 1995). The colours and 
spectra of the arcs are compatible with those of local sub-L * 
spiral galaxies, indicating that they are probably spirals at 
relatively high redshift z '" 1 (WU 1995). Arcs and arclets are 
used to obtain information on the total mass and the mass 
distribution of the cluster of galaxies. Today, arcs and arc
lets have become one of the most active fields in cosmologi
cal research. 

Statistics of giant luminous arcs (in this letter, we follow a 
criterion defined by Wu & Hammer 1993; length-to-width 
ratio L/W>10, B<22.5) have been used to examine the 
mass distribution within the inner regions of clusters of 
galaxies (Miralda-Escude 1993a,b; Wu & Hammer 1993; 
Hattori, Watanabe & Yanashita 1996). However, Miralda
Escude & Babul (1995) and Wu (1994) have pointed out 
that the mass estimated by using the giant luminous arcs is 
several times larger than one estimated by the X-ray obser
vation assuming hydrostatic equilibrium. This discrepancy is 
still unresolved. Furthermore there is another unresolved 
discrepancy. It has been pointed out that the theoretically 
predicted number of giant luminous arcs is less than the 
observed one by almost an order of magnitude (WU & Mao 
1996; Hattori et al. 1996). A systematic arc survey by Le 
Fevre et al. (1994) observed six giant luminous arcs in 16 
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distant Einstein Medium Sensitivity Survey (EMSS) clusters 
of galaxies with z ~ 0.2 and Lx ~ 4 x 1()"4 erg s -1. Hattori et 
al. (1996) examined the predicted number of giant luminous 
arcs in Le Fevre et al.'s arc survey by taking into account 
both the detection conditions and the source galaxies evolu
tion proposed by Yoshii (1993). They found that any spheri
cal cluster mass distribution models even with very small 
core radii cannot reproduce a number of arcs as large as 
that observed in Le Fevre et al.'s arc survey. 

We re-examine the arc statistics in the light of new obser
vation on the luminosity function of galaxies based on the 
Canada-France Redshift Survey by Lillyet al. (1995). They 
have found substantial evolution of the luminosity function 
of blue galaxies [defined as the rest flame colour bluer than 
a typical present-day Sbc galaxy, i.e. (U - V)AB ~ 1.38] at 
redshifts z>O.5. They have also fitted the Schechter func
tion to their luminosity function. As they pointed.9ut; the 
fitting is only over a limited luminosity range and it may not 
be regarded as the determinations of the Schechter param
eters from a conservative point of view. However their data 
clearly shows the excess of blue galaxies at high redshifts 
and it is expected that such an excess will cause an appreci
able effect on the arc statistics. In this view we shall regard 
their fitting as the determination of the Schechter param
eters to predict the expected number of giant arcs. 

In this letter, we employ the Singular Isothermal Sphere 
model for the density distribution of the clusters of galaxies. 
In Section 2, we write down the analytical formalism and 
detection conditions for predicting the number of giant 
luminous arcs. Results and brief discussions on our calcula-
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tions are given in Section 3. Throughout this letter, we 
adopt the Einstein-de Sitter cosmological model. We also 
assume the Hubble constant to be Ho = 50 km S-I Mpc- 1. 

2 BASIC EQUATIONS FOR THE 
STATISTICS OF GIANT LUMINOUS ARCS 

In this section, we write down the basic equations for the 
statistics of giant luminous arcs. We take the Singular Iso
thermal Sphere as the lens model which is characterized by 
the one-dimensional velocity dispersion v. The lens equa
tion is written by (Schneider, Ehelers & Fako 1992) 

Or DLS 
Os = Or-eto----

lOr I Dos 
(1) 

where et o = 4n(v/c)2, Os (Or) are the angles between the lens 
and source (image), DLS (Dos) are the angular diameter 
distances between the lens (the observer) and source. In 
order to convert the X-ray luminosity of the cluster of 
galaxies in our sample to the velocity dispersion v, we 
employ the following quasi-Faber-Jackson relation for the 
X-ray selected clusters (Quintana & Melnick 1982) 

(2) 

where v is in units of km S-I. 

We take a simplifying assumption that the luminous area 
of the background galaxy is taken to be a circular disc with 
a radius r that is related to its absolute magnitude by the so
called Freeman law 

-MB = 5 log r(kpc) + 15.79 (3) 

for the disc galaxies (Freeman 1970). Therefore the axial 
ratio of arcs can be approximated by a ratio of the tangential 
elongation to the radial one from the circular disc i.e. 
(Schneider et al: 1992) 

(4) 

where the script ± denotes the image with 0 sO r ~O. 
The conditions for the giant luminous arcs to be produced 

are written by 

R>Rmin = 10, m B < 22.5, (5) 

and, moreover, the diameter w of the arc along with the 
shortest axis has to exceed an imposed minimum value 

1 
w>-D. 2 D11D 

(6) 

where D min is a seeing full width half-maximum (FWHM) 
(Hattori et al. 1996). The seeing FWHM was within the 
range from 0.6 to 1.2 arcses: with an average value of 0.8 
arcsec in the Le Fevre et aJi arc survey. Hereafter the aver
aged seeing FWHM is adopted as D min. 

Now we calculate the predicted number of giant luminous 
arcs. We assume that the number density of source galaxies 
n is related to the comoving number density nc as 
n = n c(1 + z f Taking the lensing amplification effect into 
account, the differential probability dN of the light bundles 

from the source galaxies with redshift between z sand 
z s + dzs encountering a lens at ZL and producing the giant 
luminous arcs is given by 

fm~dnc edt dN = - dm(1 + Z)3a( > R min) - dzs , 
-00 dm dz s 

(7) 

where mmax = min [22.5 + 2.5logA ±, m (w = Dmin/2)],A ± is 
the amplification factor and a (> R min) is the cross-section 
for the lens producing the giant arcs. From equation (4) the 
cross-section is given by 

a'(>R~)~2."~is f:~" DQdDQ (8) 

where 

Dos Os 
OQ=--. 

DLS et o 
(9) 

Moreover in order to estimate the comoving number 
density n c' we take the Schechter form for the galaxy lumin
osity function 

¢ (L )dL = ¢ * (~)" exp ( _~) dL . 
L* L* L* 

(10) 

Combining equations (7), (8) and (10), the differential 
probability is obtained by integrating over m as follows; 

1 

dN± =F f:mm±1 r[et+1,100.4(m.-mmul]OQdO Q(1+Zs)3 

(11) 

where 

F=32n3¢ *R 03 (~r (12) 

q et + 1, lO°.4(m· -mmul] is the incomplete gamma function, 
m * = m(L *,zs), andR o is the Hubble distance (Ro = e/Ho). 
In order to estimate m *, we employ the K-correction 
derived by King & Ellis (1985); 

K(z) = - 0.05 + 2.35z + 2.55z2 - 4.89z3 + 1.85z4 for Sab/Sbc, 

K (z) = - 0.05 + 1.56z - 0.98z 2 - 0.67z 3 + 0.48z 4 for Sdm. 

Note these formulae are valid in the redshift range 6~tween 
o and 1.5 and for the B band. For simplicity, we take the 
point source approximation to esimate the amplification 
factor A ±. Then the A ± relate to 0 Q as 

1 
A±=-+1. o -

Q 

(13) 

The predicted number of giant luminous arcs for a cluster 
of galaxies is, in principle, given by 

(14) 
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However, in practice, the integration over Z s is restricted to 
the redshift region where the K-correction or the luminosity 
function is valid. Then the predicted number of giant lumin
ous arcs in the sample of clusters is given by 

(15) 

where the summation is taken over clusters in the chosen 
sample. 

3 RESULTS AND DISCUSSIONS 

We now examine the number of the giant luminous arcs in 
Le Fevre et al.'s arc survey by using a new observation of the 
luminosity function by Lilly et al. (1995). It should be noted 
that a criterion for giant luminous arcs defined by Le Fevre 
et al. (1994) is a little different from one by Wu & Hammer 
(1993). However, Le Fevre et al. (1994) pointed out that six 
giant luminous arcs, they observed, are reaching the criter
ion defined by Wu & Hammer (1993). The redshifts and x
ray luminosities Lx of the clusters in our sample are 
summarized in table 1 in Le Fevre et al. (1994). 

The evolution of the galaxy luminosity function has been 
studied in Lilly et al. (1995) up to the redshift of z = 1.3. 
They divided the sample into several redshift bins and into 
two-colour bins, and then fitted the parameters in the 
Schechter form luminosity function (¢ *, IX and M *) for each 
subsample. We take the blue galaxy 'best estimate' lumino
sity functions listed in table 1 in Lillyet al. (1995) and use 
the relation B AB = B - 0.17. The morphological composi
tions for the each subsample are, however, unknown. 
Therefore we examine the following two extreme cases 
namely; (i) all blue galaxies are assumed to be spirals and 
(ii) irregulars. In order to estimate the luminous area of 
irregular galaxies, we assume that the irregulars also obey 
the Freeman law (equation 3). 

As discussed in the Introduction, the best-estimated lumi
nosity function is only applicable for a limited luminosity 
range. In calculating the arc statistics, we need the lumino
sity function for a wider range. Thus we take the point of 
view that the best estimated luminosity function is applic
able for a wide range of the luminosity. Of course this 
assumption has to be checked by future observations. 

Now we have all the necessary informations about the 
lensing clusters of galaxies and source galaxies, we numer
ically calculate the predicted number of giant luminous arcs 
for the above two cases as following procedure. First, we 
convert each cluster X-ray luminosity to the velocity disper
sion by using equation (2). Then we calculate the predicted 
number of giant luminous arcs for each cluster of galaxies in 
our sample by integrating equation (11) over Zs from the 
redshifts of each cluster to Zs = 1.3. Finally, we summarize 

Table 1. Predicted and observed numbers of giant luminous arcs 
in Le Fevre et aJ.'s arc survey. 

Evolution 
No evolution 
Observed 

spirals 

0.68 
0.18 
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irregulars 

3.0 
0.55 
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them and list the results in Table 1. For comparison, we also 
calculate the predicted numbers for the non-evolving galaxy 
luminosity function and list the results in Table 1. As for the 
non-evolving galaxy luminosity function, the blue galaxy 
luminosity function within the redshift range 0.2 <z < 0.5 is 
extrapolated up to the redshift z = 1.3. 

Table 1 shows the following interesting points. 

(i) Comparing with the case of non-evolving luminosity 
function, the observed evolution of the blue galaxy increases 
the predicted number by a factor of 4,...., 6. 

(ii) The predicted number is in the range 0.7,....,3.0 which 
is much larger than the previous prediction, but is still some
what smaller than observed number. 

(iii) The predicted number is not so different from the 
observed number in case all the blue galaxies are assumed 
to be irregulars. The difference between case (i) and case 
(ii) is due to K-correction. 

According to our result, it can be said that the discrep
ancy between the predicted number of giant luminous arcs 
and the observed one is partly solved by taking the observed 
evolution of the blue galaxy luminosity function. We only 
considered source redshifts up to Zs = 1.3 owing to the 
validity of source galaxies luminosity function. At z = 1.3, if 
we take the lensing amplification effect to be A = 10, the 
limiting magnitude m B = 22.5 corresponds to both 
M B""" - 22 for spirals andM B""" - 20 for irregulars. They are 
comparable to the M* values of blue galaxies luminosity 
functions (Lillyet al. 1995). If we extrapolate the luminosity 
function within the redshift range 1 <z < 1.3 up to z = 1.5, 
the expected number of giant luminous arcs is increased 
about 20 per cent. Therefore it should not be considered 
that the contribution of the source galaxies beyond z s = 1.3 
is negligible. Unfortunately, to date, we have no available 
data on the high-redshift galaxies. Thus the detailed 
examinations of the contribution of high-redshift galaxies 
remain as future work. On the other hand, Bartelmann, 
Steinmetz & Weiss (1995) showed that an inhomogeneous 
model constructed numerically can produce giant luminous 
arcs much more than the non-singular isothermal sphere 
model with the same core radius and the same velocity 
dispersion as those in their models. They also investigated 
the influence of source ellipticity and pointed out that the 
predicted number is significantly larger for elliptical than 
for circular sources. It seems quite likely that the present 
calculations combined with the detailed information of the 
mass distribution of clusters in the sample by, say, the X-ray 
observations will give a good coincidence with the observa
tion for the arc statistics. Finally we mention the work by 
Wu & Mao (1996) who pointed out that the predicted 
number of giant arc is increased by a factor of a few in the 
cosmological constant dominated universe. Thus if we are 
able to fix the luminosity function of the source galaxies as 
well as the density distribution of the lens cluster from the 
observation, then the arc statistics may be powerful tools to 
test the cosmological constant. More detailed study will be 
published elsewhere. 
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