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1 INTRODUCTION 

ABSTRACT 
We investigate the stable orbits of stars in the disc of the Galaxy, using a 
gravitational potential based on a model of mass distribution which fits the rotation 
curve and agrees with recent star count models. In order to verify the stability of the 
spiral pattern, we look for self-consistent solutions; we impose a spiral perturbation 
to the potential, and then we examine the resulting perturbation in the density 
distribution. We find that a superposition of a 2- and of a 4-arms component, with 
a pitch angle of about 14°, is a self-consistent solution. This model is consistent with 
the observed directions of maximum density of spiral arm tracers, interpreted as 
directions tangential to the spiral arms. We discuss observational evidence that the 
rotation speed of the spiral pattern is about 20 km S-l kpc-l, close to the rotation 
speed of the bulge, recently determined by Ibata & Gilmore. As a consequence, the 
corotation radius is about 9 kpc and the 4/1 resonance at 6 kpc (the adopted solar 
radius is 7.9 kpc). With the adopted pattern rotation speed, the model predicts a 
range of Galactic radii for the spiral structure, between the internal and the external 
Lindblad resonances, at 2.8 and 12.8 kpc respectively, similar to the observed range. 
The model predicts the existence of negative radial velocities of the same order as 
the observed ones in directions close to the Galactic Centre, and is able to reproduce 
a number of features of the rotation curve. The 'stable-orbits' approach that we use 
seems promising to explain the existence of short arms like the local arm (or Orion 
'spur'), and of bifurcations. According to our model, the Milky Way looks like the 
4-arms galaxy M10I. 

Key words: Galaxy: kinematics and dynamics - Galaxy: structure. 

The gravitational theory of spiral structure was proposed by 
Lin & Shu (1964, 1966), after the pioneering work of Lind
blad (1948). They postulated the existence of a spiral 
density wave as a small perturbation of the total surface 
mass density of the disc. According to Lin & Shu the density 
was is self-sustained, in the sense that the density perturba
tions induced dynamically by the perturbations of the gravi
tational field are identical to those required to build up the 
spiral gravitational field itself. However, the model of Lin & 
Shu is limited by the linear approximation. A dynamical 
study of stellar orbits, instead of the hydrodynamical 
approach, seems to be more promising. Ka1najs (1973) 
showed that kinematical density waves permit under special 
conditions long-lived spiral patterns without self-gravity. 
Contopoulos & Grosbol (1986, 1988) constructed a self
consistent stellar dynamical model of a large-amplitude 
spiral galaxy under the assumption that the pattern has a 

constant amplitude and shape. They also analysed the 
importance of non-linear effects in realistic models of spiral 
galaxies and showed that models with force perturbations 
larger than 5 per cent (strong spirals) present significant 
non-linear effects and that the spiral structure terminates at 
the 4/1 resonance. 

In principle, the Milky Way is the galaxy with the best 
known mass distribution, and it woud be important to reach 
a self-consistent description of it. A self-consistent model 
would be one that, based on the known potential (or mass 
distribution) of the Galaxy, could predict the stability of the 
observed spiral pattern. In addition, such a model should 
predict a rotation speed of the spiral pattern in agreement 
with observations. The present situation is not yet this ideal 
one. There is no doubt that the Galaxy presents a spiral 
pattern extending over a range of radius of several kpc. 
Some of the prominent arms, like the Sagittarius-Carina 
and the Perseus arms, are structures revealed by all the 
spiral tracers. Observational evidence points towards the 
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existence of four main arms. This is shown by the distribu
tion of H II regions (e.g. Georgelin & Georgelin 1976), the 
longitude-velocity diagram of H I (Henderson 1977), and 
the tangential directions of spiral tracers (e.g. Ortiz & 
Lepine 1993, hereafter OL). A recent review of observa
tional evidence for a 4-arms structure is given by Vallee 
(1995). Although there are many examples of 4-arm spiral 
galaxies, no detailed theoretical interpretation of these pat
terns is available. In their linear perturbation theory of the 
spiral structure, Lin & Shu (1964, 1966) only studied the 
2-arms case. They predicted for the pattern speed of 
the Galaxy Qp =13 Ian S-I kpc l • Several authors (Kalnajs 
1970; Avedisova 1989; Sitnik 1991), based on observations, 
advocate higher values, in the range 17-26 Ian S-I kpc- I • 

On the other hand, the proposed existence of a large
scale bar (Weinberg 1992) seems to challenge all the pre
vious knowledge on the spiral structure of the Galaxy. 
However, analysing the velocity and space distribution of 
late giants in the bulge, Ibata & Gilmore (1995) do not find 
any significant requirement for a bar. These contradictions 
stress the need for global models, attempting to explain a 
large variety of observations within a single frame. In this 
context, we believe that theoretical solutions based on per
turbations of the known axisymmetric potential of the 
Galaxy have not been sufficiently explored. 

The two main tools to investigate the potential of the 
Galaxy are the rotation curve and the observed distribution 
of matter. The rotation curve does not give alone a unique 
solution (for instance, it would be possible to fit the rotation 
curve using spherically symmetric components only). With 
the advent of infrared detectors reaching about magnitude 
13 in K, and with the lRAS mission, star counts have been 
performed in regions of the Galaxy which were not acces
sible to visible observations, like the Galactic plane and the 
bulge. These results stimulated the development of models 
aimed at reproducing star counts in the infrared, in all 
directions of the Galaxy (Wainscoat et al. 1992, and OL), 
and turned necessary to update previous mass distribution 
studies (e.g. Schmidt 1965; Bahcall & Soneira 1980). In a 
recent paper, Amaral et at (1996, hereafter AOLM) 
derived a mass distribution which is in agreement with the 
star counts model of OL. However, as we comment in next 
section, a precise description of the mass distribution in the 
bulge is not yet available. 

The purpose of the present work is to use the dynamical 
approach to investigate the spiral structure of the Galaxy, 
and to look for the existence of self-consistent solutions. We 
investigate stable orbits of stars in the Galactic potential, 
and we test the stability of 2- and 4-arms solutions. We also 
discuss the rotation speed of the spiral pattern, which is a 
parameter needed in the theory. We find that a superposi
tion of 2- and 4-arms components presents many of the 
observed characteristics of the spiral structure, being able to 
fit the tangential directions, to explain the existence of the 
local 'spur', and to explain non-circular motions which are 
observed in the direction of the Galactic Centre. 

2 THE GALACTIC GRAVITY POTENTIAL 

In a separate paper (AOLM), the rotation curve of the 
Galaxy was investigated, with emphasis on the observational 
point of view. OH/IR stars, carbon-rich AGB stars and 

planetary nebulae were used as tracers. AOLM compared 
their results with those of Clemens (1985), which are based 
on H I and CO observations in the inner parts of the Galaxy, 
and with those of Brand & Blitz (1994), which are based on 
H II regions and reflection nebulae, mostly in the outer parts 
of the Galaxy. All the data were transposed to the adopted 
solar distance Ro = 7.9 kpc. The rotation curve and the 
main mass components are presented in Fig. 1. In this 
model, the velocity of the local standard of rest (LSR) is 184 
Ian S-I. 

A brief description of a mass distribution model was pre
sented by AOLM. We need to present it in more detail here, 
since the potential of the Galaxy will be used in a dynamical 
study of stellar orbits. Our mass model of the Galaxy com
prises the superposition of two main components: a spheroid 
which includes the bulge and the halo; and a disc repre
sented by two exponential density laws and by an additional 
component representing the interstellar gas. 

2.1 The spheroidal component 

Although convenient to represent observable properties the 
de Vaucouleurs (1977) profile is less useful for theoretical 
analyses. Therefore we adopted the profile for mass density 
proposed by Hernquist (1990) which reproduces the Rl/4 

law of de Vaucouleurs over a large range of Galactic 
radius: 

Mb a 1 
p (R) = 2rr. R (R + a)3 (1) 

where Mb is the total mass and a is the scale of length of the 
spheroid. Hernquist showed that the potential cPb and the 
circular velocity 9 b for this density profile are 

GMb 
cPb (R) = - (R + a) 

and 

200 
i 

I1.l 

I 
® 100 

(2) 

(3) 

12 
R - kpc 

Figure 1. The rotation curve of the Galaxy. Interstellar gas data by 
Clemens (1985) are shown (crosses). The solid line is the model of 
mass distribution of the Galaxy. The components of the model are 
shown as dashed lines: (a) thin disc with 2.6-kpc scalelength, (b) 
thin disc with 4.5-kpc scalelength, (c) bulge, (d) gas. The bulge 
model is uncertain (see Section 2.1). 

© 1997 RAS, MNRAS 286, 885-894 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/286/4/885/978370 by guest on 19 M
ay 2023

http://adsabs.harvard.edu/abs/1997MNRAS.286..885A


1
9
9
7
M
N
R
A
S
.
2
8
6
.
.
8
8
5
A

Asymptotically as Ria tends to infinity e b approaches the 
R -1/2 Keplerian law. As already discussed at length by 
AOLM, there is an uncertainty in the parameters of the 
spheroidal component. The nature of the peak at 300 pc in 
the rotation curve is a subject of debate; many authors 
consider that it is not due to rotation. On the other hand, 
star counts near the Galactic Centre are not able to settle 
easily the question, owing to the problems of the disc sub
traction and of the extinction, which are model dependent. 
For simplicity, we adopt in the present paper the classical 
interpretation of the terminal velocity of the gas as being a 
result of rotation at the subcentral point. Although this may 
be incorrect, this uncertainty only affects the inner 2 kpc of 
the Galaxy, a region situated in the interior of the inner 
Lindblad resonance, which does not affect our calculations. 
The possible consequences of a different mass distribution 
of the bulge are later discussed. 

2.2 The disc component 

Many of the current methods of constructing mass models 
adopt the infinitesimally thin disc approximation developed 
by Toomre (1963) and Freeman (1970). Such models can be 
corrected for the effect of a finite disc thickness. Vander
voort (1970) presented a method by which the potential 
¢(R,z) of a given axisymmetric density distribution can be 
derived from the potential of an infinitesimal disc with the 
same surface density. It can be shown that a thick-disc 
model continues to obey the same rotation curve of the 
original thin disc. The gravitational potential function is 
given by 

¢(R,z)= r S(k)fo(lcR) e-Ia dk (4) 

where the S (k) function is the Hankel transform of surface 
mass density 

~ (R) = ~oe -RIRd (5) 

S(k)= -2nG r fo(kR)~(R)R dR, (6) 

where Rd is the scalelength of the disc and fo the standard 
Bessel function. Substituting the expression (6) into (4) 

¢ (R, z) = - 2nG r dk e -Ia fo(kR) 

x r ~(R')fo(kR')R' dR'. (7) 

The quantity of interest is the circular velocity e d (R). Free
man (1970) showed that for z=O 

¢d(R) = -nG ~o[Io(y)KI (y) - II (Y)Ko(y)] (8) 

where 

1 R 
Y=- -

2 Rd 
(9) 

and In and Kn are modified Bessel functions of the first and 
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second kinds. The circular velocity of the exponential disc 
can be obtained by differentiating equation (8): 

The rotation velocity of an exponential disc approaches the 
Keplerian limit only slowly. Since the disc is represented by 
the sum of two exponentials in this work, e~ (R) is the sum 
of two expressions like equation (10). 

2.3 The gas component 

We included the interstellar gas in the model since its con
tribution to the visible mass density corresponds to about 20 
per cent of the disc. We used the gas surface density from 
CO and H I data (Sanders, Solomon & Scoville 1984, see 
also OL) represented by a sum of three components (we 
avoid here the use of polynomials because they diverge 
outside the range of interest): 

2 al R 2 a2R 2 
0" (R)=O" e-(PR) + + (11) 

gas 0 (bi+R2)5/2 (b~+R2)5/2 

with 0"0=521.62 Mo pc-2, 

p=1.14 kpc-I, 

al =5.15104 kpc3 Mo pc-2, 

b l =5.03 kpc, 

a2 = -2.11104 kpc3 Mo pc-2, 

b2 =4.16 kpc. 

This expression includes the factor of 1.4 to allow for the 
presence of helium. 

2.4 The rotational velocity 

Since Poisson's equation is linear in ¢ and ~ the total rota
tional velocity because of the three components is 

(12) 

where eb , e d and e gas are given by equations (3), (10) and 
an equivalent of (10) respectively. 

The parameters of the model, determined by fitting equa
tion (12) to reproduce the rotation curve, are presented in 
Table 1; the resulting fit with the contribution of each com
ponent is shown in Fig. 1. Once e (R) and the angular 
frequency of rotation Q=e(R)IR are known, Oort's con-

Table 1. Parameters of the model. 

Mass of bulge + halo 

Radial scale a 
Mass of 2.6-kpc disc 

Mass of 4.5-kpc disc 

Surface density 
Surface density 

Oort constant A 
Oort constant B 

1.24 X 1010 Me 
0.20Skpc 

2.5 x 1010 Me 
2.S x 10lo Me 
590Me pc·2 

221 M.pc·2 
13.4 km S·I kpc.1 

-9.6kms·Ik.pc.1 
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stantsA and B and the epicyclic frequency K are given by the 
usual expressions (e.g. Binney & Tremaine 1987): 

(13) 

(14) 

(15) 

The dependence of Q (R) and K (R) on R are shown in 
Fig. 2. 

2.5 The z component of gravity 

For many applications it is useful to know the potential 
outside the Galactic plane, and this also provides a test of 
our model for the distribution of matter in the Galaxy. 
According to Vandervoort (1970), the potential ¢(R,z) 
owing to a disc with surface density 1: (R) and thickness 
h (R) and with a sech2 density law 

peR z)=-- sech2 --
1:(R) [ z ] 

, 2h(R) heR) 
(16) 

can be derived from the potential ¢ (R, 0) of a thin disc with 
the same surface density, in the plane of the disc, using the 
first -order approximation: 

¢ (R, z) ~ ¢(R, 0) + 21tG1:(R) In{2 COSh[h;R)] + ... } (17) 

We adopt h(R0 )=500 pc, noting that a sech2 law with 
scaleheight 500 pc is very close to the sum of two exponen
tiallaws, with scaleheights 100 and 390 pc, adopted in the 

60 

~ 

i 
CJ 

.e-
i 40 

OJ 

Ei 
~ 

20 ....... " a __ 

........ --.n - 1C/2 -------------------

R - (kpc) 

Figure 2. The angular rotation frequency Q and the epicyclic fre
quency K (continuous lines), and the main resonances Q ± Kim as a 
function of the Galactic radius R. Dashed lines: m=2; dashed
dotted lines: m =4. The horizontal line indicates the allowed range 
of the spiral pattern. 

star count model of OL. The gravitational acceleration in 
the z direction obtained in this way is compared to the data 
by Oort (1965) in Fig. 3. 

3 THE SPIRAL STRUCTURE 

3.1 The need for a 2-arms plus 4-arms structure 

In a sample of about 600 galaxies studied by Elmegreen 
(1990), 60 per cent present multiple (more than two) arms. 
Historically, the first model of the spiral structure of the 
Galaxy by Lin, Yuan & Shu (1969) had two arms with a 
pitch angle of 6°. Although two arms with a pitch angle of 6° 
or four arms with a pitch angle of 12° may seem similar, in 
terms of average distance between arms, there are now 
strong arguments in favour of a pitch angle of about 
12°_14°. Kennicut (1981, 1982) found that the measured 
pitch angles of spiral galaxies correlate with maximum rota
tion velocity. Based on this tight correlation, a maximum 
rotation velocity of about 250 Ian s-I, gives a pitch angle of 
about 14° for the Galaxy. Henderson (1977) found that the 
best model to fit neutral hydrogen brightness contours in 
velocity-longitude diagrams of the Galactic plane had four 
arms, 13° pitch angle, 160° phase at the solar region and 
streaming amplitude of about 7 Ian S-I. OL found that five 
tangential directions to spiral arms, as indicated by various 
tracers, are well-fitted with four arms and a pitch angle of 
about 14°; the distribution of H II regions is also interpreted 
in terms of four arms by Georgelin & Georgelin (1976); see 
also Quiroga (1977). More recently Vallee (1995) reviewed 
the arguments in favour of a 4-arms structure that have 
accumulated in the last 15 years, and concluded that the 
pitch angle is 12° ± 1°. 

A theoretical difficulty, with a 4-arms spiral, not discussed 
by Vallee, is that a pure 4-arm solution is only valid over a 
short range of Galactic radii, fixed by the internal and 
external Lindblad resonances, as discussed later (see the 
m = 4 solution in Fig. 2). Only the 2-arms component can 
exist in the inner regions, and there is evidence for the 
presence of spiral arms in regions near the centre where the 
4-arms component is forbidden. Following Puerari & 
Dottori (1992), who analyse spiral structures of external 

~ 

I 
CJ 

~2000 

T 
OJ 

~1000 
QI) 

0.5 

• x x 

1 1.5 2 
Z - (kpc) 

Figure 3. The gravitational acceleration in the z direction, in the 
solar neighbourhood. The solid line is the model, the crosses are 
the data obtained by Oort (1965), based on the kinematics of K 
giants. 
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galaxies in terms of a sum of spiral components, like the 
Fourier components in a spectrum analysis, we consider the 
sum of a 2- and a 4-arms component. If the components are 
in phase, this solution looks much like a pure 4-arms com
ponent, at least over a range of Galactic radii; it is therefore 
able to fit the observed tangential directions and the 
expected pitch angle, as discussed above, and at the same 
time to provide the required range in radius. We believe 
that it is an important contribution to the understanding of 
the spiral structure of galaxies, to reconcile the presence of 
multiple arms and a large range in radius of the spiral 
structure. The aspect of a 2-arms plus a 4-arms pattern is 
illustrated in Fig. 4. 

3.2 The angular velocity of the spiral pattern (Up) 

An important parameter is the angular velocity of the spiral 
pattern, which determines the range of the spiral modes and 
fixes the location of resonances. 

Observational procedures for finding the value of np are 
difficult. The value for np derived by Lin & Shu is 13.5 Ian 
S-1 kpc- 1• This would mean that the relative velocity of stars 
and gas with respect to the spiral arms is about 100 Ian S-1 

in our neighbourhood. Other authors have suggested higher 
values of np (Marochnick, Mishurov & Suchkov 1972; 
Kalnajs 1970). Determinations of np from observations 
using different methods have given values of np around 
20-30 Ian S-1. Avedisova (1989) investigated the spatial 
distribution of young objects of different ages in the Sagit
tarius-Carina arm and found age gradients of objects across 
and along the arm. She estimated the angular velocity of the 
spiral arm as 26.8 ± 2 Ian S-1 kpc- 1• Using the velocity field 
of Cepheids, Mishurov, Pavlovskaya & Suchkov (1979) 
found np 23.6 ± 3.6 Ian S-1 kpc- 1• 

10 

5 

<> 

.§' 0 
I 

>-

-5 

-10 

-10 -5 o 5 10 
x - kpc 

Figure 4. The aspect of a spiral pattern with 2- and 4-arms compo
nents. The 4-arms components extend over a shorter range of radii. 
Two of the 4-arms components are not visible since they are in 
phase with the 2-arms component. 

© 1997 RAS, MNRAS 286, 885-894 

A self-consistent model of the Galaxy 889 

We present here our own estimation of n p, based on a 
study of open clusters. These are ideal objects to investigate 
the spiral pattern, since their age is well determined from 
their Hertzsprung-Russel (HR) diagram, contrary to indi
vidual stars, for which only upper limits on the age can be 
given based on main-sequence lifetime. It is known that a 
plot of the positions on the Galactic plane of young clusters 
with age less than about 10 Myr shows the presence of spiral 
arms (Becker & Fenkart 1970, 1971). This is an indication 
that the majority of the open clusters were born in spiral 
arms. However, the same plot without age selection shows 
no spiral structure, because the clusters moved away from 
their birthplace. In a first approximation, each cluster can be 
brought back to its birthplace on a spiral arm by rotating it 
an angle -n(R)r, where r is the age; the position of the 
spiral arm at the present epoch can be obtained by rotating 
the cluster - [n (R) - n p] r. This is shown in Fig. 5. We 
selected the clusters of the catalogue by Mermilliod (1986), 
with an age given in the catalogue smaller than 150 Myr. 
The clusters are presented in a reference frame rotating 
with angular speed n p, so that the spiral arms are fixed, 
although we do not know a priori where they should be, 
since np is the unknown parameter. We used for n(R) the 
rotation curve of Fig. 1. For np=l1 Ian S-1 kpc- 1 or for 
np=30 km S-1 kpc1 no spiral structure is apparent, while 
for np=20 or 22 Ian S-1 kpc- 1 a maximum of clustering 
around spiral arms seems to occur. 

Other arguments have been presented by Amaral (1995) 
in favour of a pattern rotation speed of about 20 Ian S-1 

kpc- 1 and will not be discussed in detail. Gradients of age 
seem to exist in the clusters of the Perseus and of the Carina 
arms, but have opposite directions, which indicates that the 
corotation radius lies between the two. Another argument is 
based on the star formation rate, which according to Mezger 

10 

<> 
.§' 5 
I 

>- 0 

-5 l.J....L.J....l....l..J..U.u.....~...J...J<:L..L.1...I 
-10 -5 0 5 10 

X - kpc 

10 

<> 
.§' 5 

>- 0 

-5~~~~~~~w 
-10 -5 0 5 10 

X - kpc 

10 

5 

o 

-5~~~~~~~w 
-10 -5 0 5 10 

10 

<> 
.§' 5 
I 

o 

X - kpc 

5 10 
X - kpc 

Figure 5. Positions of open clusters projected on the Galactic 
plane, after correction for Galactic rotation and for pattern rota
tion. The number in the upper left comer indicates the pattern 
rotation velocity in km S-1 kpc-1• 
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& Smith (1977) and Giisten & Mezger (1983) is supposed to 
be proportional to both the density of the gas and the rela
tive velocity of the flow of gas crossing the spiral arms, 
Q(R) -Qp • 

On the basis of these studies we adopt an angular velocity 
of 20 km S-I kpc- I for the spiral pattern. The positions of 
the main resonances, given by Q ± Kim, are shown in Fig. 2. 
Since a density-wave pattern is limited by the regions of 
resonances one can see that the 4-arms solution has a 
shorter range than the 2-arms solution. The range of validity 
of the 2-arms solution is 2.8 to 12.8 kpc, which is about the 
observed range of the spiral structure in the Galaxy. The 
corresponding corotation radius is about 9 kpc; this value 
depends on the exact shape of the rotation curve. Interest
ingly, the model for neutral hydrogen brightness by Hender
son, mentioned in Section 3.1, also gives a corotation radius 
of9 kpc. 

Our analysis, and our preferred angular velocity of the 
spiral pattern, leads to a spiral structure consisting of long 
waves (type L) in contrast to the short waves (type S) dis
cussed by Lin & Shu (1966). The driving source of type L 
waves must be located in the central parts of the Galaxy, as 
discussed by Marochnik et al. (1972), and could be a bar or 
an oval distortion. 

4 A SELF-CONSISTENT MODEL 

4.1 The mathematical description of the spiral potential 

We adopted the method of Contopoulos & Grosbol (1986, 
1988) to construct a self-consistent stellar dynamical model 
for the Galaxy. The potential of the Galaxy in the Galactic 
plane ¢,(R, 8) is represented as the sum of the axisymmetric 
potential which fits the rotation curve, discussed in Section 
2, and a perturbation ¢p(R,8) associated with the spiral 
arms. The perturbation is described by an expression similar 
to that of Contopoulos & Grosbol (1986), modified to 
include a 4-arms component: 

¢p(R,8)=ARe<-PR) cos . -m(8-y) { [
m In(R) ] 

tan(z) 

+0: cos . -2m(8-y) , [2m In(R) ]} 
tan(z) 

(18) 

whereA is the amplitude of the spiral perturbation, f3 -I the 
scalelength of the spiral, i the pitch angle and m = 2 the 
number of spiral arms of the lowest order component, y a 
phase angle, taken equal for the 2- and the 4-arms compo
nents, and 0: the relative strength of the two components. 
Therefore the total potential at the Galactic plane is 

¢,(R, 8) = ¢ (R) + ¢p(R, 8). (19) 

The imposed density perturbation in the Galactic plane 
corresponding to equation (18) can be derived by means of 
Poisson's equation V2¢p=41tG~p(i(z), where (i(z) is the 
Dirac's (i-function. 

(20) 

where 

In(R) 
t/l1=m--. -m(8-YI)' 

tan(z) 

In(R) 
,I, -2m --2m(8-") '1'2- tan (i) 12 , 

2m 
X2 tan(i)R (f3R -1), 

=0:(f32R2-3f3R-4m2+1)_[ 4o:m 2 ] 
X3 R tan2(i)R ' 

4mo: 
X4 tan(i)R (f3R -1). 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

The positions on the Galactic plane of density maxima of 
the 2-arms component are given by 

8 = In (r) _ ~ arctan (X2). 
tan (i) 2 XI 

(27) 

The free parameters in the expression (18) are con
strained by observations, as already discussed. The ampli
tude of the density wave was initially estimated assuming 
that the maximum perturbation force corresponds to about 
5 per cent of the axisymmetric force for the 2-arms compo
nent (0:=0), or A = 120 km2 S-2 kpc- I • This value has been 
decreased later to find a better self-consistent model. The 
scalelength p -I of the spiral perturbation was adopted as an 
average of the two components of the exponential disc 
(3.5 kpc). 

4.2 The response density 

The test for self-consistency requires that the response 
density should be equal to the imposed density in phase and 
amplitude. As already discussed, the imposed density ~p is 
derived analytically from the imposed potential (equation 
20), with ~imp=~p + ~o. The response density is computed 
by considering the conservation of flux between two succes
sive orbits, in the perturbed and unperturbed cases (Con
topoulos & GrosboI1986). We consider a series of circular 
orbits, spaced at 0.25 kpc in our case. The area S of a sector 
between two of these neighbouring orbits which is swept in 
a time interval dt is transformed into S' when the perturba
tion is introduced. The change in area is a result of different 
spacing of the orbits and different flow velocity. Since the 
mass is conserved, ~resp = (SIS') ~o. Thus to obtain the 
response density we need only the orbital behaviour in the 
Galactic plane, which does not depend on the distribution 
of matter in the z direction. Nevertheless the imposed 
volume density depends on the z potential. We considered 
two extreme cases concerning the thickness of the spiral. 
The first case is a cylindrical spiral which corresponds to a 
thickness tending to infinity and density being obtained 
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from equation (20) in the plane of the symmetry. The oppo
site case is a completely flat galaxy with thickness tending to 
zero; it can be analysed by the asymptotic expression 
obtained by Lin et al. (1969). In this case the imposed 
density is proportional to [tan(i)]-I and is smaller than that 
of the cylindrical case. We adopted the cylindrical case as an 
upper limit since the contrast density is smaller for the flat 
galaxy case. 

A necessary step is to establish the stable orbits, trapped 
around the main periodic orbits, which reduce to circles in 
the axisymmetric case [¢,=¢(R)]. In a frame of reference 
corotating with the spiral arms at the angular velocity 
np=20 km S-I kpc- I the Hamiltonian of the system is 

(28) 

whereJo is the angular momentum, h the numerical value of 
the Hamiltonian, ¢ (R) the axisymmetric potential and 
¢p(R, 8) the perturbation potential given by expression 
(18). 

The integration of the equation of motion from the 
Hamiltonian was done with the help of a fifth-order Runge
Kutta integrator. In finding periodic orbits we applied the 
method of Poincare's surface of section (Henon 1965). In 
this method we consider the intersections of an orbit with 
the plane 8 = 0°. The periodic orbits trapped around circular 
orbits (¢p = 0) are represented by a sequence of points in 
this plane lying on a curve called an invariant curve. The 
points on this plane can be distributed in a different way 
such that it is impossible to draw a regular curve through 
them. This situation corresponds to a semi-ergodic motion. 
An example of a well-behaved surface section, with succes
sive trials corresponding to different initial conditions of the 
particle, is shown in Fig. 6. 

100 r-

j 
OI

I 
.p:: 

-100 -

R - kpc 

Figure 6. A surface section illustrating how to locate a stable per
turbed orbit. The stable orbit crosses the surface section at about 
6.7kpc. 
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The main non-linear phenomena in the orbits of stars in 
spiral galaxies are a result of resonances. The families of 
periodic orbits that we obtained, starting from a series of 
circular orbits spaced 0.5 kpc apart, are shown in Fig. 7. 

A measure of self-consistency is the ratio between the 
response and the imposed density: 

(29) 

This ratio is expected to be constant, not necessarily equal 
to one since different methods are used to compute the two 
surface densities. For each value of R, r was averaged over 
directions in azimuth. We present in Fig. 8 r as a function of 
R. 

The discontinuity observed at 6 kpc is due to the 4/1 
resonance, which produces large deviations of the per
turbed periodic orbits with respect to the circular ones. This 

5 

CI 

,eo 0 
I 

>-

-5 

-5 o 5 10 
x - kpc 

Figure 7. A series of stable perturbed orbits in the plane of the 
Galaxy. 

4,--......,.--,----,---r------.---,----.-...,-----,---.--.----, 

3 r- -

~ 2 I- -

x x -

I J I 0~~-4~~-~~-~6-~~-~-8~·-~~ 

R - kpc 

Figure 8. The ratio of the response density to the imposed density, 
as a function of Galactic radius. 
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is an expected result, since the model corresponds to a 
relatively strong perturbation, which must produce the non
linear effects described by Contopoulos (Contopoulos & 
Grosbo11986, 1988; Contopoulos 1987). In a strong spiral 
perturbation, there are instabilities in the family of periodic 
orbits near the pair resonances, especially near the 4/1 reso
nance; some gaps appear in the curve H (R) and the orbits 
tend to overlap. The fact that the response density deviates 
from self-consistency over a small range of radius does not 
mean that the model is globally not self-consistent. On the 
contrary, it is encouraging to observe that the largest devia
tion of the gas velocity with respect to the average rotation 
curve, between 2 and 7.9 kpc (there are no velocities for 
radii larger than R0 =7.9 kpc), is at 6 kpc, as can be seen in 
Fig.2. 

Our best model was computed with an amplitude A = 50 
km2 S-l kpc-I, which corresponds to a perturbation of about 
4 per cent of the axisymmetric force for the sum of the 
2-arms and 4-arms components, over a large part of the 
Galactic plane. The self-consistency of the response density 
is found to degrade progressively as the amplitude is 
increased. In addition to the amplitude of the perturbation, 
we tested models with different values of the parameters in 
equation (18). If we increase fJ (or decrease the scalelength 
of the perturbation), we obtain larger fluctuations in the 
internal parts of the Galaxy and fast decrease in the outer 
parts, and the fit of the details of rotation curve discussed in 
the next section get worse. If we increase the relative ampli
tude IX of the 4-arms component, secondary maxima appear 
between the main arms. For large values of IX, there are no 
stable periodic orbits beyond the 4/1 resonance. The best 
choice is about IX = 1. The parameter ')' corresponds to a 
rotation of the reference axis; it does not alter self-consist
ency. However, the aspect of the fluctuations of the rotation 
curve as observed from the Sun can change, as discussed in 
the next section. 

We also tested different values of the rotation speed of 
the spiral pattern, Qp • We found self-consistent solutions, as 
far as the response density is concerned, using different 
values of Qp, like 15 or 26 km S-l kpc-I, so that the response 
density test is not a strong criterion for this parameter. 
However, it is also obvious from Fig. 2 that Qp affects the 
range of the spiral pattern. Values smaller than 20 km S-l 

kpc- 1 would be in contradiction to the existence of spiral 
arms at about 2.5 kpc from the centre, as revealed by tan
gential directions to spiral arms (see e.g. fig. 4 of OL). 
Values larger than 30 km S-l kpc-1 would be in contradic
tion to the existence of the Perseus arm. The fact that the 
observed range of the spiral pattern is in good agreement 
with the interval between the internal and external Lindblad 
resonances, deduced from the observed rotation curve and 
from the observed value Qp, is a good point for the 
model. 

5 EFFECTS OF THE SPIRAL 
PERTURBATION ON THE ROTATION 
CURVE 

The rotation curves based on gaseous tracers that are found 
in the literature are not true rotation curves, but what the 
authors obtained from their data based on the hypothesis 

that the orbits are circular. This is the usual way to associate 
a velocity (the maximum velocity observed at a given longi
tude) with a Galactic radius (the radius of the subcentral 
point), but it is not correct if the orbits are not circular. We 
therefore adopt the following procedure, to mimic the way 
that rotation curves were constructed, in order to compare 
the model with the observations. For a given line of sight (or 
longitude), we examine all the intersections of the line with 
the set of stable orbits discussed in the previous section. At 
these intersections, we take the projection of the orbital 
velocity along the line of sight, which gives the observed 
radial velocity, after correction for the component of the 
LSR velocity along the line of sight. We then select the 
maximum observed velocity in this set, and we associate it 
with the radius of the subcentral point, although we know 
that this is not correct. The resulting pseudo-rotation curve 
is shown in Fig. 9. We should not expect the computed 
velocity fluctuations to fit exactly the 'observed' ones, since 
they depend critically on details like the precise position of 
the Sun with respect to the spiral pattern, in terms of Galac
tic radius and azimuthal angle (the phase angle')' in equa
tion 18). We remark that the amplitude and the separation 
between the peaks is of the correct order of magnitude; this 
indicates that the amplitude of the perturbation that we are 
using is correct. 

A slightly better fit of the 'observed' curve is obtained, as 
is shown in Fig. 9, if we consider that the LSR is moving 
outwards with respect to the Galactic Centre, with a velocity 
of 5 km S-l. This is not an arbitrary choice; it is the LSR 
velocity required to bring together the rotation curves 
observed in the first and fourth quadrants, which show 
large-scale asymmetry (see Kerr 1964). The existence of a 
radial velocity of the LSR is not unexpected, in the frame of 
the spiral model that we are considering. We do not claim 
that the solution shown in Fig. 9 is unique, but at least it 
shows that a detailed model of the fluctuations in the 
'observed' rotation curve can be built. The 6-kpc anomaly is 
associated with the 4/1 resonance, as already discussed; it 
causes a gap in the sequence of orbits, which can be seen in 
Fig. 7. 

250~ 
I I I I I -

-

150 r -

100~~~~~~~1~~1~~~1~~-~1~~ 
o 2 4 6 8 10 12 

R - kpc 

Figure 9. The pseudo-rotation curve obtained by considering the 
stable orbits in the presence of a spiral perturbation of the poten
tial (see text). The upper CUlVe was obtained by assuming that the 
LSR presents a velocity of 5 kIn S-1 receding from the Galactic 
Centre. Clemens (1985) interstellar gas data are shown as 
crosses. 
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Figure 10. The Galactic longitude-radial velocity relation for the 
inner Lindblad resonance. The solid line is our model; the dashed 
line corresponds to a pure circular motion. 

We now examine the velocity associated with the orbit at 
the inner Lindblad resonance, at 2.8 kpc, using the set of 
parameters that have been used throughout this work. The 
relation between the Galactic longitude and the velocity in 
the direction of the observer is presented in Fig. 10. It can 
be seen that a velocity of about - 40 Ian S-1 is predicted in 
the direction of the Galactic Centre 1=0°, close to the 
observed velocity - 53 Ian S-I. The prediction is dependent 
on the exact orientation of the orbit; a change of only 2° in 
the direction of the Sun as seen from the Galactic Centre 
would be sufficient to reproduce the observed velocity. With 
a purely circular motion, this velocity would be 0 Ian s -1. 

This result is remarkable, since it shows that deviations from 
circular motion in the direction of the Galactic Centre, of 
the same magnitude as the observed ones, are predicted by 
our model of spiral structure. The spiral structure model 
competes with other explanations which have been pro
posed in the literature, like a large-scale expansion as pro
posed by Burton & Liszt (1993), or non-circular motions 
owing to a bar. 

6 CONCLUSIONS 

We used an updated description of the potential of the 
Galaxy, derived from the rotation curve and from the mass 
distribution obtained from star counts, to look for a self
consistent solution of the spiral density perturbation. We 
argued that the spiral structure is well-represented by the 
sum of 2-arms and 4-arms components, with 14° pitch angle, 
and with a rotation speed of the pattern of about 20 Ian S-1 

kpc-t, or slighty larger. The 2-arms component extends 
from about 2.8 to 13 kpc, and the 4-arms component from 6 
to 11 kpc; the corotation radius is about 9 kpc. The super
position of 2-arms and 4-arms components is a solution that 
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allows us to reconcile the observed radial range of the spiral 
structure, the existence of four arms revealed by many tra
cers, and the pitch angle given by tangential directions to 
the arms and by the rotation velocity-pitch angle correla
tion for spiral galaxies. The predicted radial range of the 
pattern corresponds to the interval between the internal and 
external Lindblad resonances, obtained from the rotation 
curve and the rotation velocity of the pattern . 

The set of parameters that we recommended provide self
consistency, in the sense that the stable orbits found using 
the imposed perturbation potential produce density fluctua
tions that are similar to those required to generate this 
initial perturbation potential. This is a necessary condition 
to obtain a long-lived pattern. However, the self-consistency 
fails near the 4/1 resonance, at about 6 kpc. Then, according 
to the model, there are no long-lived structures at that 
radius. At the corotation radius (9 kpc), a deficiency of star 
formation might be observed, since there is no gas crossing 
the spiral arms. If our model is correct, the Milky Way 
should resemble MI0l (see e.g. the view provided by 
Elmegreen 1991), that also presents four arms, two of which 
are shorter than the others. 

Of course, the premise of a single, steady, well-behaved 
spiral pattern is questionable. The Galaxy certainly shows 
deviations from any simplified mathematical model. For 
instance, it is subject to the impact of high-velocity clouds, 
to the perturbation from the Magellanic Clouds, etc. Never
theless, it is useful to look for near-equilibrium situations, 
since they tell us much about the underlying physics. Our 
approach may provide a natural explanation for the exist
ence of short arms similar to the Orion 'spur' and possibly 
also of bifurcations, which seem to appear in Fig. 7. Bifurca
tions are often seen in spiral galaxies, and are not well 
explained. Our model can also provide an alternative 
explanation for the large deviations from circular motion in 
directions close to the Galactic Centre. For future studies, 
the picture that we presented is a first approximation, and 
more iterations may improve the model. For instance, we 
derived the potential of the Galaxy from the rotation curve, 
assuming pure circular motion, but later we reached the 
conclusion that the orbits are not circular. 

As we discussed in Section 2, there is an uncertainty in the 
potential of the bulge. Possibly the observed peak at 300 pc 
is due to non-circular rotation, and the bulge may be less 
massive than we considered here. As a consequence, the 
inner Lindblad resonance could be at a slightly smaller 
radius, somewhere between 2 and 2.8 kpc. Probably in the 
near future, as improved star count models will become 
available, based on the 2-)llll surveys that are in progress, 
the question of the mass of the bulge will be settled. 

It is interesting to remark that in barred spirals, the 
2-arms component is tied to the extremities of the bar, 
which indicates that the bar and the spiral pattern rotate at 
the same velocity. This is likely to be so even if the bar is not 
strong, or if the bulge presented only a small deviation from 
symmetry.lbata & Gilmore (1995) find that the bulge of the 
Galaxy has a well-determined linear rotation curve, with 
angular velocity about 25 Ian S-1 kpc-1• Considering the 
errors, this value is compatible with our determination of 
Qp, and with the measurement by Mishurov et al. (1979), 
23.6 ± 3.6 Ian S-1 kpc- 1. As we discussed in Section 2, our 
model implies that the spiral waves travel outwards from the 
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Centre of the Galaxy, contrary to the model of Lin & Shu. 
This suggests that the bulge, presenting some degree of 
asymmetry, may induce the spiral perturbation. 
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