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ABSTRACT 
We study, for spherically symmetric fluid distributions undergoing dissipation in the 
form of a radial heat flow, the role played by the relaxation time in a diffusion 
process. We show that the temperature gradient appearing as a result of 
perturbations, and thereby the subsequent evolution of the system, is highly 
dependent on the product of relaxation time by the period of oscillation of the· 
sphere. 
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1 INTRODUCTION 

In the theory of stellar interiors, at any stage of evolution, it 
is usually assumed that the enegy flux of radiation (and/or 
thermal conduction) is proportional to the gradient of the 
temperature (the Maxwell-Fourier law). This assumption is 
very sensible, since the mean free path of particles respon
sible for the propagation of energy (photons and/or neu
trinos) in stellar interiors, is in general very small compared 
with the typical length of the object. Thus, it is of the order 
of 2 cm for photons at the centre of main-sequence stars, 
like the Sun (Kippenhahn & Weigert 1990). Also, in com
pact cores of densities about 1012 g em -3, the mean free path 
of trapped neutrinos becomes smaller than the size of the 
stellar core (Arnett 1990; Kazanas 1978). 

On the other hand, it is well known that the Maxwell
Fourier law, leads to a parabolic diffusion equation, which 
predicts propagation of thermal perturbation with infinite 
speed (see Joseph & Preziosi 1989, Jou, Casas-Vasquez & 
Lebon 1988 and references therein). This fact is at the 
origin of pathologies (Hiscock & Lindblom 1983), found in 
the Eckart (1940) and Landau & Lifshitz (1959) 
approaches, for relativistic dissipative processes. 

To overcome such difficulties, different relativistic 
theories for dissipative processes, with non-vanishing relax
ation times, have been proposed in the past (Israel 1976; 
Israel & Stewart 1976,1979; Pavon, Jou & Casas-Vasquez 
1982; Carter 1976). All these theories have in common that 
they provide a heat transport equation which is not the 
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Maxwell-Fourier type but of the Cattaneo type, leading 
thereby to a hyperbolic equation for the propagation of 
thermal perturbation. 

In this work we show how the onset of instabilities 
induced by perturbations is affected by non-vanishing relax
ation time. 

2 DISSIPATIVE SPHERICAL COLLAPSE 

Let us consider a spherically symmetric distribution of 
matter which is initially (before perturbation) in hydrostatic 
equilibrium and, after perturbation, undergoes dissipative 
shear-free collapse in the form of radial heat flow. Thus the 
interior space-time is given by (Herrera, Le Denmat & 
Santos 1989; Bonnor, de Oliveira & Santos 1989) 

ds 2 = -A2(r, t) dt 2 +B2(r, t)[dr2+r2(d02+sin20 dljJ2)], 

(1) 

whereas the exterior is described by the Vaidya metric. The 
energy-momentum tensor in the interior is given by 

(2) 

where fJ" P, Wa and qa denote respectively the energy density, 
the isotropic pressure, the four velocity and the radial heat 
flux vector, which has to satisfy qawa=O. Since we are using 
comoving coordinates we shall have, 

b a 
a 0 

W =-
A' 

(3) 

q·=qb~. (4) 

Before perturbation, the fluid is in equilibrium, therefore 
none of the quantities describing it depend on t, and they 
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are denoted by a subscript zero. After perturbation the 
system undergoes dissipative shear-free collapse. As usually 
we assume that the metric functions have the same time 
dependence in their perturbations, so we may write 

A (r, t) =Ao(r) + ea (r) T (t), 

B(r, t)=Bo(r) +eb(r)T(t), 

~(r, t)=/Io(r) +ell(r, t), 

P(r, t) =Po(r) + eP(r, t), 

(5) 

(6) 

(7) 

(8) 

and the radial heat flow q being of the order of e 
(0 < e« 1). On the other hand, the Cattaneo-type equation 
for the heat flow reads (Triginer & Pavon 1995) 

dq« 
't-+q«= _Kh«fi(fI +fla )+-rw«q a fi 

ds ,fi fi fi' (9) 

where 't, K and fI denote the relaxation time, the thermal 
conductivity and the temperature, respectively. a« and h«fi 
are the four-acceleration vector and the projector on to the 
three-space orthogonal to w«; and 

dq« 
-=wfiq« ds ;fi' (10) 

In our case, the only non-null component of equation (9) 
reads 

- q+-q +q=-- fI'+-fI 't ( B) K ( A') 
A B B2 A' 

(11) 

where dots and primes denote differentiation with respect 
to t and r. 

The system of equations fully describing the perturbative 
scheme, up to order e, has been obtained elsewhere (see 
Herrera et al.1989, Bonnor et al. 1989 for details). We shall 
only quote the equations required here. 

Thus, one obtains (see equations 6.23-27 in Bonnor et al. 
1989) 

4eb . 
k"n--pT 
'''1-A~B~ , 

T= -exp[( -PI: +"'IXI: +Pi)t], 

where 

(12) 

(13) 

(14) 

(15) 

Ie is the gravitational coupling constant and subscript I: 
indicates that the quantity is evaluated at the boundary 
surface r=rI:' 

From (12) and (15) we see that if the heat flow vanishes, 
q=O, then b=AoBo, hence we can write for b(r) if the 
dissipation does not vanish, q #- 0, 

b(r)=[1 + U(r)]AoBo, (16) 

where ~ is a positive parameter of the order 0 (Molr I:), with 
Mo the total energy inside rI:O Then equation (12) takes the 
form 

2e . 
KlJ=B 2 U'(r)T, 

o 
(17) 

and since the fluid is collapsing, t < 0, then q > 0 implies 
1'<0. 

3 THE TEMPERATURE GRADIENT 

Writing for the temperature 

fI (r, t) = flo (Ie) + efl (r, t), 

we obtain from (11) up to zero order 

A' 
fI'+~fI =0 o Ao 0 , 

or 

(18) 

(19) 

(20) 

with C > 0 being a constant of integration. This result, 
obtained many years ago by Tolman (1930), indicates that 
thermal equilibrium in a gravitational field requires a tem
peraturte gradient to prevent the flow of heat from regions 
of higher to those of lower gravitational field. Hence, the 
value of the temperature gradient required to get a given 
heat flux is increased by relativistic corrections. This is true 
whether 't = 0 or not, as can be observed, further ahead in 
equation (23). 

To first order in e, we obtain from (11), 

~ ~II'TI[~ (-PI:+"'IXI:+PD2_PI:+"'IXI:+P~] 
Ie Ao 

= -K(fI' + ~: fI). (21) 

where for simplicity we have assumed C = O. 
This last equation shows how the temperature gradient, 

appearing because of perturbation, depends on the relaxa
tion time. In order to exhibit this dependence more clearly, 
let us consider the Newtonian and post-Newtonian limit of 
equation (21). 

In the first case we obtain, assuming A 0 = Bo = 1 and 
/Io»Po, 

2 
- ~II'TI('t~+I)~= -KfI'. 
Ie 

(22) 

In the post-Newtonian approximation we obtain from 
(21) 

~~lf'TI['t(~-2PI:+2~O ~)+I-PI:]~ 

= -K(fI' +~ fI), 
/Io+Po 

(23) 
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where we have assumed that Ao=1-(2molr), Bo=1+ 
(2molr), p~ < 0 and neglected all terms of the order (molr)2 
or pI:.(mJr). with mo the total energy inside r. 

4 DISCUSSION 

Let us now tum back to the Newtonian limit (equation 22). 
If 1 =0 (Maxwell-Fourier) then as a result of the perturb~
tion a negative gradient of temperature appears that IS 
responsible for the appearance of the heat flow. l!su~l~, 
relaxation time is neglected because for most matenals It IS 
very small. Of the order of 10- 11 s for phonon-electron 
interaction and of the order of 10-13 s for phonon-phonon 
and free-electron interaction at room temperature (Peirls 
1955). There are, however, situations where the rel~ation 
time may not be negligible. Thus, for example, for Helium II, 
the relaxation time is of the order of 10-3 s for temperature 
1.2 K (Band & Meyer 1948). Also in dense degenerate 
regions where thermal conductivity is dominated by elec
trons, one expects the relaxation time to increase signifi
cantly, owing to the larger mean free path of electrons. In 
fact it has been recently shown that for neutron star matter 
at densities of the order 1014 g em -3 or higher, the relaxation 
may be in the range (Herrera & Falcon 1995; Di Prisco, 
Herrera & Esculpi 1996) of 

(24) 

Indeed, from the hyperbolic equation resulting from the 
Cattaneo equation (9), it follows (Joseph & Presiosi 1989) 

1=KI(v2 y), (25) 

where v is the speed of the thermal wave and y is the heat 
capacity per unit volume. 

If the thermal conductivity is dominated by electrons, 
then (ltoh & Flowers 1979, 1981) 

K~1023(1l11014 g cm-3)(108 KlfT) erg S-1 em-1 K-1 (26) 

and for the heat capacity cv , we have 

cv=<pfT, (27) 

where the coefficient <p, which is model dependent, and we 
take the value of <p ~ 1029 erg K-2 (Shibasaki & Lamb 1989). 
Feeding back (26) and (27) into (25) we have 

1020 
't'~ S, 

(fT2) (v2) 
(28) 

where (fT) and (v) are numerical values of temperature and 
heat wave speed measured in K and cm S-1.1t has also been 
assumed that Il ~ 1014 g cm -3 and for the radius of the 
degenerate core we take R ~ 10 km. Thus, taking for v its 
absolute upper limit v~3 x 1010 cm S-1 we may have 

1 ~ 10-4 s, (29) 

for temperatures of the order fT ~ l(f K which corresponds 
to the latest time of evolution of a neutron star (see Shiba
zaki & Lamb 1989 and references therein). 

However, if we take a more reasonable value v ~ 103 cm 
S-1 corresponding to the velocity of second sound in super
fluid helium, we observe that even for temperatures as high 
as fT ~ 109 K, corresponding to the early evolution of 
neutron stars, we obtain 
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1~1O-4 s. (30) 

For fT ~ 106 K we obtain in this case 

1~1OZ s. (31) 

The other parameter entering equation (22) is Ji;:., 
which may be taken (at least) of the order of the frequency 
of the lowest mode of perturbation. Therefore, for an 
homogeneous sphere of density 1l~1014 g cm-3 we have 
(Kippenhahn & Weigert 1990) 

(32) 

where G=6.67 x 10-8 dyn cm2 g-2. If we take for 1 the 
lowest value in (24), then there will be an increase of 10 per 
cent in the absolute value of the temperature gradient, as 
compared with the 1=0 case. However, if we take .the 
highest value in (24), we obtain a temperature gradIent 
which is five orders of magnitude greater than the value 
corresponding to 1 = O. This effect is obviously stronger for 
the overtones. 

Since the subsequent evolution of the system, after per
turbation, is clearly dependent on the gradient of tempera
ture induced by perturbations, it should be clear that the 
relaxation time should not be neglected whenever the 
product 1 Ji;:. is, at least, of order 1. . 

The important point, is that the conclusion above IS true, 
even if the typical time-scale of the process to be considered 
after perturbation, is larger than the relaxation time. 

It is also worth mentioning that in the fully relativistic 
case, equation (21), the factor multiplying 1 increa~es 
(Ao < 1), enhancing thereby the effect of the r~laxatlon 
time. This is also apparent at the post-Newtoman level 
equation (23) since PI:.:::;; o. .. , . 

We have seen that for a given 'lummosIty , the assocIated 
temperature gradient is larger for larger relaxation times. 
We can interpret this result from the other way round, and 
to conclude that for a given temperature gradient the 'lumi
nosity' is lower for larger relaxation times. This is in fact the 
case, not only for small perturbations, as shown in Di Prisco 
et al. (1996). 

We would like to conclude with the following comment. 
Sometimes it is wrongly stated, that it makes no sense to 
describe, via a macroscopic fluid, the behaviour of a system 
on time-scales shorter than the relaxation time. In the case 
of neutron star matter, this time is comparable to the scat
tering time between electrons (which carry on heat conduc
tion).1t should be obvious, that time-scales shorter than the 
relaxation time in this context, are compatible with the 
description of the system as formed by a Fermi fluid consist
ing of degenerate neutrons. Another counterexample to the 
statement above is provided by superfluids, as commented 
before. 
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