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ABSTRACT
The recent detection of the binary black hole merger GW150914 demonstrates the existence
of black holes more massive than previously observed in X-ray binaries in our Galaxy. This
article explores different scenarios of black hole formation in the context of self-consistent
cosmic chemical evolution models that simultaneously match observations of the cosmic star
formation rate, optical depth to reionization and metallicity of the interstellar medium. This
framework is used to calculate the mass distribution of merging black hole binaries and its
evolution with redshift. We also study the implications of the black hole mass distribution for
the stochastic gravitational wave background from mergers and from core-collapse events.

Key words: black hole physics – gravitational waves – binaries: general – stars:
Population III.

1 IN T RO D U C T I O N

The recent detection by the Advanced Laser Interferometric
Gravitational-wave Observatory (LIGO) of the gravitational wave
source GW150914 (Abbott et al. 2016b) constitutes the first obser-
vational evidence for a merger of a binary black hole (BBH) system.
The signal matches the waveform expected from a merger of two
black holes (BHs) of masses 36+5

−4M� and 29+4
−4M� at a luminosity

distance of 410+160
−180 Mpc, corresponding to a redshift of 0.09+0.03

−0.04

(Abbott et al. 2016a,b).
One of the most interesting astrophysical questions raised by

this discovery is how such ’heavy’ BHs can form and what are the
physical conditions required. The most massive X-ray binaries with
reliably measured masses reach only 20 M�, making GW150914
the most massive stellar BBH ever observed (Abbott et al. 2016a).
The masses of remnants that can form in a supernova (SN) have been
studied extensively using various techniques (see Janka 2012, for a
comprehensive review on SN explosion mechanisms). One of the
first quantitative approaches (e.g. Woosley & Weaver 1995; Zhang,
Woosley & Heger 2008) was to initiate the explosion artificially in
a 1D (spherically symmetric) stellar model. These models typically
find that the final mass of the collapsed remnant is sensitive to
the explosion energy, the presupernova structure, the stellar mass
and the metallicity. A reverse shock is generated when the SN
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front shock travels through the hydrogen envelope of the star and
can decelerate a significant amount of matter, further increasing
the final remnant mass. BH masses obtained in these models are
generally below 40 M� with the maximum fraction of the mass of
the progenitor star winding up in the BH of up to ∼25 per cent for
a solar-metallicity star and up to ∼70 per cent for zero-metallicity
star. Note that in order to calculate the mass distribution of BHs
one needs to account for the stellar initial mass function (IMF) of
the progenitor stars which peaks at low stellar masses (e.g. Kroupa
2001). As a result, piston-driven models tend to predict negligibly
small number densities of heavy BHs.

In recent years, other models of SN collapse were built us-
ing higher-dimensional numerical simulations and/or more accu-
rate description of the neutrino physics (e.g. Fryer & Young 2007;
O’Connor & Ott 2011; Lentz et al. 2012; Müller, Janka & Marek
2012; Ugliano et al. 2012; Kochanek 2014; Clausen, Piro & Ott
2015; Pejcha & Thompson 2015; Ertl et al. 2016). These studies
confirmed that BHs form for progenitor masses above ∼25 M�
either via direct collapse or via fallback and elucidated the connec-
tions between the progenitor mass and metallicity and the remnant
mass. However, it is challenging to explore a wide range of progen-
itor masses and metallicites using higher-dimensional simulations
due to the high computational costs.

An alternative method is to use analytical tools to estimate the
explosion energy, as was done in Fryer (2006) under the assump-
tion that the energy reservoir is limited to the convective region
bounded by the edge of the proto-neutron star and the SN shock.
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This recipe was subsequently used in Fryer et al. (2012) to study
the dependence of the compact remnant mass function on the delay
between core bounce and explosion and to demonstrate that the dif-
ference between possible explosion mechanisms will be detectable
by gravitational wave observatories.

If the progenitors of the BBH evolve in an isolated environment
without dynamical interactions (see e.g. Ziosi et al. 2014, for an
alternative scenario where BBH form through dynamical interac-
tions in dense stellar clusters), then the masses of the remnants as
well as the merger delay time will depend also on their binary inter-
actions. Evolutionary models (e.g. Belczynski et al. 2010a; Spera,
Mapelli & Bressan 2015) have shown that single stars can form
BHs as massive as ∼100 M� and follow-up population synthesis
codes of isolated binary evolution (e.g. Belczynski et al. 2010b)
predict the existence of BBH systems that merge within the age
of the Universe. In particular, it was recently shown (Belczynski
et al. 2016; Eldridge & Stanway 2016) that the stellar progenitors
of GW150914 had to form in a low-metallicity environment. Other
models were developed that predict the formation of massive BHs
under specific conditions, such as chemically homogeneous evolu-
tion of the binary (e.g. Marchant et al. 2016; Mandel & de Mink
2016) or the direct collapse of a single, fast-rotating star to a binary
which subsequently merges (e.g. Loeb 2016; Woosley 2016).

It has also been proposed that the first stellar generation (Pop-
ulation III; PopIII) which was created from zero metallicity gas
is responsible for a significant fraction or even the majority of
BBH mergers observable with gravitational wave observatories (e.g.
Bond & Carr 1984; Belczynski, Bulik & Rudak 2004; Kowalska,
Bulik & Belczynski 2012). Kinugawa et al. (2014) found that the
typical mass of PopIII BBH is ∼30 M� and the detection rate
is expected to be as high as ∼140 events per year (although note
that the evolution of massive stars at low metallicity could differ
substantially from that in metal-rich environments; see Szécsi et al.
2015). However the importance of PopIII stars as merging BBH
progenitors in the context of realistic galaxy evolution models is
still debated. Recently, Hartwig et al. (2016) concluded, based on
their self-consistent cosmological semi-analytic model, that there is
only an ∼1 per cent probability that GW150914 is of PopIII origin
and that the GW background of BBH mergers produced by PopIII
stars is small compared with other contributions at f � 25 Hz, where
the LIGO network is most sensitive. On the other hand, Inayoshi
et al. (2016) found that the GW background produced by PopIII
remnants can dominate other populations and would enable tight
constraints on the PopIII properties.

The purpose of this paper is to explore the merger rate of BBHs
in the context of self-consistent cosmic metallicity evolution mod-
els. In particular, we focus on the differences in the expected mass
distribution of merging BBHs between different models of BH for-
mation. With more detections of coalescing BBHs by the Advanced
LIGO and VIRGO observatories expected in the near future, it
might be possible to constrain the SN explosion mechanism from
the observed BBH mass spectrum. We also explore the stochas-
tic gravitational wave background from merger and SN collapse
events and show that it might be possible to disentangle these two
contributions with observations in the range f � 400 Hz.

In this work we compare two models of BH formation, the 1D
model of Woosley & Weaver (1995) and the analytic description
of Fryer et al. (2012) which give the remnant mass as a function
of progenitor mass and metallicity for a wide range of masses and
metallicities. Since we also use Woosley & Weaver (1995) for the
stellar yields, this first choice constitutes a fully self-consistent
description, while the model by Fryer et al. (2012) is based on

a physically motivated explosion mechanism and its description of
BH formation is more realistic. We also explore the model developed
by Kinugawa et al. (2014) for PopIII stars. In addition, we consider
various prescriptions for the star formation rate (SFR) and IMF.
While this choice of models is far from being exhaustive, our goal
here is to show how different prescriptions can be discriminated
using upcoming observations of gravitational waves combined with
constraints from reionization and metallicity measurements.

The structure of this paper is as follows. In Section 2 we describe
the BH formation models we employ and the chemical evolution
model in which they are embedded. In particular, we discuss con-
straints from observations of metal absorption lines and optical
depth to reionization on the various prescriptions for the SFR that
we use. Possible contributions from PopIII stars are also discussed.
In Section 3 we present the BBH merger rate as a function of the
BH mass expected in different models. These results are used in
Section 4 to calculate the stochastic gravitational wave background
from mergers as well as from SN collapse. We conclude in Section 5.

2 B I NA RY B L AC K H O L E FO R M AT I O N
S C E NA R I O S

The formation of BHs occurs at the end of the nuclear burning
phase in massive stars and can proceed via two routes. For the lower
mass end of BH formation, a meta-stable proto-neutron star (NS)
is produced, followed by a formation of a BH through accretion of
the part of the stellar envelope that could not be expelled in the SN.
Direct collapse (sometimes called failed SN) into a BH occurs in
the case of the most massive stars. Thus, the mass of the remnant is
determined mainly by the mass of the star at the moment of collapse,
as well as the explosion energy.

Massive stars generally experience strong winds which cause
them to shed a significant fraction of their envelopes during their
lifetime (e.g. Meynet & Maeder 2007; Vink 2008; Georgy, Meynet
& Maeder 2011). The strength of these winds depends on metallic-
ity: stars at lower metallicities exhibit weaker winds due to reduced
opacity and easier radiation transport. Other factors that influence
the relationship between the zero-age main sequence (ZAMS) mass
and the stellar core mass at the time of collapse are stellar rotation
(e.g. de Mink et al. 2009) and the microphysics of stellar evolution
(e.g. Jones et al. 2015; Meynet et al. 2015). The mass of the BH
formed after the collapse of the core depends on the strength of the
SN explosion which determines how much material is ejected. In
addition, after the shocked material slows down some of it may be
decelerated and fall back on to the proto-NS, adding to the remnant
mass.

In this paper, we consider two models of BH formation. Model
WWp follows Woosley & Weaver (1995) up to progenitor masses
of m = 40 M�. For stars with initial masses above 40 M� the
remnant mass is extrapolated as follows:

mrem

m
= A

(
m

40M�

)β 1(
Z

0.01Z�
)γ

+ 1
(1)

where Z is the metallicity. This functional form was chosen so as
to match the results of Woosley & Weaver (1995) at m = 40M�
for the range of metallicities they explored and the dependence of
the remnant mass on metallicity given in Crocker et al. (2015) (see
their fig. 4, which is based on Belczynski et al. 2010a). The fiducial
values of our extrapolation are A = 0.3, β = 0.8 and γ = 0.2. The
yields in this case are scaled from the tabulated values of Woosley
& Weaver (1995) so as to ensure mass conservation.
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The second model we consider, called Fryer in what follows, is
based on the calculations of remnant masses taken from Fryer et al.
(2012) (in particular their delayed model) with the yields taken from
Woosley & Weaver (1995). This model is based on the assumption
that the explosion is powered by a convection-enhanced, neutrino-
driven engine and the explosion energy, mass loss and fallback are
calculated analytically.

For each of these models we also consider the possibility of
different BH formation scenarios from metal-poor stars. Compared
with the present-day stellar population these stars are expected to be
more massive, have smaller radii for the same mass, and less mass
loss by stellar winds during their lifetime. Well before the actual de-
tection of GW150914, Kinugawa et al. (2014) found that the typical
mass of BHs formed from PopIII stars that would be merging today
is ∼30 M�. Inspired by this prediction, we assume that stars below
some metallicity limit Zlimit = 10−3Z� produce BHs according to
the relation found in Kinugawa et al. (2014). This prescription is
based on the evolutionary models of Marigo et al. (2001) for zero-
metallicity stars, which provide the stellar radius and core mass, and
the fitting formulae from Belczynski, Kalogera & Bulik (2002) for
the remnant mass. These models are named WWp+K and Fryer+K,
in which case this special prescription is applied to all stars below
the chosen metallicity limit. In the following we explore different
values of Zlimit.

The models described above provide the remnant mass as a func-
tion of ZAMS mass and metallicity. We then assume that the rem-
nant is a BH for remnant masses above 2.5M� and a neutron star
for lower masses. While mergers of double neutron stars and BH–
neutron star binaries are expected to be detectable by gravitational
wave observatories, we do not include the neutron star population
here and leave it to future work.

These models of BH formation are embedded in the cosmic
chemical evolution model based on Daigne et al. (2004, 2006)
and Rollinde et al. (2009). We assume a Salpeter stellar IMF with
slope x = 2.35 in the mass range 0.1–100 M� (Salpeter 1955). We
also consider the case of x = 2.7 (which can be the case for the
high-mass tail of the IMF in dense and turbulent environments; see
Chabrier, Hennebelle & Charlot 2014) which we denote as steep
IMF (we note that this is an extreme scenario). For the cosmic SFR
we use the functional form of Springel & Hernquist (2003):

ψ(z) = ν
a exp[b(z − zm)]

a − b + b exp[a(z − zm)]
(2)

where z is the redshift. Our fiducial model is a fit to the ob-
servations of luminous galaxies compiled by Behroozi, Wechsler
& Conroy (2013) and complemented by high-redshift observa-
tions from Bouwens et al. (2015) and Oesch et al. (2015). We
use the fit parameters given in Vangioni et al. (2015), namely
ν = 0.178 M�yr−1Mpc−3, zm = 2, a = 2.37 and b = 1.8.

An alternative way to calibrate the SFR at high redshifts is
by considering the rate of gamma-ray bursts (GRBs; Robertson
& Ellis 2012; Wang 2013; Kistler, Yuksel & Hopkins 2013). We
use the results of Trenti, Perna & Tacchella (2013) and Behroozi
& Silk (2015) to obtain a fit combining low-redshift galaxy lu-
minosity data and high-redshift GRB data. This choice corre-
sponds to Model 2 in Vangioni et al. (2015) with the parameters
ν = 0.146 M�yr−1Mpc−3, zm = 1.72, a = 2.8 and b = 2.46. This
set of models is dubbed GRB-based.

Finally, we also explore the possibility of an early PopIII com-
ponent with the Salpeter IMF in the mass range 36–100 M� and
SFR parameters ν = 0.002 M�yr−1Mpc−3, zm = 11.87, a = 13.8
and b = 13.36. This set of models is named PopIII. The SFR as a

Figure 1. SFR as a function of redshift for the models explored here. The
fiducial model (red line) is based on the data compilation by Behroozi
et al. (2013) and high-redshift observations from Bouwens et al. (2015) and
Oesch et al. (2015). Adding a PopIII component produces a peak at z ∼ zm

(the combined Fiducial+PopIII is shown in yellow). A model that is based
on high-redshift GRB data and the normalization from Trenti et al. (2013)
results in a higher SFR at high redshifts (purple line).

Figure 2. Optical depth as a function of redshift for the set of SFR models
shown in Fig. 1, compared with the constraints from Planck Collaboration
XIII et al. (2015) using their Planck TT + low P combination. All the models
considered here are consistent with the CMB measurement.

function of redshift for a set of representative models is shown in
Fig. 1. Note that the SFR calibrated to GRB data results in much
higher SFR at high redshifts.

The viability of different SFR models can be studied using the
constraints from the optical depth to reionization, constrained from
the analysis of the cosmic microwave background (CMB). We cal-
culate the evolution of the volume-filling fraction of ionized regions
and the Thomson optical depth as in Greif & Bromm (2006), as-
suming an escape fraction of fesc = 0.2. The number of ionizing
photons for massive stars is calculated using the tables in Schaerer
(2002). In Fig. 2 we compare the optical depth in a set of our
representative models with the value obtained by Planck Collabora-
tion XIII et al. (2015), using their Planck TT + low P combination:
τ = 0.078 ± 0.019. It can be seen that all the models considered here
are consistent with the CMB measurement. We note that the latest
Planck analysis (Planck Collaboration XLVI, XLVII et al. 2016a,b),
which appeared after the present article was submitted, results in a
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Figure 3. Metallicity evolution as a function of redshift for a few represen-
tative models, compared with DLA data from Rafelski et al. (2012, black
crosses). Blue and red lines show the Fryer and WWp models, respectively,
using our fiducial SFR. We also show the results for the WWp model with al-
ternative SFR and IMF prescriptions. At lower redshifts, the different models
produce very similar results; however at higher redshift the PopIII and GRB-
based models predict much higher metallicities, which affects the masses
of BHs formed in these scenarios. In the Steep IMF model, fewer massive
stars are formed which leads to significantly lower metallicity (green line).

significantly lower value of the optical depth (τ = 0.058 ± 0.012).
This new value can be accommodated if the escape fraction is low-
ered to fesc = 0.1, consistent with some recent measurements (see
e.g. Matthee et al. 2016). We intend to explore the implications of
these results in future work (see also the discussion in Vangioni
et al. 2015, on the effect of the escape fraction).

Various studies (e.g. Belczynski et al. 2010b; Fryer et al. 2012)
have shown that the remnant mass of a given progenitor star is very
sensitive to the metallicity, mainly because stars at lower metallic-
ity produce weaker winds. The cosmic evolution of metallicity is
therefore an important part of any model that attempts to calculate
BBH merger rates. Our model follows the chemical enrichment of
the interstellar medium (ISM) in a self-consistent manner and re-
produces the metallicities measured in high-redshift damped Lyα

absorbers (DLAs), as shown in Fig. 3. At lower redshifts the dif-
ferent models are practically indistinguishable (except for the steep
IMF model which produces much fewer massive stars); however
at higher redshift the PopIII and GRB-based models predict much
higher ISM metallicities, a direct result of the increased SFR in
these models. Below we will explore the effect this evolution has
on the efficiency of Kinugawa-like models. Note that the metallicity
is slightly reduced in the fiducial Fryer model relative to the WWp
model because in this case more mass remains locked in heavy
BHs. Indeed, as the efficiency of producing heavy BHs increases
the metal yield of the star decreases as is required by simple mass
conservation.

The various models of BH formation, SFR and IMF are sum-
marized in Table 1. As we have shown, our fiducial models are
consistent with the observed SFR, optical depth to reionization and
cosmic metallicity evolution. We now proceed to calculating the
birth and merger rates of BBH.

3 BI NA RY B L AC K H O L E M E R G E R R AT E S

The direct outcome of our calculation is the birthrate of BHs as a
function of mass and redshift (or, equivalently, time) Rbirth(t, mbh)

(in units of events per unit time per unit comoving volume per unit
BH mass):

Rbirth(t, mbh) =
∫

ψ[t − τ (m)]φ(m)δ(m − g−1
bh (mbh))dm (3)

where τ (m) is the lifetime of a star of mass m (taken from Schaerer
2002), φ(m) is the IMF, ψ(t) is the SFR, δ(m) is the Dirac delta
function and the ZAMS stellar mass and BH mass are related by
some function mbh = gbh(m) which is implicit in the equation above.
gbh also depends on time through its metallicity dependence and is
calculated according to the prescription of each of our models.
However, the relevant quantity for gravitational waves is the merger
rate which depends also on the binary fraction and the delay time
between the binary formation and merger. This time delay is in
most cases larger than the age of the Universe, and in general
depends on the orbital parameters of the binary (semi-major axis
and eccentricity) which are not resolved in our model. To circumvent
this difficulty we assume a delay time distribution from the models
of Belczynski et al. (2016) and convolve it with the birth rate Rbirth(t)
given by our models as follows:

Rm(t, m) = N

∫ tmax

tmin

Rbirth(t − td, m)P (td)dtd , (4)

where td is the delay time whose distribution is P(td) ∝ 1/td for
tmin < td < tmax with tmin = 50 Myr and tmax equal to the Hubble time.
We note that, in principle, the time delay depends on the properties
of the binary (e.g. masses and initial orbital parameters; see Peters
1964) as well as its environment if the binary is non-isolated (e.g.
Ziosi et al. 2014; Rodriguez, Chatterjee & Rasio 2016). A complete
treatment of the time delay distribution is beyond the scope of the
present paper and will be discussed in our future work. To account
for binaries that did not merge at all we normalize the total birth rate
(sum over all masses) using the observed rate of 10−7 Mpc−3 yr −1

at z = 0, where we used the estimate from Abbott et al. (2016c) that
assumes a power-law distribution of BH masses. This normalization
is expressed by the constant N. Note that, in principle, the delay time
itself is a function of the masses of the BHs in the binary, in particular
BHs with roughly equal mass are expected to merge faster, as well
as those with larger total mass. The treatment of this effect is beyond
the scope of the present paper and we plan to address it in future
work.

The total merger rate as a function of redshift for a representative
subset of our models is shown in Fig. 4. Note that all the models
produce very similar total merger rates, which is a direct conse-
quence of the similarity in the SFR. The GRB-based model predicts
the highest BH birth and merger rates at high redshifts due to the
enhanced SFR.

While it is impossible to distinguish between the different models
using the total BBH merger rate shown in Fig. 4, the predictions for
merger rates per unit BH mass vary among the different prescrip-
tions. Fig. 5 shows the merger rate per unit BH mass at z = 0 for a
few of the WWp models, as well as two of the Fryer models. Here
the differences between the different models become apparent above
mbh � 20M�. Clearly, the Fryer model is much more efficient in
producing massive BHs. In contrast, the fiducial WWp model strug-
gles to produce massive BHs in significant amounts: these models
differ by more than two orders of magnitude for M = 30 M�. The
rate of production of massive BHs is increased if we use steep IMF
or a Kinugawa-like prescription for metal-poor stars. The reason for
the shift towards higher BH masses in the steep IMF model is that
in this case the metallicity is significantly lower, as can be seen in
Fig. 1, so that even though there are fewer massive progenitor stars,
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Table 1. A summary of the models studied in this work. BH masses are taken from either WWp or Fryer and can be supplemented
by Kinugawa-like prescriptions, named WWp+K and Fryer+K, respectively. The PopIII model for SFR is added to the Fiducial
model to produce a bimodal SFR as shown in Fig. 1.

Model name Ref. Parameters Parameter values

WWp Woosley & Weaver (1995) A, β, γ 0.3, 0.8, 0.2
Fryer Fryer et al. (2012) – –

BH masses
WWp+K

Kinugawa et al. (2014) Zlimit/Z� 0.001 or 0.01
Fryer+K

Fiducial 0.178, 2.00, 2.37, 1.8
SFR PopIII Vangioni et al. (2015) ν, zm, a, b 0.002, 11.87, 13.8, 13.36

GRB-based 0.146, 1.72, 2.8, 2.46

Fiducial Salpeter (1955) 2.35
IMF x

Steep IMF Chabrier et al. (2014) 2.7

Figure 4. Total merger rate of BBH as a function of redshift, normalized
to 10−7 Mpc−3 yr −1 at z = 0. With the given normalization, the curves are
in practice indistinguishable below z = 3.

Figure 5. Merger rate per unit BH mass at z = 0 (the x-axis shows the mass
of each component of the binary, assumed equal in our model). Even with
the normalization of the total rate for all the models, the mass dependence
is different.

the masses of the BHs that form are, on average, higher. Note that
if we include a bimodal IMF to account for an early burst of PopIII
stars (yellow dotted line) the Kinugawa prescription is not effective
at producing BBH that merge at z = 0. The reason is that in this case
the metallicity rises quickly at high redshifts, as shown in Fig. 3 and
the Kinugawa prescription is in fact not employed. While it pro-

Figure 6. Merger rate per unit mass as a function of redshift. Different
curves correspond to 1 M�-wide mass bins. Solid curves are for the WWp
model, while the dashed curve represents the merger rate of 30 M� BBH in
the Fryer model. The merger rate is dominated by low-mass binaries, with
most of the contribution coming from 3 M� BHs (just above our chosen
limit between neutrons stars and BHs). The same holds for the Fryer model
(not shown in this plot).

duces some BBH at higher redshift, their number density at z = 0 is
negligible, and in fact slightly reduced relative to the fiducial WWp
model. The same effect happens when we try to employ a GRB-
based SFR (purple dotted line overlapping with the yellow dotted
line) which increases the metallicity at high redshift. However, in
the fiducial SFR model the Kinugawa prescription significantly in-
creases the number of BBH mergers with masses above ∼30 M�
(solid green and dashed blue lines). As expected, the outcome of our
Kinugawa-like models depends strongly on the assumed metallicity
floor Zlimit, below which we employ the Kinugawa-like prescription.
When it is used for metallicities as high as 0.01 Z� the difference
with the Fryer model is less than one order of magnitude for M �
35 M�.

In contrast to the WWp family of models, all of the Fryer models
are very similar, except for the steep IMF model, which shifts the
local peak from ∼20 M� to ∼25 M�. We note that this result
might be sensitive to the mass ranges chosen for the fits in Fryer
et al. (2012).

The evolution with redshift of the merger rate per unit BH mass
is shown in Fig. 6 for the WWp model (solid lines) and the Fryer
model (dashed line). We note that Fig. 5 corresponds to the z = 0
axis in Fig. 6, and we show only four mass bins to simplify the
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plot. First, it can be seen that the merger rate of lower-mass BHs
attains its maximal value at around the peak of the SFR, which is not
surprising given that the chosen delay time distribution prefers very
short delay times. The dominant contribution to the overall merger
rate is from small BH masses, which is the case in all the models
we considered. Events like GW150914 are therefore not expected
to constitute the majority of the merger events. Note, however, that
in view of the sensitivity of the LIGO detector, the majority of
the observed events might well be similar to GW150914 (see e.g.
fig. 3 in Belczynski et al. 2016). In all the models we considered
the dominant contribution was from BBHs just above our chosen
limit between neutron stars and BBHs, as a consequence of the
IMF which peaks at low masses. The WWp model discourages the
formation of BHs with masses above ∼20 M�, which only occurs
at low metallicity. This explains the peak of the mergers of 30 M�
BHs which occurs at z ∼ 5 in this model. For comparison we also
show the merger rate of 30 M� BHs in the Fryer model, in which
case they continue to be formed and merge up to low redshift, with
the peak occurring at z ∼ 2. The difference between these two
models in their predictions for the merger rate of 30 M� BHs,
shown in Fig. 5, is visible here for the whole redshift range.

We now turn to consider the implications of our models and the
differences in the obtained BBH mass distributions for the stochastic
gravitational wave background.

4 STO C H A S T I C G R AV I TAT I O NA L
WAV E BAC K G RO U N D

The stochastic background of gravitational waves is usually ex-
pressed in terms of the dimensionless density parameter:

�gw(f ) = 1

ρc

dρgw

d ln f
(5)

where ρgw is the gravitational energy density and ρc is the critical
energy density of the Universe. The density parameter is given by
(Regimbau 2011):

�gw(fo) = 8πG

3c2H 3
0

fo

∫
dθp(θ )

∫
dz

Rsource(z, θ )

(1 + z)EV (z)

dEgw(θ )

df

(6)

where fo is the observed frequency, f = (1 + z)fo is the frequency
at emission, p(θ ) is the distribution of source parameters θ (such
as the source type, binary orbital parameters, etc.), Rsource(z, θ ) is
the source rate density, EV (z) =

√
�m(1 + z)3 + �� is the cosmo-

logical volume parameter and dEgw/df is the gravitational spectral
energy emitted.

The first contribution we consider is from the coalescence of two
BHs and reflects the merger rate of BBH computed above. The
merger event can be decomposed into three phases: inspiral, merger
and ringdown, for which the spectrum is given approximately by
(Zhu et al. 2011):

dEGW

dfe

= (Gπ )2/3M5/3
c

3

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f −1/3
e , fe ≤ f1

ω1f
2/3
e , f1 < fe < f2

ω2

(
fe

1+
(

fe−f2
σ/2

)2

)2

, f2 ≤ fe ≤ f3

(7)

where Mc = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass. The set of
parameters (f1, f2, f3, σ ), where f1, f2 correspond to the end of the
inspiral and merger phases, respectively, is taken from Ajith et al.

(2008) for the case of non-spinning BHs for each set of masses
(which we assume to be always equal). The constants ω1 = f −1

1

and ω2 = f −1
1 f

−4/3
2 are chosen to make dEgw/df continuous.

The second contribution is from a collapse of a single star which
reflects the BH birth rate. We assume, following Crocker et al.
(2015), that most of the energy is dissipated via the ringdown of the
� = 2 dominant quasi-normal mode whose frequency is given by
(Echeverria 1989):

f∗ = �(a)

mbh
(8)

where mbh is the mass of the BH and

�(a) = c3

2πG

[
1 − 0.63(1 − a)0.3

]
(9)

is a function of the dimensionless spin factor a. The energy spectrum
of a single source is then given by:

dEGW

df
= εmbhc

2δ(f − f∗) (10)

where ε is the efficiency of GW production. We note that there could
be other contributions which depend on the details of the post-core-
bounce evolution of the SN (see e.g. Müller, Janka & Marek 2013;
Ott et al. 2013).

Then the density parameter of gravitational waves can be calcu-
lated by plugging equations (8)–(10) into equation (6) and is given
by:

�gw(fo) = ε
8πG

3H 3
0

∫
Rbirth(z′, mbh)

(1 + z′)EV (z′)
mbhdmbh (11)

where z′ is a function of mbh. The rate of formation of BHs per unit
time, per unit volume and per unit mass Rbirth(z′, mbh) is taken from
our model described above where

z′ = �(a)

mbhfo
− 1 (12)

and we take the efficiency parameter ε = 10−5 from Crocker et al.
(2015). We assume a constant spin parameter a = 1 for all the BHs.
The resulting stochastic gravitational wave background is depicted
in Fig. 7 (blue solids curve) calculated with the Fryer model, in
particular using the BBH mass spectrum shown partly in Figs 5
and 6. The light blue shaded region corresponds to the upper and
lower limits of the local merger rate, to which we normalize the total
merger rate [the factor N in equation (4)]: 1.02+1.98

−0.79 10−7Mpc−3 yr−1

(Abbott et al. 2016c). The solid red curve is the Fiducial model
of The LIGO Scientific Collaboration & the Virgo Collaboration
(2016) (taken from their fig. 1) calculated using dEGW/dfe from
Ajith (2011) and assuming the merger rate is proportional to the
cosmic SFR below metallicity 0.5Z� and the same time delay
distribution as used here. Note that in this case the normalization
was taken to be 1.6+3.8

−1.3 10−8Mpc−3 (Abbott et al. 2016c), since
they assumed that all BBHs have masses identical to GW150914.
The blue dashed line shows our calculation where we also assumed
the same masses as in GW150914 for all the merger events, in
which case our model coincides with the LIGO Fiducial model. The
main difference between these models is the SFR: while we use our
Fiducial SFR model, the red solid curve is calculated using the GRB-
based model (see Fig. 1). The difference between these models has
a negligible effect on the spectrum of the stochastic gravitational
wave background. Another difference is that in our Fryer model
with fixed mass the BBH birthrate is in practice proportional to
the SFR (since all the BHs are assumed to be born with the same
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Figure 7. Gravitational wave stochastic background from merger events.
The brown curve and the light orange area are taken from The LIGO Scien-
tific Collaboration & the Virgo Collaboration (2016), where it was assumed
that all the BBH have masses identical to GW150914 and the waveforms
from Ajith (2011) were used. Dashed blue line is our calculation with the
Fryer model under the same assumption and using the waveforms from Ajith
et al. (2008) which produces a nearly identical result. The blue solid line cor-
responds to the Fryer model with the full mass spectrum taken into account.
Note that the amplitude in this case is increased and there is additional power
at high frequencies which is due to low-mass BHs. The light blue shaded
area corresponds to the Fryer model taking into account the uncertainty in
the measured local merging rate to which our calculation is normalized. The
set of black curves shows our calculation using the waveforms from Ajith
et al. (2011) which include PN corrections: dashed for fixed mass, solid for
a mass distribution and dashed with squares for a mass distribution and a
uniform spin distribution.

mass, the mass distributions shown in Figs 5 and 6 are irrelevant).
The LIGO Fiducial model, on the other hand, assumes that the
birthrate is proportional to the SFR at metallicity below Z�/2,
which, however, is proportional to the total SFR for most of the
cosmic history (see Fig. 3). Since the same overall normalization
to the local observed rate is used for both the red solid and black
dashed curves, this difference is also unimportant.

On the other hand, it can be seen that if the whole mass distribu-
tion is taken into account the spectrum of the stochastic background
shifts to higher values, since the BBH population is dominated by
low-mass binaries. It is therefore important to correctly account for
the mass distribution of BBHs discussed above. We note that there is
also significant uncertainty due to the poorly constrained time delay
distribution (see the discussion in The LIGO Scientific Collabora-
tion & the Virgo Collaboration 2016) whose detailed treatment we
leave to future work.

We also explore the effect of BH spins and post-Newtonian (PN)
corrections by taking the spectrum from Ajith et al. (2011) (black
lines in Fig. 7). Ajith et al. (2011) matched a PN description of the
inspiral phase to a set of numerical relativity simulations to obtain
an analytical inspiral-merger-ringdown waveform family. While PN
corrections to the waveform are crucial in parameter estimation
of merger events (e.g. Blanchet 2006), their contribution to the
stochastic background is small in the case of both fixed masses
(dashed black line) and a distribution of BH masses (solid black
line). Moreover, adding a uniform distribution of BH spins in the
range [−0.85, 0.85] (the range of validity of the models of Ajith
et al. (2011); black dashed line with squares) does not significantly
affect the result.

Figure 8. Gravitational wave stochastic background from single-star col-
lapse (dashed) and from merger events (solid). Blue curves correspond to
the Fryer model (the blue solid line is the same as in the previous figure),
whereas the pink lines correspond to the fiducial WWp model. As expected,
the Fryer models predict higher amplitude and lower frequency of the peak
owing to the larger BH masses. Note that for the Fryer models the contribu-
tions from the single and binary populations are separated in frequency and
can be measured with experiments that are sensitive at f �400 Hz (although
note the caveats discussed in the text). WWp models with a Kinugawa-like
prescription for BH formation from metal-poor stars are shown in yellow
and green for a metallicity limit of Zlimit = 0.001Z� and Zlimit = 0.01Z�,
respectively. For comparison, we also show one of the models from Crocker
et al. (2015) (black dashed line, see text). All of the single models assume a
dimensionless spin of a = 1.

Fig. 8 includes the contribution from SN collapse events (dashed
lines) as well as from mergers (solid lines) and compare several
of the models discussed above. Interestingly, in our fiducial Fryer
model (blue) the two contributions are somewhat separated in fre-
quency. Even though the amplitude of the contribution from SN
collapse is at present highly uncertain, this separation might be ob-
servable with experiments sensitive in the f � 400 Hz frequency
domain, and when the rate of observed events becomes sufficiently
large so as to reduce the uncertainty bands. Such an observation
will provide a clear handle on the two different populations – single
and binary – of BHs. We note, however, that there may be addi-
tional contributions in this frequency range, such as from binary
neutron star mergers not discussed here. Furthermore, the mech-
anism of generation of gravitational waves during SN collapse is
highly uncertain (see e.g. Müller et al. 2013; Ott et al. 2013).

The stochastic background from mergers and SN collapse in
the fiducial WWp is shown by the pink solid and dashed lines in
Fig. 8, respectively. The peak of the merger contribution is shifted
towards higher frequency with respect to the Fryer model due to the
lower BH masses in WWp. We also plot the background from SN
collapse in WWp models that use a Kinugawa-like prescription for
metal-poor stars (yellow and green dashed lines). This prescription
produces a peak at around 150 Hz, but its amplitude is very small
owing to the small number density of such SNe. For comparison we
also show (black dashed curve) the calculation of the background
from SN collapse from Crocker et al. (2015), where they assumed
that 50 per cent of the progenitor mass goes into the BH (their model
1). We note that all the Fryer models (i.e. with steep IMF, PopIII
stars, GRB-based SFR) produce very similar GW background and
we do not expect the differences to be observable.
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5 D ISCUSSION

This article explores different scenarios of BH formation in the
context of cosmic chemical evolution models which are consistent
with measured SFRs, optical depth to reionization and metallicity
evolution of the ISM. We have shown that the analytic model of
Fryer et al. (2012) is much more efficient in producing heavy BBH,
such as GW150914 recently observed by Advanced LIGO, than
the piston-driven model of Woosley & Weaver (1995). While the
sensitivity of the BBH mass distribution to the SN collapse model
is not surprising (e.g. Fryer et al. 2012), our approach provides
a convenient cosmological framework for the analysis of future
observations.

We investigated various SFR prescriptions and found that models
that produce large amounts of stars at high redshifts, such as GRB-
based SFR and bimodal SFR which includes a contribution from
PopIII stars, are not favourable to heavy BH production because
of the accompanying rise in metallicity. On the other hand, models
with very steep IMF which produce few massive stars also result
in low cosmic metallicity which leads to higher BH masses. These
results demonstrate the importance of self-consistent modelling.
After this paper was submitted the Planck collaboration released
new constraints on the optical depth to reionization. We intend to
study the consequences of these new results in future work.

The role of PopIII stars in producing heavy BBH which merge
within the age of the Universe is currently debated. Our results
support the conclusion of Hartwig et al. (2016) in that the contribu-
tion of PopIII remnants is sub-dominant in realistic BBH formation
models. In particular, we find that the inclusion of special prescrip-
tions of BH formation from metal-poor stars, such as the model
proposed by Kinugawa et al. (2014), does not affect the mass dis-
tribution of merging BBHs in realistic scenarios, such as our set of
Fryer models. Moreover, we calculated the stochastic gravitational
wave background and found that the contribution from PopIII stars
is negligible in the entire frequency range we explored (f ∼ 10–
1000 Hz).

The analysis presented in this paper is far from being exhaustive
and we plan to explore other BBH formation models in future work.
We expect that future detections of merging BBH will enable us to
discriminate between the different models of SN collapse and BBH
evolution.

In this paper we normalized the total merger rate to the observed
single event and used a universal distribution of delay times from
stellar birth to merger. In reality, the delay time depends on the
orbital parameters of each binary, and the overall normalization
also depends on the binary fraction. We plan to include a realistic
model of binary orbital parameters in a forthcoming paper.

Finally, we plan to apply the approach presented in this paper to a
full galaxy evolution model in order to calculate the anisotropy of the
stochastic gravitational wave background and the cross-correlation
between the optical signal from galaxies and gravitational waves
from BBH mergers.
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