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First a general expression for an eigenstate |£) of the time operator 7" defined by the
commutation relation [T, H]=i% is given in terms of the eigenvectors of the Hamiltonian H.
Then the time operator itself is constructed as T=Jdtt |£)<{t|. When a compound state
corresponding to transitions is introduced, it leads directly to the time-energy uncertainty
relationship formulated previously by the same author.

§ 1. Introduction
The time operator T' defined by the commutation relation
[T, H] =1k [exR))

has been a subject of much debate for many years” in relation to the supposed

time-energy uncertainty relation
At-AE=H/2 . a-2)

For the simplest case of a nonrelativistic free particle of mass 7 in one dimension
with the Hamiltonian I =p%/2m one can conceive quite formally of a time operator

T=m(gp '+ '0) /2. -3

Because of the nonnegative character of the energy spectrum it is not, however,
believed to be well defined in the Hilbert space.” On the other hand, as was
stressed recently by the author,” an undoubtedly well defined time operator

T=—p/k (1-4)
corresponds to the nonrelativistic Hamiltonian
H=p*/2m +kq=Fk exp ({up®) g exp (—tup®) (1-5)

with the constant u=1/6mi#ik for a one-dimensional motion of a particle of mass
m in a constant uniform field of force specified by the force constant & Never-
theless, no rational recipe for constructing the time operator 7" corresponding to a
general Hamiltonian H has been put forward up to the present. Only the sojourn-
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Quantal Time Operator, Construction and Signification 19
time operator” -
0= | @ v 0 PO UL (1-6)
0

with the evolution operator Uy (¢) =exp(—itH/#) was proposed in 1971 by
Ekstein and Siegert as a substitute for the nonexistent time operator.

In 1945 Mandelstamm and Tamm?® suggested to base the time-energy uncertain-
ty relation (1-2) on the Heisenberg equation of motion #dA/dt=[A, H] for a
certain observable .A. Especially if this is to be equivalent to the time parameter
¢z, then the condition

dT/dt=1 1-7)

defines the time operator 7, which is subject to the commutation relation (1-1).
Therefore, in one single normalized state |¢> of the system one can construct at
once a kind of uncertainty relation

(AT, (4H) = 1/2 (1-8)
with the definitions

UT) 2 =<y T*

¢ —<PIT NP>, (1-9)
(4H) = OR[> — L H [ ) (1-10)

However the meaning of Eq. (1-8) is quite obscure, for the state [¢> is thought
of at a definite instant of time, so that the scatter (4T) 4 must vanish identically,
as was pointed out in 1970 by Bunge.” Then should we conclude that the welcome
commutation relation (1-1) never leads to the desired relationship (1-2)?

The present article is aimed first at giving a general recipe for constructing
an eigenstate [£) of the time operator 7' defined by Eq. (1-1) for an arbitrarily
prescribed Hamiltonian f4, and then at showing that the time operator itself is
defined simply by

T= jdz- Lt . 1-1D)

The genuine uncertainty relation (1-2) is thus seen to be nothing but Eq. (1-8)
reformulated on the basis of transitions of the system in just the same way as
was argued bv the same author.”

§ 2. Algorism for position and momentum operators

First of all, we shall recapitulate the algorism for position and momentum
operators subject to the fundamental commutation relation

[q,p] =i#. (2-1)
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20 1. Fujiwara

In the momentum space we have, as is well known,
Wlpy=00 —p") and  [app =1, 2-2)

and the standard ket,”® such that {p’|S(p)>=1 for an arbitrary eigenvalue 2’, is
defined by

1S(p) > = jdp’lp». @2-3)

Completely the same relationships hold also for the position operator g. The com-
mutation relation (2-1) is equivalent to the Fourier transform:

0> = [de'lep'la’>
= jdp’ lp"> exp (—ip'a’ /B) /I

=U, (@) IS >/ VI , (2-4)

wherein the displacement operator Ug(a) =exp(—iaB/#) is introduced for an
eigenvalue @ of an observable A such that [A, B] =ik If |0(q)) denotes a
position eigenket |¢’> with ¢’=0, then Eq. (2-4) reduces to

VEIO(@>=IS®) >, (2-5)
so that
lg'>=U,(@)10(@)>. (2-6)
Thus
q= jdq'q’lq’xq’l
= JdQ’q’Up @) IS(P) XS U (@) /. 27

In the second line the eigenvalue ¢’ of the position operator enters simply as a

c-number.

§ 3. Construction of the time operator

In order to pursue the parallelism between the commutation relations (1-1) and
(2-1) we have to assume that the energy eigenvectors |E’> defined by HI[E">
=E’|E’> form a complete orthonormal set over a continuous and unbounded energy

spectrum in the same way as in Eq. (2-2):

(E'|E">=0(E'—E") and j‘dE’IE’XE’I =1. (3-1)
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Quantal Time Operator, Construction and Signification 21

If the time parameter ¢ is regarded as one of the eigenvalues of the time operator
T in such a way that

Tty=tlty, (3-2)

and moreover if the eigenket [t> with £=0 is denoted by |0(7")), one obtains,
corresponding to Eqs. (2-3), (2-4), (2-5) and (2-6),

S (H) > = jdE'lE'>= VRIO(T) >, 3-3)
165 = U () [0(T)>= U (2) 1S E) >/ V. (3-4)

Thus we have
H|t>=:iH(0/0t) |t), (3-5)

and just as for the position eigenket |¢’>
" >=0@"—¢t") and jdt[txtlzl. (3-6)
Then Eq. (2-7) is transcribed straightforwardly to give
T= J_Zdt t]e><{¢]
= [ar wu@ 1s@EKSED U @0 /1, (3-7)
and Eq. (3-5) leads after a formal integration by parts to
[T, HY /il = — jdu(a/az) l65¢e] =1 3-8)

in complete agreement with Eq. (1-1). Furthermore we have
TI|E>=—ih(@/0E") |E" 3-9)
corresponding to Eq. (3-5) and
Ut ()TUy () =T+¢, (3-10)

as is required by Eq. (1-7). It is important to note in the second line of
Eq. (3-7) that the eigenvalue ¢ may be regarded as a simple time parameter.
For the Hamiltonian (1-5) the orthonormal energy eigenket reads

|E7> = k|7 exp (Gup®) la"> (3-11)
with ¢’=FE’/k. Thus Eq. (3-3) is evaluated as
k|72 |S (H) > =exp (iup’) S (@) >= VR0 (p) > (3-12)
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22 1. Fujiwara
with VA|0(®)>=1S(¢)>=/dq'la’>. In view of the unitary transformation (1-5)
we see that

Uy (t) = exp (Gup®) U, (kt) exp (—iup®), (3-13)
so that Eq. (3-4) is rewritten with [p">=U,(—»")|0(p))> as

[2)= kU (£) [0(p) > = [k["*|p") exp (up") (3-14)

with p’ = —kt. Hence Eq. (3-7) leads at once to the desired result (1-4) as

T=— j dp'p' [p S| k= —p)k. (3-15)

§ 4. Time-energy uncertainty relation

The foregoing discussion enables one to show how the time operator 71" defined
generally by Eq. (3:7) leads to the time-energy uncertainty (1-2). As was
pointed out by the present author,”® the relationship (1:2) is established on the

basis of the transition amplitude

V() = N{OIUS () 16D/ R

- de’m(E')exp GLE' /) /v R (4-1)
with the energy amplitude
O(E") =N{QIEHE [ (4-2)

and a normalization constant N being positive and adjusted so that
jdtl’l’(t) = jczE'I@(E') =1, (4.3)
Since Eqs. (3-1) and (3-3) give
o= (@B BB gy =g (B 1S (D) > (4-9)

with ¢ (E’) =<{E’|¢), the transition amplitude (4-1) is rewritten with the aid of
Eq. (3-4) as

¥ (£) = NCS(H) |6 (H) U™ () 19>/ VR =T (4-5)
for a compound state corresponding to transitions:
[ =[p*p>=Ny* (H) 4> . (4-6)
In the same way, Eq. (4-2) is transcribed as

(L") =<E T, (4-7)
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Quantal Time Operator, Construction and Signification 23

and Eq. (4-3) is nothing but the normalization condition:
Fry=1. (4-8)

The pair of transition amplitudes ¥ (¢) and @ (E’) respectively in time and
energy are related with each other by the Fourier transform (4-1). This is
exactly of the same form as that derived from Eq. (2-4):

gy = jdp’<p’|<p> exp (i’ /) [\ (4-9)

for the amplitudes <{q’[¢> and <{p’|¢> that are defined just in one single normalized
state [¢> of a system contemplated at a definite instant of time. The compound
state [P > =|p*p> refers to a transition between a pair of normalized states |¢> and
|¢> separated by a finite interval of time, so that the expectation value

@

Ty = Jdt LT @) (4-10)

defines the average transition time or equivalently the arrival time investigated
extensively in 1969 by Allcock.®™ On the other hand,

WH TS = J(ZE’E’]@(E’) § (4-11)

specifies the central energy value of the energy channel of the transition, which
is determined statistically by the probability |@(E’)|>. Equations (1-9) and
(1-10), wherein the one single state [> is replaced by our new compound state
|7, give the scatters

(42) yo=UT)y and (dE),;,= (4H),, (4-12)
to which applies quite automatically the inequality
4Ty p- (AdH) y=0/2 . (4-13)

This is nothing but the desired time-energy uncertainty relation (1-2). Here the
uncertainty in time measures the sojourn time,” which should not vanish in gene-
ral.? On the other hand, the uncertainty in energy measures the width of the
energy channel of transition.

§ 5. Explicit demensirations

An explicit construction of the time-energy uncertainty relation has been given
recently by the present author in collaboration with Wakita and Yoro” for the
system specified by the Hamiltonian (1-5). It is based on the principles and
interpretations proposed by the author” in 1970 and 1979. The content of that
article may be reformulated with the aid of the time operator (3-15) in the
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24 1. Fujiwara

following way.*
A normalized state |¢) rewritten here as |a) is defined conveniently in the

energy-space by
(E'lay= N exp (ipaE' /hk) [1+ (E'—Ep)*/c*] ™" (-1
with the constants ¢, P4, E, and the normalization constant
N, = (rc®) "'[I"'Cw) /T 2ax—1/2) 1" (5-2)

Here the continuous parameter ¢ is assumed to be larger than 3/4. Then one
obtains the expectation value {a|H|a)>=E, and

(4H) =L a|H*|a)—a|H|a)*=c"/ (4a—3). (5-3)
On the other hand, for the momentum we have the expectation value {a|p|a)
=p, and
4p) & =<alp’lay —Lalpla)’
—a(a—1/4) BR/)Y/ (@+1/2), (5-4)

so that corresponding to the commutation relation [[1,p] =ihk we arrive at the

uncertainty relation
(dp-4H) ,=[1+3/2a+1) (4a—3)]1"*hlkl/2. (5-5)

All the above results are concerned with one single state [¢>=|a) contemplated

at a definite instant of time.
In order to think of a transition of the system we have to assume another

state |¢> =8> defined by
(E'|B>=Njexp (ipsE’/tik) [1+ (E' —E)*/c*] ™" (5-6)

with the normalization constant N, which is obtained by substituting § for « in

Eq. (5-2). In the compound state (4-6) we thus have N=N,.z/N.N; and
Q¥ (H) =N, exp (—ipH/hk) [1+ (H—E)*/c*] 7 67
Therefore the energy amplitude (4-7) is obtained at once as
@ (E") =Nu.gexpli (pp—pa) E'/hk] [1+ (B — Eo)*/c"] 77, (5-8)

which is nothing but Eq. (5-1) wherein only « and p, are replaced respectively
by a+p and pp—ps Hence <¥F|H|¥)>=E, and Eq. (5-3) is rewritten as

(UH) ,*=c*/ (da+48—3). (5-9)

Since T'= —p/k in the present case, one obtains at once the arrival time {¥'|T'|¥)

#* For the details of the computation, readers are requested to refer to Ref. 9).
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Quantal Time Operator, Construction and Signification 25

= (ps—pp) /k, which is in complete agreement with the classical result. Moreover,
Eq. (5-4) is transcribed as

AT) ' = (a+B) (a+p—1/DH#*/(a+E+1/2)c, (5-10)
so that the inequality (4-13) is written explicitly as
UT) - AH) p=[1+3/ 2 +28+1) (da+48—-3)]1"#/2. (5-11)

The right side is larger than #%/2 for finite values of & and B, but in the Gaussian
limit® with «, f—>co it reaches the minimum uncertainty product #/2.

§ 6. Decay process and mean lifetime

If the normalized state |¢> happens to be identical with [¢), the time amplitude
(4-1) reduces to

V(1) = NQUG (0 1o/ Vb =¥ ¥ (— 1), (6-1)

of which the absolute square is an even function in £, Therefore in this particular
case <¥,|T|¥,>=0 in Eq. (4-10), and accordingly the arrival time vanishes as
it should. If the probability |¥,()|* decreases sufficiently rapidly starting with
N?/h at t=0, then we have a decay process investigated in 1947 by Fock and
Krylov."? Now as a modified form of the sojourn time we can define the mean
lifetime of the state |¢> by

r¢:2£wdt AOL: 6-2)
subject in general to the condition
()P = Wy, =2 [ arelr, o 1, 6-3)
which is obtained from the Schwarz inequality

[arrwr [awor=({arooo)

with f(&)/t=¢ () =|¥,() |. For the Hamiltonian (1-5) and the state (5-1) the

mean lifetime is evaluated to give
=0l Ca+1/2)T (4c) /2cV nal 2a) T (4a—1/2), (6-4)
which is always smaller than
(41) g o=h[2a (a—1/8) /(a+1/4)]"?/c (6-5)

for a>1/8. But both of them vanish at a=1/8.
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26 1. Fujiwara

§ 7. Concluding remarks

All the above discussions based on the formal parallelism between the com-
mutation relations [q, ] =i# and [1, H] =i# are valid only when the conditions
(3-1) are guaranteed over a continuous and unbounded energy spectrum. There-
fore the scheme established above can be applied safely to the Hamiltonians such

as
H=p/2m—mw’q*/2 (7-1)

for a one-dimensional hyperbolic osecillator and then the Hamiltonian (1-5) extended

directly to the case of an electron:
H=Hp+kq,, (7-2)

wherein Hy denotes the free Dirac Hamiltonian, since for both of them the energy
spectruﬁl must be continuous and unbounded. Especially for the latter Hamiltonian
we shall show that Eq. (3:7) leads to the time operator 1T'= —p,I/k instead of
Eq. (3-15), wherein the 4 X4 identity matrix is denoted by I.

On the other hand, one may conclude that the assumed time operator (1-3)
for a nonrelativistic {free particle does not fit into our present scheme, for the
energy spectrum of the Hamiltonian H=p"/2m 1is believed to be nonnegative.
However, as will be reported in the immediate future, our general recipe (3-7)
reproduces it indeed when the Hilbert space is extended adequately to include
the negative energy spectrum. Finally we may be allowed to add that the Hamil-
tonian

H=p*/2m+mo*q’/2=1Hw (a"a+1/2) (7-3)

for one-dimensional harmonic oscillator is now under investigation, corresponding

to which the time operator
T=7(loga—loga™) /20 (7-4)

is very likely to result too from our equation (3-7). Here, of course, a and a®

denote the construction operators.
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